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Recentemente, algoritmos de Reinforcement Learning (RL) foram aplicados com
sucesso em uma vasta gama de tarefas, desde dire¢ao autonoma a tratamentos médi-
cos dindmicos. No entanto, a maioria dos modelos bem-sucedidos neste campo
sao construidos com redes neurais profundas, e portanto possuem um baixo nivel
de interpretabilidade que limita suas aplicagoes no mundo real. Nesta tese, nos
abordamos esse problema substituindo as redes neurais profundas por um modelo
de aprendizado de maquina altamente interpretavel: arvores de decisao. Primeira-
mente, n6s conduzimos uma revisao exaustiva dos tltimos 10 anos de pesquisa em ar-
vores, preenchendo uma lacuna na literatura ao conectar linhas de pesquisa isoladas
sob uma perspectiva tinica e determinar o estado-da-arte destes modelos. Segunda-
mente, nés separamos os Algoritmos Evolutivos como a abordagem de otimizagao
a ser utilizada, e propomos uma codificacao matricial inovadora que reduz em até
20 vezes o custo computacional de evoluir arvores de decisao para problemas de
classificagao. Em seguida, nés partimos para o campo de Reinforcement Learning
ao propormos um algoritmo capaz de evoluir, com sucesso, arvores de decisao para
problemas de RL; este algoritmo é a pega-chave da nossa tese. Sua esséncia esta no
uso de técnicas de Imitation Learning para a inicializagao do processo evolutivo, as-
sim como no uso de um método de poda inovador chamado Reward Pruning, capaz
de reduzir o tamanho das arvores sem comprometer seu desempenho. A abordagem
como um todo foi testada em trés benchmarks populares de RL, assim como numa
tarefa de fertilizacao de colheita baseada em um problema do mundo real. Até onde
sabemos, esta abordagem é a primeira a resolver o benchmark Lunar Lander man-
tendo tanto interpretabilidade quanto alto desempenho (90% de taxa de sucesso),

além de ser a primeiro a resolver o benchmark Mountain Car com apenas 7 nos
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(aproximadamente metade do melhor resultado anteriormente reportado na liter-
atura), e na tarefa de fertiliza¢ao inspirada no mundo real, é a primeira a produzir
resultados interpretaveis enquanto alcanga o mesmo desempenho que redes neurais
profundas. Analisamos as melhores solu¢oes mais a fundo e demonstramos que nao
apenas elas sao interpretaveis, como também sao diversas, o que empodera o usuario
final ao fornecer a ele a escolha de qual modelo melhor se encaixa nos seus critérios
e requisitos proprios. De maneira geral, os resultados desta tese avangam o estado-
da-arte de RL interpretavel, abrindo caminho para o uso de RL em dominios onde

confiancga e seguranca sao preocupagoes cruciais.
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Recently, Reinforcement Learning (RL) algorithms have been successfully ap-
plied to a wide range of tasks, from autonomous driving to dynamic medical treat-
ments. However, most successful models in this domain are built using deep neural
networks, which gives them a level of uninterpretability that limits their real-world
applications. In this thesis, we address this problem by replacing the complex neu-
ral networks with an interpretable learning model: Decision Trees (DTs). First,
we conduct a comprehensive survey of the last 10 years of DT research, filling a
gap in the literature by determining the current state-of-the-art on these models
and connecting their different lines of research under a unified perspective. Second,
we decide upon Evolutionary Algorithms as the optimization approach to be used,
and propose a novel matrix-based encoding for Evolutionary DTs that reduces the
computational cost of their training on classification tasks by up to 20 times com-
pared to the traditional encoding. Third, we move onto the Reinforcement Learning
arena by proposing a framework capable of successfully evolving DTs for RL tasks,
which serves as the centerpiece of this thesis. The key idea behind this framework
is to warm-start the evolutionary process by employing Imitation Learning tech-
niques (in particular, the DAgger algorithm) and a novel pruning method that we
propose called Reward Pruning, which reduces tree size without compromising on
performance. The overall approach is tested on three popular benchmarks environ-
ments from the OpenAl Gym library and on a crop fertilization task inspired by
real-world constraints; to the best of our knowledge, this approach is the first to
solve the Lunar Lander benchmark with both interpretability and high confidence
(90% of success rate), the first to solve the Mountain Car benchmark with only 7

nodes, and on the real-world fertilization environment, it is the first to be able to
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achieve the same performance as the best deep neural networks while having the
added bonus of interpretability. We further analyze the best solutions generated by
our approach and demonstrate that they are not only interpretable, but also diverse,
which empowers the end-user with the ability to choose the model that best suits
their requirements. Overall, the results in this thesis push the state-of-the-art in
Interpretable RL, facilitating the usage of RL in domains where trust and security

are key concerns.
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Chapter 1
Introduction

At the time of this writing, the world is experiencing an “Artificial Intelligence
Revolution” |2, 3]. Although research in the field dates back to the 1950s [4], only
in the past decade has Al risen to its current position of true cultural phenomenon,
capable of creating and disrupting entire industries in short periods of time. Owing
to several technological advancements and some material conditions (such as the
emergence of Big Data and powerful graphics cards), Al can now generate high-
quality images based on text descriptions [5], (6], produce complex and comprehensive
answers to question prompts [7, 8], synthesize natural-sounding speech from text
[9], accurately transcribe text from speech [10], beat humans at a wide range of
board and video games [ITHI3], drive cars autonomously [I4) [15], among many
other successes that seemed impossible only a few decades ago.

Successes like these provide an unmistakable affirmative answer to the age-old
question of “ Can we make Al that works?”. Recent years, however, have seen the rise
of a second hard question: “How do these Al models work?”. It may seem strange
that such a question needs to be asked in the first place — after all, how could we
have built such successful models without explicitly knowing how they work? —,
but because of the way most modern Al is constructed, the answer to this question
is anything but straightforward. A large parcel of state-of-the-art Al is based on
Deep Neural Networks (DNNs; [16]), which are complex models composed of dozens
of interconnected layers and millions or even billions of parameters (for instance,
OpenAl’'s GPT-3 has 175 billion parameters [7]). It is possible for us to understand
the algorithms that assign these parameters, and it is even feasible to examine the
particular values each parameter takes, but the overall scale of these models is so
large that it is humanly impossible to understand what these parameters are doing
as a whole; in other words, the models are bonafide “black-boxes”. Such a model can
learn to distinguish dog breeds in a photo, and it can even learn to do it perfectly,
but if we pick a photo and ask why did the model made a certain choice, there is

no answer — and inspecting its guts reveals no further information.



(a) Test image, containing (b) Evidence for image be-  (c) Evidence for image be-
a Siberian husky ing of a Siberian husky ing of a transverse flute

Figure 1.1: Representation of saliency maps produced for picture (a), in a case
where the prediction is correct (b), and in a case where the prediction is incorrect
(c). Images reproduced from [IJ.

Of course, this is not necessarily a problem: there are several domains where
successfully deploying a model does not require us to understand its reasoning (e.g.
generating images for a newspaper, synthesizing speech for an audiobook, etc); in
such cases, it does not matter how the output was produced, only whether it is
good or not. But in many other domains (e.g. applications in healthcare, finance,
civil and criminal law, smart cities, etc), it is so essential to understand why (and
how) the models make their decisions that the absence of such justifications can
compromise any intention to use the model in real-world scenarios. Indeed, under
the European Union’s General Data Protection Regulation (GDPR, [17]), systems
that affect citizen’s lives must provide some level of interpretability according to the
so-called “right to explanation” principle (even though its details have been a source
of heated discussion [18, [19]).

In trying to solve this problem, the literature has focused on two distinct ap-
proaches: explaining and interpretingﬂ In Explainable AI, the goal is to take a
black-box model, use it to make predictions, and then use external techniques to
try to explain why the model has made such predictions. One example would be
to take an input and then apply tiny tweaks to it until the prediction made by the
black-box changes; this would give us some level of insight into the question “why
did the model make this prediction instead of a different one?” [22], 23]. Another
popular example are the saliency maps of Convolutional Neural Networks (see Fig-
ure : a technique which uses the network weights to highlight the regions of the
input image that the model paid attention to while making its prediction [24].

Interpretable Al, on the other hand, avoids the use of black-boxes altogether,

favoring the usage of transparent models that can be inspected and interpreted

We note that this terminology, although used by some authors [I, 20], is not universally
employed; some authors instead call the distinction “intrinsic interpretability” vs. “post-hoc inter-
pretability”, others call it “transparency” vs. “post-hoc interpretability”, and others even draw no
distinction at all. For a more in-depth discussion on terminology, we refer to [21].
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Figure 1.2: A decision tree for a simplified version of the Iris dataset, in which the
goal is to use a flower’s characteristics (petals and sepals) to determine its species
(Iris setosa or Iris versicolor).

without the need of any external tool — the so-called “white-boxes”. A simple example
would be the Decision Rules model |25, 26], which makes predictions via a list of
IF-THEN statements that is not too dissimilar from a basic computer program; for
instance, “IF age > 60 AND temperature > 41 THEN sick ELSE healthy”. No
external tool is needed to explain such a model, because it is its own explanation. A
more popular and sophisticated interpretable approach would be the Decision Tree
(DT) family of models ([27, 28], see Figure [I.2), which organizes such IF-THEN
statements into a hierarchical, flowchart-like structure, making it easier to add more
conditions while preserving a sense of order.

There has been some debate about whether interpretability or explainability is
preferable [1} 29]. At its best, the explainable approach allows us to use the already
successful black-boxes while giving us valuable insights into how they work. At its
worst, these insights are so incomplete as to be useless (e.g., looking at the saliency
map of an incorrect prediction gives us no clue as to why the error was made, as
shown in Figure or even misleading (e.g. the explanation of a decision made
by a black-box is not necessarily consistent with the actual “reasoning” followed by
the black-box, so it is possible to take an unfair model and explain away each of
its individual predictions using fair justifications, a process that has been called
fairwashing [30]). Interpretable models avoid all of these problems, but they also
come with their own major drawback: creating models that are both interpretable
and high-performing is harder than creating models that are just high-performing,
and in fact it is sometimes not even clear if there exists a white-box model that can
match the performance of a particular black-box.

It is in this general context that this thesis is situated. Our overall goal is
to push the state-of-the-art of interpretable models in a particular subfield of Al,
called Reinforcement Learning (RL). The application of interpretability to RL has



been identified as one of the major challenges for interpretable Al as a whole [31],
and there have been several recent works and surveys dedicated to it [21], [32H34].
Furthermore, we believe we have also provided other important contributions to the
field of interpretable Al as a whole.

In RL, the goal is to create an intelligent agent that observes the current state
of the world, processes it, and decides the best possible action to take according to
a previously defined goal. The classic example is a game like chess, where the RL
agent is a player who considers the current state of the board and decides which
piece to move in order to maximize its chances of winning. Naturally, the chosen
move generates a response from the other player (be they human or machine) and
results in a new game state that must be similarly evaluated to produce a new move
— a process that repeats all the way to the end of the game, when the agent receives
a numerical feedback indicating how well it did (e.g. +1 if the agent won, -1 if it
lost, and 0 if it tied). The RL framework fits well with games of this kind, but it
can be applied to basically any problem where one can define a state that evolves
over time, a set of actions that the agent can take to affect that state evolution,
and a numerical feedback that can guide the agent towards the desired behavior.
Indeed, the framework has found great success in diverse domains such as robotics
[35], resource management [36], recommendation systems [37], dynamic medical
treatments [38], and even language models like the aforementioned GPT-3 [§].

As is common with Al successes in recent years, most of these RL applications
use black-box models such as DNNs, which effectively renders the resulting agents
uninterpretable. In addition to the disadvantages of uninterpretable Al that were
previously discussed, uninterpretable RL has its own share of specific disadvantages.
First, it is difficult or even impossible to guarantee that the model will not perform
undesirable and potentially harmful actions, since its “decision making process” is
opaque to humans [3I]. Second, uninterpretability complicates troubleshooting,
since it is difficult to understand why the model chose one action over another
[31, 32]. Finally, in high-stakes domains where safety is critical (such as healthcare
[38, B9] and autonomous driving [40]), the opaqueness of DNN-based RL approaches
can create challenges to their real-world deployment, be they legislative (such as
GDPR’s “right to explanation”) or organizational (certain stakeholders might be
resistant to employ systems with rules that they cannot explicitly audit).

An intuitive way to introduce interpretability into RL is to use existing RL
algorithms but replace the opaque DNNs with interpretable models, such as DTs
(Figure shows how DTs can be used to represent agents in RL tasks). But
while this replacement may sound intuitive, there is no obvious way to carry it out:
traditional DT algorithms operate in a batch framework that requires the entire

dataset to be available at once, while RL algorithms typically operate on an online,
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Figure 1.3: An example of RL agent representation with DTs. In this benchmark
environment (Cartpole), the goal is to keep the pole balanced upright by moving
the cart left and right; if the pole falls down, the agent fails. Every timestep the
agent finds the leaf which corresponds to the current state of the environment, and
takes the action defined by it (LEFT indicates that the cart should move left, while
RIGHT means the opposite).

sample-by-sample basis (i.e. the agent can only access the next state after it has
decided how to act in the current state, making it impossible for the dataset to be
available since the start). Although this gap can be bridged in intuitive ways, other
complications soon appear, such as how to guarantee that the tree is large enough
to account for all relevant possibilities, while at the same time making the tree small
enough to still be interpretable by humans (after all, a tree with thousands of nodes
is arguably as uninterpretable as a DNN).

The conflict inherent to this integration has been tackled in the literature through
a few different approaches. The earliest one is the greedy approach, which takes
inspiration from traditional DT algorithms (like CART [41] and C4.5 [42]) and
strives, like them, to build trees iteratively from scratch. All works from this line
of research [43-46] follow the same general idea: a tree agent is executed on the
environment, and each one of its leaves store a history of what happened after that
leaf was visited (i.e. a history of rewards, of value updates, etc). When that history
fulfills a certain criterion (e.g. when it reaches a significantly high variance), the leaf
turns into an inner node and splits into two other leaves; the process is repeated with
this new tree. Although there are important differences between algorithms in the
greedy approach, they all neglect the interpretability aspect: since these methods
only include procedures to grow the trees, the final model is bound to be much larger
than necessary, which runs counter to the goals of Interpretable RL.

Other works take the gradient-based route. By drawing parallels between the
graph-like structures of DTs and neural networks, this line of research aims to com-
bine the best attributes of both, creating models that are not only easy to interpret
(like DTS) but also easy to train (like neural networks). Although this hybridization



started out in supervised learning [47], two works have used this approach for RL
[48,149]. In both cases, the final results are difficult to interpret: Liu et al. [48] pro-
posed a framework in which the tree leaves contain not actions (like in Figure ,
but linear models that predict the values of each state-action pair. This in theory
improves performance since the tree model has a higher representation capacity, but
at a heavy cost to interpretability, since by looking at a tree leaf it is not at all clear
which action should be taken. In contrast, Silva et al. [50] adapted not the tree’s
leaves, but its inner nodes: each one of them now contains a linear combination of
every attribute, instead of a single attribute (as in traditional trees like the one in
Figure [L.3). This enables gradient-based optimization, but at the same time turns
the tree’s inner nodes into the uninterpretable nodes of a neural network. The au-
thors proposed a way to convert this new tree back into its traditional interpretable
format, however it resulted in critical loss of performance; it is safe to assume that
better solutions may be found if interpretable solutions are seeked from the start.

Finally, the evolutionary approach trains DTs for RL by using Evolutionary Algo-
rithms (EAs, [51]). From a general perspective, these algorithms are metaheuristics
that draw inspiration from the Darwinian theory of natural selection in order to
find good solutions for optimization problems. This approach is a natural fit for
this kind of problem because while it is quite simple to determine how well a DT
performs on a given RL task (i.e. to calculate its fitness), usually it is not clear
at all how one should modify said tree in order to increase its performance (i.e. to
perform a greedy step). This means that given the goal of producing trees for RL
that are both interpretable and highly-performing, one cannot do much better than
randomly modifying the trees until high-quality solutions emerge, which is at the
core of the evolutionary approach.

To the best of our knowledge, there have been two works in this line of research
so far. Dhebar et al. [52] used EAs to evolve a structure known as non-linear DT,
which are trees where the inner splits contain non-linearities (for example w;z> +
woxexy — ws < 0). This has the positive impact of increasing the representation
capacity of the DT model, but at the same time results in uninterpretable trees,
since these formulas are much harder to understand than the traditional univariate
splits. Custode et al. [53] avoided this issue by keeping the traditional tree structure
unchanged; in their work, a hybrid approach was proposed in which the inner splits
are defined by an EA, while the leaves are determined by traditional RL algorithms.
Although in theory this separation of duties accelerates training, it can also bias
the results towards trees that are larger than necessary, since it has been previously
shown in the literature that the tree structure needed to obtain an optimal policy
is sometimes larger than the tree structure needed to represent it [44]. All in all,

these two works have crucial issues that can be improved.



1.1 Thesis Statement

Given this broad context, our thesis introduces a new framework for achieving In-
terpretable RL through DTs. This framework arose after a sequential process of

investigation that can be divided into three steps:

1. Research on DT spans more than six decades, but the most popular models are
still those that were published in the 80s. What is the current state-of-the-art

in DT research? Can we exploit any of these novel developments for RL?

2. Evolutionary DTs appear to be indeed the better approach for RL problems,
however they have a large computational cost. Can we reduce this cost by

exploring other data structures, or perhaps by adopting parallelism?

3. It is quite simple to adapt Evolutionary DTs for RL tasks. Does the naive
implementation work? How can we improve upon this implementation? Is

there something we can exploit from those uninterpretable models we rejected?

Concisely, our thesis can be summarized in the following central statement: “ How
can we create interpretable and high-performing Decision Trees for Reinforcement
Learning?”.

In trying to answer question 1, we noticed that there was no clear summary
of the state-of-the-art of DTs, since the field lacked a wide-ranging survey of the
works published in its last 10 years (despite this decade being the most prolific
one). In an attempt to fill this gap, we published a survey paper at the Artificial
Intelligence Review journal (impact factor 12.0), which already has 150 citations by
other authors in JCR journals.

Concerning question 2, we have developed a novel matrix-based encoding for DTs
that allows their entire training process to be represented as a series of matrix op-
erations. By exploiting the computational efficiency of numerical computation and
the ease with which matrix operations can be parallelized, the proposed technique
speeds up the computational cost of evolving DTs in up to 20 times on supervised
learning problems, greatly alleviating one of the key disadvantages of the evolution-
ary tree approach [54]. Although it does not provide the same speedups for RL
tasks (since the bottleneck there is usually environment emulation), it represents an
important innovation for evolutionary DT learning as a whole. This work has been
published at the Applied Soft Computing journal (impact factor 8.7).

Finally, regarding question 3, we propose a novel framework that does not sacri-
fice interpretability nor performance while evolving DTs for RL. To achieve this, we
use techniques from the Imitation Learning literature — alongside a novel procedure

we propose called Reward Pruning — to generate a pool of decent solutions. Then,



these solutions are passed onto an evolutionary process (in our implementation, the
Coral Reef Optimization metaheuristic [55, 56]) to further optimize and fine-tune
them; the final trees are both interpretable and highly-performing. We tested our
approach on three popular benchmarks from the OpenAl Gym library and on a
crop fertilization task inspired by real-world maize management. To the best of our
knowledge, this framework is the first to solve the Lunar Lander benchmark with in-
terpretability and consistency (90% of success rate), the first to solve the Mountain
Car benchmark with only 7 nodes, and on the real-world fertilization problem, it
is the first interpretable model to achieve the same performance as the best DNNs.
Further analyses show that the best solutions produced by our framework possess
not only interpretability but also diversity, therefore empowering the user with the
ability to pick which model they feel best captures their intended and expected be-
havior. This work has been published at the Artificial Intelligence journal (impact
factor 14.4).

The following chapters present these contributions in detail through the pub-
lished papers themselves, with interstitial sections offering context and connecting
them. They are structured as follows: Chapter [2| contains “Recent advances in
Decision Trees: an updated survey”, Chapter [3| includes the second contribution,
“Efficient Evolution of Decision Trees via Fully Matrix-based Fitness Evaluation”,
and Chapter [4] contains “Evolving Decision Trees for Interpretable Reinforcement
Learning”. Finally, Chapter [5| concludes the thesis with a discussion of limitations

and possible future directions for the research.



Chapter 2

Recent advances 1n Decision Trees:

an updated survey

As previously established, the overarching goal of this thesis is to achieve high-
quality models for RL that are able to both perform well and be humanly under-
standable. To achieve this, many different approaches could have been taken, but
we have opted to use Decision Trees (DTs): popular machine learning models that
are well-known for their effectiveness and transparency. To make the most out of
these models, we delved deep into the literature, trying to understand not only the
seminal techniques that are used to this day (such as CART [41] and C4.5 [42]), but
also the new advancements that have been developed since then.

During this research, however, we noted that there were no wide-ranging surveys
of the DT field published in the last decade. Furthermore, several different lines of
DT research had little communication between each other, despite having similar
goals. Trying to fill this gap in the literature, we carried out a comprehensive
survey of the latest advancements in the field, structuring the contributions in a
novel way that had not been proposed before (i.e. a separation by approximation,
generalization, and interpretability). The end result was published in Artificial
Intelligence Review and has received a lot of interest since then, which we take as
an indication of its usefulness and clarity. The remainder of this chapter presents

this survey as published.
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Abstract

Decision Trees (DTs) are predictive models in supervised learning, known not only for
their unquestionable utility in a wide range of applications but also for their interpretability
and robustness. Research on the subject is still going strong after almost 60 years since its
original inception, and in the last decade, several researchers have tackled key matters in
the field. Although many great surveys have been published in the past, there is a gap since
none covers the last decade of the field as a whole. This paper proposes a review of the
main recent advances in DT research, focusing on three major goals of a predictive learner:
issues regarding the fitting of training data, generalization, and interpretability. Moreover,
by organizing several topics that have been previously analyzed in isolation, this survey
attempts to provide an overview of the field, its key concerns, and future trends, serving as
a good entry point for both researchers and newcomers to the machine learning community.

Keywords Decision trees - Machine learning - Interpretable models - Classification
algorithms

1 Introduction

In recent years, there has been a growing wealth of various data sources: social media,
smartphones, Internet of Things (IoT) devices, health monitors, and many others. By lever-
aging this new resource, the machine learning field has grown rapidly, allowing an increas-
ing number of intelligent applications to learn their functions directly from data instead of
having them explicitly programmed. This has resulted in systems capable of controlling
self-driving cars (Bojarski et al. 2016), recognizing speech (Amodei et al. 2016) and sur-
passing humans at the game Go (Silver et al. 2016), among others. Underlying these results
is not only an abundance of available data, but also important advances in the learning
models themselves (Sarker 2021).
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One of the most popular learning models are Decision Trees (DTs). These models are
usually represented in a flowchart-like structure, in which every internal node is a logi-
cal test (called a split), and every leaf is a prediction (see Fig. 1a). During inference, each
observation starts at the root and ends in one of the leaves, following a path that is com-
pletely transparent to the user. The simplicity of this approach belies its robustness: DTs
are known not only as an interpretable model that is easy to grasp, but also as an accurate
method that has stood the test of time, ever since their original proposal in the 1960s (Mor-
gan and Sonquist 1963). Trees present many other advantages as well, such as low compu-
tational cost, being able to deal with missing values, and out-of-the-box handling of mixed
data (Hastie et al. 2009).

Although DTs have been widely-used for many decades, recently these models have
attracted more attention than usual. With the growing ubiquity of machine learning and
automated decision systems, there has been a rising interest in explainable machine learn-
ing: building models that can be, in some sense, understood by humans (Rudin 2019;
Roscher et al. 2020). Since DTs are known for their interpretability, many researchers have
turned their attention towards this field. The following uptick in interest, in addition to the
usual flow of publishing, has resulted in a rich collection of contributions that may benefit
from a broad review (see Fig. 2 for an illustration of this increasing interest in the field).
Several great reviews have already been written on the subject, such as the ones by Murthy
(1998), Rokach and Maimon (2007), Kotsiantis (2013) and Loh (2014), however, the last
decade of research remains uncovered. More recent surveys do exist, but they focus on spe-
cific tree approaches, like fuzzy trees (Sosnowski and Gadomer 2019) and mathematical
programming trees (Carrizosa et al. 2021), therefore not covering the field as a whole. In
an attempt to fill this gap, this survey aims for two contributions: first, to review the recent
work in DT research, and second, to position those works in relation to well-established
previous developments in the field.

The platform Web of Science was used to locate current research papers on the topic
of DTs. To further refine the results and guarantee both quality and relevance, the authors
defined inclusion and exclusion criteria, such that a paper must satisfy all inclusion criteria
and none of the exclusion criteria:
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Fig. 1 A classification tree induced on a reduced version of the Iris dataset
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Fig.2 Number of publications found through the search term “TI=(tree*) AND TS=(classif* OR regress*
OR decision)”, organized by year of publication. These results only consider the search term and a filter by
venue (Computer Science or Engineering categories), therefore applications are also included. The graph
was obtained through the Web of Science database

Inclusion criteria

The paper proposes a method in the DT family.

The paper was published within the last 10 years in a high-standard journal (as their
findings provide the most relevant domain knowledge), or within the last 3 years in a
well-reputed conference (as they present the latest advancements). Both sources were
given the same relevance.

Exclusion criteria

e The paper was not written in English.
e The paper was not published in a venue related to Computer Science or Engineering.
e The paper only presents an application of a DT method.

Furthermore, certain subjects were not considered, such as fuzzy trees, trees for online
learning, and ensembles of trees, because although these fields were clearly linked to DT
research at first, they have since become sizeable subjects with their own sets of consid-
erations and challenges. Additionally, throughout the process of writing the survey, two
other types of papers were included: conference papers older than 3 years that were rel-
evant enough to be frequently cited by other papers in the survey (e.g. Frosst and Hinton
2017), and papers that either directly continue or precede other papers in the survey (e.g.
Demirovi¢€ et al. 2021 directly expands on Aglin et al. 2020). At the end of this process, 83
recent papers were selected for discussion, in addition to several older seminal papers that
were also selected to provide context.

Given the high number of relevant papers, the authors aimed to keep the survey concise
by giving more detail to approaches that could be more complex to understand, while giv-
ing less detail to approaches that are either more straightforward or based on well-estab-
lished methods. The level of detail given to a certain paper does not correlate to its quality
or novelty, and interested readers are referred to the original papers for further mathemati-
cal and technical details.

It also must be noted that this survey does not empirically compare the cited meth-
ods. Such comparisons would be valuable since, to the best of the authors’ knowledge,
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there is no large-scale study comparing different DT methods in a wide range of data-
sets. However, there are two great obstacles to such a study: first, the majority of papers
on the topic do not make the code openly available nor provide implementations for the
proposed methods, and second, the papers frequently use different datasets. These two
issues make it very difficult to compare a large number of DT methods to each other,
and it is the opinion of the authors that comparing only a small subset of these methods
would lead to weaker and possibly misleading conclusions with regards to the superi-
ority of a method or family of methods. As such, this survey refrains from empirical
comparisons and focuses instead on comparing the approaches from a conceptual and
algorithmic point of view, aiming to identify recent trends and research gaps while leav-
ing comparative analyses to future studies.

Next, an outline is presented for the topics and key questions that support the struc-
ture of this survey (see also Fig. 3).

e Approximation (Sect. 3): Issues regarding the fitting of training data.

— Multivariate splits (Sect. 3.1): Traditionally, the internal nodes of a tree are sim-
ple and involve a single variable. Is there any valuable gain in using more complex
splits?

— Model trees (Sect. 3.2): In regression tasks, each leaf in the tree corresponds to a
constant number, and consequently the tree’s outputs are both limited and discon-
tinuous. However, most real-life regression tasks require more complex represen-
tations. Are there advantages in employing functions, instead of constants, at the
leaves?

— Trees for data with specific characteristics (Sect. 3.3): Traditional trees work well
with most kinds of data. But what if the dataset is unlabeled, or if certain classes are
more important than others? These additional considerations sometimes require a
different approach.

— Non-greedy trees (Sect. 3.4): Traditional DTs are constructed in a greedy way that is
both efficient and easy to implement. Can one build better trees by using other opti-
mization approaches?

Fig. 3 Visual outline of the
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e Generalization (Sect. 4): Left unattended, most tree construction algorithms will pro-
duce a large tree that overfits the training data.

— Pre-pruning (Sect. 4.1): Should one interrupt the algorithm before the tree grows
too large?

— Post-pruning (Sect. 4.2): Should one reduce the final tree by eliminating some of its
branches?

— Fixed structure (Sect. 4.3): Should one fix the tree structure a priori, therefore elimi-
nating growth altogether?

e [nterpretability (Sect. 5): Indeed, DTs are often praised for their interpretability. But are
they always interpretable? Which design decisions affect interpretability?

As can be seen from the outline, this survey is split into two levels. At the outer level,
sections are organized by three major goals of a predictive learner: approximation, gener-
alization, and interpretability. At the inner level, the survey is organized by different design
decisions in DT algorithms, either regarding the tree structure (e.g. What are the splits?
What are the leaves?) or the induction process (e.g. How is the tree constructed? How is it
pruned?).

This organization was chosen to propose a view of the area and ease the flow of reading,
but it is not without its problems. The outer levels sometimes overlap since some decisions
contribute to more than one major goal (e.g. by reducing tree size, post-pruning enhances
both generalization and interpretability). Furthermore, since many of the design decisions
at the inner level are not mutually exclusive, they have occasionally been combined in
interesting ways, which leads the survey to cite some works in multiple sections. In truth,
it is difficult to provide a clear taxonomy for the field since many topics are interconnected,
and it is noteworthy that Murthy (1998) identified similar difficulties in his seminal survey.

2 Basic concepts

Intending to make this text as self-contained as possible, this section offers a brief descrip-
tion of how traditional DT algorithms work. By “traditional”, this survey refers to the
greedy univariate trees built by CART (Classification and Regression Trees) (Breiman
et al. 1984), which remains one of the most popular algorithms in the field, and also serves
as the base for several other contributions. A DT of this kind is illustrated in Fig. 1a.

Regarding terminology, this survey denotes that the goal of predictive models is to navi-
gate a hypothesis set (e.g. the set of possible trees) and select a hypothesis (e.g. a par-
ticular tree) that is close to the target function that one wants to predict. To this end, a
training dataset consisting of observations 1s used, with each observation being composed
of attributes (that admit numerical, categorical, or binary values) and a target attribute (a
label, in classification tasks, or a constant number, in regression tasks). An ideal hypoth-
esis not only fits the training data (i.e. approximates), but also has similar performance in
out-of-sample data taken from the same distribution (i.e. generalizes).

Structurally, traditional DTs are composed of two elements: internal nodes and leaves.
Each internal node contains a logical test, called a split, of the form “attribute < value”
(for numerical attributes) or “attribute = value” (for categorical attributes). Since every
split has a binary outcome of true or false, every node has two outgoing branches and the
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Table 1 Example dataset for

a medical diagnosis task with
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tree itself is also binary. The leaves, on the other hand, contain either a label or a constant
number, and they serve as the tree’s possible outcomes, selected during the inference step
through successive application of the splits.

The process of building DTs from training data is usually called decision tree induc-
tion, and to understand how it is traditionally done, it is useful to visualize a DT as
a specific partitioning of the input space. This interpretation is more readily apparent
with numerical attributes, and it is illustrated in Fig. 1b alongside the usual flowchart
depiction. The root node splits the space into two disjoint partitions, which are passed
along to its left and right child nodes. Each of these nodes further splits the partitions
they received by applying their own tests and then passing them along to their children.
This process is repeated until a leaf is reached, as the leaves correspond to the partitions
themselves and contain the predictions associated with each region of the input space.
In this context, the induction process can be seen as an optimization problem, in which
the goal is to partition the input space in a way that correctly predicts the target func-
tion, while using as few partitions as possible.

Traditional algorithms solve this problem through a greedy approach that iteratively
selects the most informative splits. To illustrate this notion of informativeness, consider
a medical diagnosis example in which the attributes are “temperature” and “age”, the pre-
diction is either “healthy” or “sick”, and the dataset is composed of the three individuals
displayed in Table 1. In this case, the split “temperature < 38” is more informative than
the split “age < 547, because the first divides the dataset perfectly into healthy and sick
individuals, while the latter cannot explain why individuals 2 and 3 have different labels
(see Fig. 4). In other words, the first split is more informative because it divides the dataset
into pure partitions (i.e. every element has the same label), whereas the second split does
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not. This impurity is captured by a measure called splitting criterion, which for classifica-
tion tasks is usually either entropy-based information gain (Quinlan 1986) or Gini impurity
(Breiman et al. 1984).

From this measure, an induction algorithm follows naturally: the tree can be built
one node at a time, in a greedy way that always selects the best split according to the
splitting criterion. Because each node considers only the data that has been passed to it
from its parent, the procedure fits well with a recursion, and it is aptly called recursive
partitioning. For classification tasks, it can be summarized as follows:

(1) Let X be a dataset with attributes (x,, ..., x,)
(2) If X is a pure partition with label y:

(a) Create a leaf that predicts label y, and return.
(3) Otherwise:

(a) For each attribute x;:

(i) For each possible cutoff point or value c:

(a) Select the best candidate split (x; < ¢) or (x; = ¢) according to the
splitting criterion.

(b) Create an internal node with (x;, ¢) being the split.

(c) Divide X into two datasets X, and X,joy,, according to the split (x;, ¢).

(d) Create a child node for each of the two newly-created datasets.

(e) For each child node, execute step 1.

Since this procedure will not stop until all the leaves contain pure partitions, it is guar-
anteed to induce a tree that perfectly classifies the training data. This is great news for
the fitting capacity of the model, as the tree will adapt to the complexity of the target
function and grow as large as it is necessary to represent it. However, it is also terrible
news concerning generalization: in the worst case, pure partitions can only be provided
by an exponentially-large tree that has one leaf for every observation in the dataset,
which is analogous to fitting N points using a polynomial function of the (N — 1)th
degree. For this reason, the procedure presented above usually results in overfitting,
which is one of the reasons why DTs have been accused of having low bias and high
variance (Breiman et al. 1984, Sect. 3.1). Fortunately, this weakness of DT algorithms
(sometimes called overpartitioning) has been extensively studied, and indeed one of
the reasons for CART’s popularity is precisely the way by which it alleviates this prob-
lem: instead of stopping the procedure before the tree overfits (called pre-pruning), the
algorithm lets the overfitting occur and then eliminates some of the branches from the
tree (called post-pruning). These topics are explored in Sect. 4.

Furthermore, it can be seen that the above procedure contains some arbitrary deci-
sions which could be reasonably modified. For instance, instead of numerical splits
following the form x; < ¢, they could involve a linear combination of attributes such
as wyx; + w;x; < c¢. Or perhaps splits could be stochastic, instead of deterministic. Or,
maybe, the stopping criterion could be minimum partition size, instead of pure par-
titions. The possibilities are huge, and in a certain sense, much of DT research can
be understood as extensions of this framework. They are the topic of the rest of the
survey.
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3 Approximation

A fundamental topic in machine learning is approximation: the ability of a model to select
a hypothesis that can fit a training dataset by minimizing the associated error. A model with
low approximation capacity is unable to approximate complex target functions, regardless
of the size of the training dataset (e.g., a linear model is unable to adequately approximate
a sinusoidal target function). On the other hand, a model with an excessive high approxi-
mation capacity, for a given training set size, can end up overfitting the training data.

There are many aspects of DTs that impact their ability to approximate. The most imme-
diate one is size: a tree with a single split (also called a stump) can only represent a sin-
gle line that is orthogonal to its associated attribute; on the other hand, a tree with many
nodes is capable of representing this single line and much more. Although growing larger
trees has a positive effect concerning approximation, several other aspects may impact this
ability. The following sections consider multivariate splits, model leaves, trees for datasets
with particular data characteristics, and non-greedy trees.

3.1 Multivariate splits

Traditionally, the splits in a DT are univariate: they evaluate a single attribute at a time,
generally in the form of x; < ¢ for numerical attributes and x; = ¢ for categorical ones. As
a result, these univariate splits correspond to hyperplanes that are orthogonal to the tested
attributes and parallel to all others, which renders them the alternative name axis-parallel
splits. Splits of this kind are employed because they are simple to interpret and optimize,
but they have their drawbacks: a DT with univariate splits (called a univariate tree) is a
composition of orthogonal lines, and as such, it is restricted to representing hyper-rectan-
gles in the attribute space, an effect illustrated in Fig. 5a. When facing target functions such
as a simple linear combination between two attributes, univariate DT algorithms may end
up inducing unnecessarily large trees that may be not only hard to interpret, but also unable
to adequately approximate the target function.

The most popular solution to this problem is the induction of trees that consider mul-
tiple attributes in each split, called multivariate trees. Since the splits are no longer lim-
ited to orthogonal lines, the tree can represent much more than hyper-rectangles, therefore
enhancing its approximation capacity. However, this improvement also brings its own set of
disadvantages: multivariate splits are considered to be less interpretable than their univari-
ate counterparts (Breiman et al. 1984, Sect. 5.2.2), and they are significantly more time-
consuming to induce (since there are many more attributes to consider). Consequently, the
use of multivariate trees should be evaluated depending on the complexity of the task and
the size of the available sample. For an in-depth survey of different aspects related to multi-
variate trees, please refer to Brodley and Utgoff (1995).

The next two subsections explore how recent contributions deal with some of these
issues. These contributions are divided into two categories: those which employ linear
combinations of the attributes at each split, and those which employ non-linearities.

3.1.1 Linear splits

Most multivariate DTs employ a linear combination of attributes in some (or all) of their
splits, resulting in the so-called linear or oblique trees. Accordingly, their splits follow the
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Fig. 5 Two classification trees induced on a reduced version of the Iris dataset

form ) .. wx; < c, where w; is the weight associated with the ith attribute x;, and ¢ is a
threshold—please see Fig. 5b for an example of such a linear split. In this context, find-
ing the best linear split amounts to finding a set of weights and a threshold such that the
splitting criterion is maximized, but since this problem is NP-Complete for many criteria
(Heath et al. 1993), heuristics are often employed. Solutions to this problem can be divided
into three main approaches: optimization techniques, linear discriminant analysis, and geo-
metrically inspired heuristics.

The optimization approach is exemplified by CART-LC (Breiman et al. 1984), a variant
of CART that incorporates linear splits induced by a deterministic hill-climbing algorithm.
Since it is not straightforward to linearly combine categorical data, only numerical attrib-
utes are considered for linear splits, like most other linear tree algorithms. Although the
authors reported that CART-LC is competitive with other non-DT methods in tasks where
the class structure depends on a linear combination of attributes, some researchers later
argued that the deterministic approach of CART-LC makes it vulnerable to getting stuck in
low-quality local optima (Heath et al. 1993; Murthy et al. 1993). This motivated the use of
randomized search heuristics, such as SADT (Heath et al. 1993), which employs simulated
annealing optimization, and OC1 (Murthy et al. 1993), which combines CART-LC and
SADT by employing hill-climbing with random perturbations.
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Other multivariate DTs use Linear Discriminant Analysis (LDA; Tharwat et al. 2017)
techniques to find linear splits. Traditionally, these techniques are used in statistics to find a
linear combination of attributes that separates classes, through the construction of a lower-
dimensional space that maximizes the between-class variance and minimizes the within-
class variance. Because they directly output a linear split, LDA methods fit naturally within
the traditional greedy DT framework as a replacement for evaluating every candidate split.
Among DTs that employ LDA family methods, this paper highlights FACT (Loh and
Vanichsetakul 1988), CRUISE (Kim and Loh 2001), QUEST (Loh and Shih 1997), and
GUIDE (Loh 2009).

More recent contributions to the LDA family are Sparse ADTrees (Sok et al. 2015)
and Fisher’s ADTree (Sok et al. 2016). Both are multivariate extensions of the Alter-
nating Decision Tree model (a type of DT that uses boosting, proposed by Freund and
Mason 1999), but they differ in the type of LDA used. Sparse ADTrees employ Sparse
LDA (Clemmensen et al. 2011) to induce linear splits with few attributes, whereas Fisher’s
ADTree uses the more traditional Fisher’s linear analysis to determine the linear splits at
each node, akin to another DT in the LDA family, Fisher’s Decision Tree (Lopez-Chau
et al. 2013). Since ADTrees are constructed using boosting, both extensions modify their
LDA methods to allow for sample weighting—this is the main difference in the splitting
procedures of Fisher’s Decision Tree and Fisher’s ADTree.

The third group of heuristics obtains the linear split by bringing inspiration from the
problem’s geometric structure. The GDT algorithm (Manwani and Sastry 2012) does this
by determining two ‘clustering hyperplanes’ that are as close to one class and as far to the
other one as possible; then, only two splits are ever considered at each node, those being
the two angles that bisect the hyperplanes. This considerably lowers the computational cost
of finding the splits and is shown to produce intuitive results in many scenarios. Wickram-
arachchi et al. (2016) proposed a different geometric approach in the HHCART algorithm,
which creates a Householder matrix from the vector orientations of each class and uses this
matrix to rotate the input space. Similar to LDA techniques, the oblique split in the input
space is obtained by finding an axis-parallel split in the rotated space. Subsequently, Wick-
ramarachchi et al. (2019) combined HHCART and GDT into the HHCART(G) algorithm:
the induction process is similar to the original HHCART’s, but instead of creating a rotated
space based on eigenvectors, it bases the rotation on a modified version of GDT’s angle
bisector.

Up to this point, all the cited linear DT algorithms have followed the traditional greedy
and iterative approach to constructing trees. However, more recently, some authors have
proposed non-greedy trees that employ linear splits, using integer programming (Bertsi-
mas and Dunn 2017; Blanquero et al. 2021; Zhu et al. 2020; Aghaei et al. 2019) and gra-
dient-based optimization (Norouzi et al. 2015). Approaches of this sort are discussed in
Sects. 3.4.3 and 3.4.4.

3.1.2 Non-linear splits

Aiming to further enhance DT approximation capacity, some contributions pointed at non-
linear splits. Fuzzy Rule-Based DTs (Wang et al. 2015¢) employ non-linear splits by rep-
resenting them as fuzzy conjunction rules, such that the non-linear split f,(x,)f>(x,) < 0.6
(where f, and f, are fuzzy membership functions) can be expressed in the much more
interpretable form “does the observation have short sepal length and short sepal width?”.
Although the reported accuracy was not significantly higher than other multivariate
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approaches, FRDT stands out for its superior interpretability resulting from the fuzzy rule
usage. Subsequently, Mu et al. (2020) proposed an extension to FRDT called MR-FRBDT,
which applies several fuzzy rules at each split instead of a single one, and employs the par-
allel framework of Map-Reduce to speed up tree induction. Although accuracy and scal-
ability were improved, it may be noted that interpretability was diminished due to the use
of multiple fuzzy rules.

Paez et al. (2019) proposed a strategy by which linear and non-linear splits can be intro-
duced to any DT algorithm. This is done by adding Interactive Basis Functions (IBFs) as
artificial attributes to the original dataset, such that the final tree may include splits like
e’ + e <2, or x;x, <7. Since the user needs to specify which IBFs will be considered,
the strategy turns DTs into a semi-parametric approach, therefore requiring domain knowl-
edge that may not always be present. The authors reported that IBFs have better perfor-
mance in datasets with more attributes, more observations, and fewer labels. It can be
noted that FRDT’s non-linearity may be seen as a particular case of the IBF strategy.

Finally, almost every DT trained with gradient-based optimization employs non-linear
splits in some way, either by applying a sigmoid function over a linear combination of input
attributes (Suarez and Lutsko 1999; Irsoy et al. 2012, 2014; Norouzi et al. 2015; Frosst and
Hinton 2017), or by employing entire neural networks at internal nodes (Hehn et al. 2020;
Tanno et al. 2019). These approaches are further explored in Sect. 3.4.3.

3.2 Model trees

While multivariate trees employ more complex splits, other trees employ more complex
leaves. Model trees are DTs with predictive models in their leaves, instead of labels or con-
stant numbers. Although these trees were originally presented as an extension to regression
trees that would not be limited to representing piecewise constant functions (please see
Fig. 6) (Quinlan 1992; Breiman et al. 1984, Sect. 8.8), they have since been applied to clas-
sification tasks as well, through the use of predictive models such as Naive Bayes (Kohavi
1996) and logistic regression (Landwehr et al. 2005). More recently, research has aimed at
inducing more accurate and efficient model trees (Wang et al. 2015b; Zhou and Yan 2019;
Czajkowski and Kretowski 2016; Yang et al. 2017; Broelemann and Kasneci 2019), as well
as integrating this approach with other DT frameworks (Ikonomovska et al. 2011; Frank
et al. 2015).

One of the main challenges of model trees is efficiency: if the greedy procedure is
naively employed, then two predictive models (one for each child node) have to be trained
to evaluate the quality of a single candidate split (Loh 2011). This is intractable for most
real-world tasks, as the number of candidate splits usually scales with the size of the train-
ing dataset and the dimensions of its input space. Often, researchers tackle this problem
either by growing a standard tree and adding models in post-processing (Quinlan 1992),
or by inducing a model for each internal node and then using this model to warm-start
the node’s children, therefore reducing the cost of training a new model (Landwehr et al.
2005). Both approaches are reflected in recent work.

Broelemann and Kasneci (2019) followed the warm-starting approach and proposed
an algorithm for inducing trees with any differentiable predictive model for leaves. The
authors argued that traditional splitting criteria are inadequate for model trees since they
directly attempt to obtain the best partitions; instead, they proposed a novel gradient-based
splitting criterion that explicitly considers the model loss of each leaf, reportedly achieving
better accuracy than other model trees. After applying the criterion and obtaining a split,
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Fig.6 An illustrative comparison between traditional regression trees and model trees

the algorithm trains a model for each new child node and warm-starts it by using the par-
ent’s trained model. Warm-start is also used in FIMT-DD (Ikonomovska et al. 2011), an
online algorithm for inducing model trees capable of dealing with concept drift. Each leaf
has a corresponding perceptron that uses the Delta rule to update its weights with every
observation that falls into that path. Every time a concept drift is detected, the leaf is split
further, and its perceptron is copied over to both its children in a warm-starting procedure.

The post-processing approach is reflected in the work of Zhou and Yan (2019): their
algorithm constructs a traditional C4.5 tree and then, after the post-pruning step, replaces
the newly-created pruned leaves with ELM classification models (Huang et al. 2006)
trained on the corresponding data partitions. The authors reported that this approach was
more effective than an earlier model tree algorithm called ELM-trees (Wang et al. 2015b),
which instead employed ELM models during pre-pruning and additionally tackled effi-
ciency by employing parallelism in the evaluation of candidate splits.

Other approaches have been proposed to avoid training an intractable number of mod-
els. Alternating Model Trees (Frank et al. 2015) consider only the median value of each
attribute as a potential split, therefore severely reducing the number of models that need to
be trained. Furthermore, the predictive models themselves are univariate linear functions
of the form ax + b, and consequently can be quickly trained using linear regression. In con-
trast, MPTrees (Yang et al. 2017) employ a mixed-integer optimization (MIO) formulation
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to find, given an input attribute, both the optimal split point and the linear regression coef-
ficients of its two children. This offers an optimality guarantee that is absent in other model
tree approaches, and since only the input attributes need to be iterated, the efficiency of the
overall algorithm depends only on MIO optimization. It bears to note, however, that only
datasets with less than 5000 observations were included in the paper, perhaps due to the
well-known expensive computational cost of guaranteeing optimality—a similar discus-
sion is presented in Sect. 3.4.4.

Finally, Czajkowski and Kretowski (2016) avoided training multiple models by using
an evolutionary algorithm that induces model trees in a global way. After evaluating dif-
ferent combinations of DT structure decisions, the authors found that the best model is a
fully mixed tree, in which splits can be either uni- or multivariate, and leaves can be either
constants or linear predictors.

3.3 Datasets with specific characteristics

Although traditional DT algorithms were proposed as a general tool for predictive learning,
they may not be well-suited or applicable to datasets with certain characteristics, such as
unlabeled data and monotonic constraints. Therefore, some authors proposed extensions to
better fit these situations, usually by introducing new splitting criteria and pruning mecha-
nisms. The following subsections bundle together some of these contributions.

3.3.1 Unlabeled data

As seen in Sect. 2, classification DT algorithms evaluate candidate splits based on their
ability to separate the labels. However, there are situations where the data is either com-
pletely unlabeled (unsupervised tasks) or partially unlabeled (semi-supervised tasks). In
these situations, it is difficult to use traditional splitting criteria, as they depend on knowing
the correct prediction for any observation. To effectively tackle these tasks, the traditional
DT framework needs to be modified.

The unsupervised task has been tackled in the past by DT algorithms such as CLTrees
(Liu et al. 2000) and PCT (Blockeel et al. 1998). More recently, Fraiman et al. (2013) pro-
posed Clustering Unsupervised Binary Trees (CUBT), a CART-based algorithm that uses
a deviance splitting criterion based on a heterogeneity measure derived from the input’s
covariance matrices. After using this criterion to construct a CART tree, CUBT prunes the
model by merging pairs of leaves with low dissimilarity, according to another proposed
measure based on the Euclidean distance. In contrast to traditional pruning procedures,
CUBT includes a procedure for merging even non-adjacent leaves, as this enables differ-
ent leaves throughout the tree to be labeled as part of the same cluster. It bears to note that
both deviance and dissimilarity were defined only for continuous attributes, which is why
Ghattas et al. (2017) extended this approach to use entropy-based splitting criteria when
the attributes are categorical.

Semi-supervised DT learning, on the other hand, had not received much attention until
recent years. Tanha et al. (2017) proposed tree induction through a self-training frame-
work: at each iteration, a DT is induced using the labeled data, and the resulting tree is
used to classify the remaining unlabeled data. The unlabeled observations with the most
confident predictions are incorporated into the labeled set, and the process is repeated until
a stopping criterion is reached. Since correctly estimating the confidence of a prediction is
a crucial part of self-training, the authors employed techniques that have been previously
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reported to enhance the probability estimation capacity of DTs, such as Laplacian Correc-
tion (Provost and Domingos 2003), no-pruning (Provost and Domingos 2003), and grafting
(Webb 1997). The resulting approach is found to surpass traditional DT algorithms in the
self-training semi-supervised task.

However, since self-training is computationally costly and prone to error propagation,
Levati¢ et al. (2017) employed an alternative approach to semi-supervised trees, namely
an extension of the previously-cited PCT (Blockeel et al. 1998). The proposed algorithm
exploits both labeled and unlabeled data through a splitting criterion that considers not
only class impurity (like traditional algorithms) but also attribute impurity. Unlabeled data
were used only for the latter type, while labeled data were used for both. A hyper-parame-
ter w weighs these two sources of impurity, effectively controlling the relevance of super-
vised vs. unsupervised learning. This approach was subsequently extended to multi-target
regression (Levati¢ et al. 2018).

Finally, a similar weighted supervised-vs.-unsupervised splitting criterion was employed
by Kim (2016) to produce semi-supervised DTs. However, the goal of the author was not
to take advantage of additional unlabeled data (as in a traditional semi-supervised task),
but to produce well-separated partitions in which other models could be constructed (as
in a model tree environment, discussed in Sect. 3.2). The author argued that labels may be
distributed differently in different subspaces, therefore a criterion based only on the output
distribution may fail to produce adequate partitions. As such, the input space distribution
has to be considered to enhance the subspace partitioning capability of trees.

3.3.2 Cost-sensitive learning

Several real-world problems include some type of specific cost, e.g. the cost of incorrectly
classifying an observation (the misclassification cost), or the cost of obtaining an attribute
value (the test cost). DTs that consider these two costs have been extensively proposed in
the past, and a comprehensive survey on the topic has been written by Lomax and Vadera
(2013).

More recently, some contributions have aimed at balancing cost-sensitive learning with
resource constraints. Chen et al. (2016) proposed trees in which every test costs a time
resource and every path from the root to a leaf must not exceed a maximum time. Split-
ting is done by minimizing not only test and misclassification costs, but also the time used
by the node, with the final tree then being post-processed to further grow the nodes that
did not exploit the maximum time allotted. Subsequently, the authors extended this idea to
consider not only time but multiple arbitrary resource constraints (Wu et al. 2019), though
by a different approach: at first, a frequent-pattern extraction method mines rules from
the training data that satisfy the resource constraints, and then, a tree is induced using the
extracted rules as possible splits. This guarantees that the final tree satisfies all constraints
without explicitly considering them during the growing step.

Other authors tackle the issue of efficiently building cost-sensitive trees. The ACSDT
algorithm (Li et al. 2015) employs two procedures with this aim: first, it considers only
a subset of candidate splits by using a gradient-descent-inspired method, and second, it
employs feature selection by removing attributes that present low splitting criterion val-
ues at some point in the tree construction. This latter idea is also explored in the Batch-
Deleting Adaptive DT algorithm (BDADT; Zhao and Li 2017), an algorithm that uses the
same feature selection step but considers class imbalance by incorporating weights during
splitting.
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Finally, Correa Bahnsen et al. (2015) have focused on example-dependency: a third type
of cost in which the penalty for misclassification depends not only upon the classes but also
upon which individual observation is being considered. To tackle this problem, the authors
proposed novel splitting criteria and pruning mechanisms that allow for example-specific
weights.

3.3.3 Monotonicity constraints

In certain tasks (called monotonic), it is known that the target attribute is a monotonic func-
tion of the input attributes for at least some subset of the data. Since traditional splitting
criteria fail to address such constraints, several authors have proposed extensions over the
years, such as Potharst and Bioch (1999) and Cao-Van and De Baets (2003). More recently,
Hu et al. (2010) introduced Rank Mutual Information (RMI), a new information measure
that combines Shannon’s entropy with dominance rough set theory in an attempt to capture
the ordinal consistency of the data’s partitions. Based on this measure, the authors then
proposed a DT algorithm called REMT (Hu et al. 2012) which was reported to be less sen-
sitive to noise than previously proposed algorithms.

Subsequently, Marsala and Petturiti (2015) generalized the RMI approach to splitting
criteria other than Shannon’s entropy, formally defining a group of rank discrimination
measures that includes RMI and a newly proposed Rank Gini Impurity (RGI). In the same
paper, the authors also proposed RMDT(H), a tree induction algorithm that evaluates splits
based on any rank discrimination measure H from this group of measures. Finally, Pei et al.
(2016) proposed a linear multivariate DT called MMT that can employ both RMI and RGI
to tasks with partially monotonic constraints. Such constraints are handled by projecting
the observations unto the multivariate split vector, consequently creating a space in which
non-monotone samples can be seen as monotonic. The splits themselves were obtained in
a manner reminiscent of the linear discriminant analysis approach discussed in Sect. 3.1.1,
with the difference being that the non-negative least squares method is used, so as to guar-
antee monotonicity throughout the tree.

3.4 Non-greedy trees

As discussed in Sect. 2, DT induction can be seen as an optimization problem, in which
the goal is to construct a tree that correctly fits the data while using a minimal number
of splits. However, direct optimization is not a convenient approach, since this task has
been identified as NP-Complete in certain cases, such as for binary trees (Hyafil and Rivest
1976). Therefore, heuristics are often employed to efficiently navigate the search space,
with top-down greedy algorithms being the most popular by a large margin (e.g., CART,
ID3, C4.5, GUIDE).

However, there has been some debate over the effectiveness of greedy approaches. In
particular, it can be argued that such algorithms are only one-step optimal and not over-
all optimal, since the construction procedure only considers the quality of the next split
and not of future splits on the same path (Breiman et al. 1984, Sect. 2.8.2). Consequently,
several authors have proposed non-greedy heuristics for navigating the DT search space
more appropriately, as well as optimizing techniques that improve the tractability of direct
optimization. The following subsections explore lookahead search, evolutionary methods,
gradient-based optimization, and optimal trees.
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3.4.1 Lookahead trees

Lookahead search is an intuitive approach to reduce the shortsightedness of greedy
algorithms: instead of selecting the optimal split with regards to the next iteration, a
k-lookahead selects the optimal split relating to the next k iterations. Satisfactory results
with this approach were initially reported by Norton (1989) and Ragavan and Rendell
(1993), with the latter showing particular success in tasks with high attribute interac-
tion. Apparently, the only downside of lookahead search was the increase in computa-
tional cost (since a greater number of splits need to be considered).

Nevertheless, Murthy and Salzberg (1995a) demonstrated that one-level lookahead
exhibits pathology: not only does it fail to produce significantly better trees, but also it
may produce trees that are worse than the purely greedy methods. The authors hypoth-
esized that this happens because optimizing common splitting criteria (such as informa-
tion gain) does not necessarily improve the tree as a whole, therefore a better local opti-
mization can lead to even more sub-optimal solutions. In face of these results, interest
in the lookahead approach waned, and other non-greedy methods were explored in the
literature.

However, it is not a consensus whether lookahead is overall harmful or if it may
have some kind of potential. Esmeir and Markovitch (2007) argued that Murthy and
Salzberg’s paper only studied datasets with simple target functions, while lookahead
is more advantageous when there is high attribute interaction (an observation reflected
by Ragavan and Rendell’s analysis). They then proposed LSID3, an anytime DT algo-
rithm that constructs trees using a dynamic lookahead and employs a splitting criterion
that is biased towards shallower trees. This criterion explicitly considers the size of the
subtree under each candidate path, which is estimated via a Monte Carlo sampling of
the possible trees. LSID3 differs from the approach studied by Murthy and Salzberg
in two main ways: it employs a dynamic lookahead instead of a fixed one-level, and it
is used in datasets with high attribute interaction. Perhaps due to these differences, the
authors reported that LSID3 outperforms greedy algorithms, especially when a larger
time budget is available.

A related and more recent approach is the UCT-DT algorithm (Nunes et al. 2020),
which combines Monte Carlo sampling with an anytime property in a different way:
namely, it uses the Monte Carlo Tree Search (MCTS) algorithm to navigate the space
of possible DTs. In MCTS the search space is represented as a game tree, which is
iteratively built by selecting the node with the highest value and expanding it. UCT-
DT applies the same idea, but the search space is composed of possible DTs instead of
game states, and the value of a particular tree is defined as its accuracy on a validation
set. Lookahead search is applied in two ways: first, in the usage of the tree-structured
approach of MCTS itself, and second, in the experimental usage of C4.5 to complete the
tree before measuring its accuracy. Although the authors found that UCT-DT outper-
forms greedy approaches on datasets larger than 1000 observations, they also reported
that using C4.5 to complete the tree was not superior to using the performance of the
current DT, which can be taken to indicate that at least part of the lookahead approach
was not beneficial. Overall, there seems to be space for further investigating the effects
of lookahead search, especially since the computational constraints are progressively
less limiting.
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3.4.2 Evolutionary trees

A different approach for avoiding sub-optimality is inducing trees through evolutionary
algorithms (EAs; Mitchell 1998). Instead of building a single tree, these methods build
several trees and randomly modify and combine them using “genetic operators” until a
satisfactory solution is found. Moreover, instead of using a splitting criterion to com-
pare candidate splits at each internal node, these methods compare multiple DTs at each
iteration using a “fitness function” (usually a weighted sum of tree size and accuracy).
Overall, it has been argued that by evaluating the performance of entire trees at once,
EAs avoid the sub-optimality trap, and therefore produce more accurate trees (Barros
et al. 2012). The more complex search comes with two main downsides: a higher com-
putational cost, and a large number of hyperparameters that need to be somehow ade-
quately determined.

Barros et al. (2012) provided a comprehensive survey on the usage of EAs for the
induction of DTs. Since this contribution, many authors have introduced new algorithms
to the field, most of which can be adequately analyzed through the taxonomic lenses
proposed in that survey. For example, Barros et al. noted the popular usage of multi-
objective fitness functions, and some of the more recent algorithms follow the same
approach (Brunello et al. 2017; Chabbouh et al. 2019; Karabadji et al. 2017). Further-
more, the survey noted how many EAs employ a random initial population, and this is
repeated in some recent contributions (Chabbouh et al. 2019; Karabadji et al. 2017).

Some advances in evolutionary trees deserve to be emphasized: Barros et al. high-
lighted the need for efficient implementations that alleviated the computational cost of
EAs, and more recent contributions tackled this goal through parallelism. Czajkowski
et al. (2015) combined the parallel approaches of shared memory and message pass-
ing to induce DTs using the GDT framework (Kretowski and Grzes 2007), attaining
a speedup close to x15 for CPUs with 64 cores. In a subsequent paper (Jurczuk et al.
2017), the same authors improved this speedup by using general-purpose GPUs for
evaluating the fitness of each tree, which they argued to be the most time-consuming
step of the evolutionary approach. Speedups ranging from x148 to x781 were reported,
depending on the dataset and GPU used. Notably, this approach induced trees in less
than 10 min for datasets with close to 20 million observations.

Another aspect that has been recently receiving considerable attention is the usage of
EAs that also deal with hyperparameter optimizations, such as BiLeGA (Adibi 2019),
a two-level EA that alternates between feature selection and DT induction. During the
feature selection phase, the algorithm generates groups of attributes by applying genetic
operators, while in the DT induction phase, a tree is evolutionarily constructed using
only the attributes of the corresponding attribute group. Karabadji et al. (2017) similarly
considered feature selection, but went one step further by providing genes for many
other hyperparameters, such as which subset of training and testing data are to be used,
and even which induction algorithm itself (e.g., CART, C4.5, etc). This hyperparameter-
evolution approach reached its most ambitious version with HEAD-DT (Barros et al.
2015), an algorithm that aims to evolve entire DT induction methods by including genes
for design decisions such as splitting criterion, stopping criterion, post-pruning method,
and tree branching factor. By doing this, the authors aimed to obtain not only a better-
optimized tree, but a better-optimized DT algorithm for certain domains.
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3.4.3 Gradient-based trees

Gradient-based optimization has been increasingly explored as an alternative to greedy
DT induction. Although this idea is not new (Jordan and Jacobs 1994; Suarez and Lut-
sko 1999), the last decade’s renaissance in deep learning has prompted many members
of the artificial neural networks (ANNs) community to experiment with using backprop-
agation-inspired approaches in other methods, such as DTs. Most of these contributions
are motivated by the sub-optimality argument—greedy algorithms produce sub-optimal
trees, therefore the non-greedy gradient-based optimization may help (Suarez and Lut-
sko 1999; Irsoy et al. 2012, 2014; Norouzi et al. 2015), but with the recent interest in
explainable Al, an increasing number of works also report being inspired by the poten-
tial of a hybrid model that combines DT’s interpretability with ANN’s accuracy (Frosst
and Hinton 2017; Yang et al. 2018; Silva et al. 2020; Hehn et al. 2020; Wan et al. 2020).

Regardless of the motivation, all such approaches face a common challenge: gradi-
ent-based optimization requires continuous and differentiable functions, but traditional
DTs are defined by discrete and non-linear decisions, such as selecting which attribute
will be used in a split or if an observation goes left or right. To resolve this contradic-
tion, gradient-based methods replace the traditional hard DT architecture with a softer
version that is more amenable for differentiation. This is done via two major modifica-
tions: the nature of the splits, and how they are interpreted.

Instead of using the traditional non-differentiable splits x; < ¢, soft DTs usually
employ the differentiable function o(f(x)), with ¢(+) being the sigmoid function and f(x)
being the linear combination plus bias ), w;x; + b (Suarez and Lutsko 1999; Irsoy et al.
2012, 2014; Frosst and Hinton 2017; Wan et al. 2020). The inspiration for this is clear:
the tree’s internal nodes now mimic the network’s neurons, and a backpropagation-
inspired derivation is even more immediate. In some cases this analogy is eschewed
since f'is defined as a convolutional ANN (Hehn et al. 2020; Tanno et al. 2019), how-
ever, the overall idea remains the same since these networks are also differentiable.

The sigmoid function brings differentiability, but also creates another problem:
how to use its output (a real number between 0 and 1) to decide if an observation goes
left or right? The most popular solution is to interpret o(f(x)) (resp. 1 — o(f(x))) as the
probability of an observation x going right (resp. left), therefore turning the traditional
mutually exclusive splits (called crisp) into weighted ones (called soft). There are three
ways in which these soft splits can be used to output a prediction. In the first way, the
outputted prediction is determined only by the leaf with the highest probability (Frosst
and Hinton 2017; Wan et al. 2020), whereas in the second way, the prediction is deter-
mined by an aggregation of all leaves, for example through a weighted sum (Suarez and
Lutsko 1999; Irsoy et al. 2012, 2014; Hehn et al. 2020). These two different modes are
illustrated in Fig. 7. The third way differs from the previous two by virtue of being sto-
chastic: the probabilities are sampled at each split, and a path throughout the tree is cho-
sen (Tanno et al. 2019). It may be noted that the first two approaches bring additional
computational costs since they require visiting every node in the tree, whereas the last
approach avoids this problem altogether and introduces a new potential disadvantage
(stochasticity).

There are exceptions to the soft splits solution. Norouzi et al. (2015) managed to use
gradient-based optimization in a DT without resorting to soft splits, by establishing a
link between traditional DT optimization and structured prediction with latent attributes.
This provided their method with a continuous upper bound that serves as a surrogate
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Fig. 7 An illustrative comparison between two ways to interpret soft splits from a regression tree. Gray val-
ues correspond to an example observation x = (x; = 13,x, = 1.2)

objective for gradient descent, therefore bypassing the discontinuous error inherent to
traditional crisp splits. Hehn et al. (2020) took a different approach and employed soft
splits only during training time, by combining the Expectation-Maximization approach
with an annealing scheme that makes the nodes increasingly deterministic. Therefore, at
test time, all nodes produce either O or 1 as output (for left or right).

Another aspect that differs between these methods is how the tree induction occurs.
Most algorithms are divided into two phases: greedy tree construction, and fine-tuning.
In the first phase, a tree is greedily constructed as usual, except that after each split, the
parameters of the new subtree are updated through gradient-based optimization, while
the rest of the tree’s parameters are fixed. In the second phase (fine-tuning), the algorithm
runs a final gradient update through the entire tree, updating all of its weights while fixing
the structure. Some algorithms employ both phases (Irsoy et al. 2012; Tanno et al. 2019;
Hehn et al. 2020), while others restrict themselves to the fine-tuning step, and assume that
a tree structure is given instead of greedily constructing it (these “fixed tree structure”
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approaches are later discussed in Sect. 4.3). Still other approaches exist. NBDT (Wan et al.
2020) applies fine-tuning, but induces a tree differently: first, it generates the tree’s leaves
based on the weights at the output layer of a neural network, and then, it constructs the rest
of the tree by merging nodes in a bottom-up process (akin to hierarchical agglomerative
clustering). Budding Trees (Irsoy et al. 2014) eschew both greedy induction and fine-tun-
ing by considering every node to be both a leaf and an internal node, therefore conflating
tree construction with pruning and updating all weights at every iteration.

Furthermore, one of the benefits of employing gradient-based optimization is the pos-
sibility of explicitly using regularization to guide the training process. This idea has been
explored by a few authors: Norouzi et al. (2015) used norm regularization to constrain the
learned weights in the nodes, Hehn et al. (2020) followed a similar approach but through a
spatial regularization particular to image inputs, and Frosst and Hinton (2017) employed a
penalty that encourages internal nodes to make equal use of both its subtrees.

Overall, gradient-based optimization has been reported to result in trees that are more
accurate and shallower, apparently delivering on their promise of less sub-optimal DTs.
However, this advantage comes with a cost: by employing all input attributes at every
node, it becomes humanly impossible to understand why the model made a certain deci-
sion, therefore giving up the traditional notion of DT transparency. This problem and pro-
posed solutions are discussed in Sect. 5.4 on interpretability.

3.4.4 Optimal trees

When taken to the extreme, the idea of avoiding sub-optimality leads to optimal trees:
algorithms that search the space of possible models and find the tree that maximizes
some measure (e.g. accuracy) while under a size constraint (e.g. maximum depth). Since
the search space is impossibly large, methods in this category are more computationally
expensive than their heuristical counterparts, which is why despite similar ideas having
been explored in the past (Meisel and Michalopoulos 1973; Bennett and Blue 1996), the
approach only started to flourish with the hardware advancements of recent years (Bertsi-
mas and Dunn 2017). Currently, there are three main lines of research being investigated:
mathematical programming, Boolean satisfiability, and specialized approaches. This sub-
section explores each in turn and then comments on issues common to all three.

In the mathematical programming (MP) approach, DT induction is formulated as a
mathematical program, which is then passed to generic commercial solvers such as Gurobi
or CPLEX who return the optimal tree. Since the DT induction problem involves several
discrete choices, the formulations themselves are usually classified as either MIO ( Verwer
and Zhang 2017; Bertsimas and Dunn 2017; Rhuggenaath et al. 2018; Aghaei et al. 2019;
Firat et al. 2020; Giinliik et al. 2021) or purely binary integer programming (BIP; Verwer
and Zhang 2019). Although approaches of this line of research can be traced back to the
‘90s (Bennett 1992; Bennett and Blue 1996), the idea has only gained steam with the tech-
nical advances of modern optimization solvers (Bertsimas and Dunn 2017).

This recent interest was ignited in 2017, with the publication of OCT (Bertsimas and
Dunn 2017) and DTIP (Verwer and Zhang 2017), two algorithms that induce univariate
trees using MIO. DTIP employs fewer variables and restrictions than OCT, which makes
it more scalable with regards to sample size; OCT, on the other hand, finds the tree struc-
ture in a more sophisticated way and is more thoroughly investigated in relation to the
traditional greedy approaches. Both algorithms were subsequently built upon: OCT was
extended for regression (Dunn 2018) and prescriptive tasks (Bertsimas et al. 2019), while
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DTIP was extended for fuzzy trees (Rhuggenaath et al. 2018) and its authors proposed a
novel binary formulation called BinOCT (Verwer and Zhang 2019). BinOCT stands out for
replacing the dependency on the dataset size with a dependency on the number of different
valued attributes present in the dataset, therefore improving the scalability of optimal trees
even further. For a detailed view of MP for DT induction, please refer to Carrizosa et al.
(2021).

A second line of research poses DT induction as a Boolean satisfiability (SAT) problem,
in which the goal is to assign values to Boolean variables such that a certain set of clauses
is satisfied. This approach is similar to the previous one in the sense that generic solvers are
also employed (SAT solvers in this case), but it notably differs in the definition of optimal-
ity that is often used: in the SAT approach, a tree is optimal if it is consistent (i.e. perfectly
predicts all observations) while having a minimal size. This focus on consistency is inher-
ited from technical considerations of the SAT framework, and brings with it some down-
sides: it makes the approach infeasible for noisy datasets (where inconsistent data often
appears) and for datasets that have many observations (in which case the consistent trees
would be impossibly large). It has also has been reported to result in overfitting, even when
the trees are small (Hu et al. 2020).

This line of work started with Bessiere et al. (2009), who proposed an initial formula-
tion for DT induction as an SAT problem, and further showed that it was only practical for
small datasets with less than a hundred observations. The works that followed all tried to
tackle this issue of scalability: Narodytska et al. (2018) built upon their work and provided
a tighter formulation that solved these small instances orders of magnitude faster; Avel-
laneda (2020) proposed an iterative strategy that considers incrementally larger subsets of
the training data, until either the whole training set is considered, or no optimal tree can be
found under the size constraints; Janota and Morgado (2020) proposed a formulation that
explicitly considers the tree’s paths, and was reported to outperform Narodytska et al.’s
approach. However, despite this chain of improvements, scalability remains a challenge.
More recently, works have considered the SAT approach from other angles: Schidler and
Szeider (2021) used SAT techniques to progressively prune a greedy-induced tree, while
Hu et al. (2020) used the MaxSAT framework to maximize accuracy instead of capturing it
perfectly, resulting in an algorithm closer to the MP approach.

Instead of passing formulations to generic solvers, a third group of works is concerned
with more specialized approaches. Two lines of research are highlighted.

DL8 (Nijssen and Fromont 2010) frames DT induction as a frequent itemset mining
problem: each path corresponds to an itemset, and ideas similar to dynamic programming
can be employed to find the optimal tree. This is made possible due to the decomposable
nature of DT induction: if a tree is optimal, then any subtree it contains is also optimal.
Subsequently, Aglin et al. (2020) built upon these ideas to propose DL8.5, an algorithm
that achieves higher efficiency by using more sophisticated caching techniques and bounds
to prune the search space. MurTree (Demirovic et al. 2021) is currently the last word in this
line of research: caching and bounding are further refined, and the problem is explicitly
framed in the conventional dynamic programming framework.

A parallel line of specialized algorithms started with OSDT (Hu et al. 2019). Leverag-
ing their previous work on optimal rule lists (Angelino et al. 2017), the authors established
several bounds for tree accuracy (e.g. if a tree has a lower bound on its accuracy, then
further splitting the tree will maintain the bound, etc.) which the algorithm then uses in
an explicit branch-and-bound approach to prune the search space and search it more effi-
ciently. A collection of specialized data structures was also developed to reduce computa-
tional costs, similar to MurTree. An extension called GOSDT (Lin et al. 2020) generalized
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OSDT to objective measures other than accuracy and further adapted it to treat continuous
attributes more efficiently.

This subsection concludes with comments on optimal trees as a whole. An advantage
of these algorithms is flexibility: since the objective functions are explicitly defined, it is
easy to adapt them to domains where accuracy is not the measure to be optimized. This is
not the case for traditional greedy trees, where the global objective is not tackled directly
but indirectly through the splitting criterion (due to the local optimality itself Breiman
et al. 1984, Sect. 4.1). So far, the flexibility of optimal trees has been showcased for objec-
tives like discrimination measures (Aghaei et al. 2019), imbalanced accuracy (Verwer and
Zhang 2017; Lin et al. 2020; Giinliik et al. 2021), and general combinations of accuracy
and size (Bertsimas and Dunn 2017; Hu et al. 2020; Lin et al. 2020; Demirovi¢ et al. 2021).
A limitation of this approach is that most optimal trees are limited to representing linear
measures, as their methods are either based upon linear programming or exploit mathemat-
ical properties of linear measures. Non-linear goals require alternative approaches like the
bi-objective optimization considered by Demirovi¢ and Stuckey (2021).

Another theme commonly discussed is the required pre-processing of attribute types.
Because splits of the form “attribute < value” can be easily formulated as linear constraints,
the majority of MP approaches assume that all attributes are numerical, relying on trans-
formations such as one-hot encoding to handle categorical data (Bertsimas and Dunn 2017;
Verwer and Zhang 2017, 2019; Firat et al. 2020; Blanquero et al. 2021). This works well
but is in stark contrast to traditional greedy algorithms like CART, which handle categori-
cal and numerical data out-of-the-box. The closest optimal tree algorithm in this regard is
the formulation proposed by Aghaei et al. (2019), which proposes an MIO problem that
handles mixed data.

Inspired by similar technical considerations, other algorithms assume that all attributes
are categorical (Giinliik et al. 2021) or, more often, binary (Bessiere et al. 2009; Nijssen
and Fromont 2010; Narodytska et al. 2018; Verwer and Zhang 2019; Aglin et al. 2020;
Janota and Morgado 2020; Demirovi€ et al. 2021). For categorical attributes the encoding
is straightforward, but numerical attributes require special consideration, because encoding
every different value is infeasible. A proposed solution is “bucketization”: the process of
ordering the observed values and only considering splits between pairs with different labels
(Verwer and Zhang 2019; Aglin et al. 2020). However, although this idea is attractive,
Lin et al. (2020) have shown that it sacrifices optimality. More sophisticated approaches
include efficiently considering every possible threshold via specialized approaches (Lin
et al. 2020), using supervised discretization algorithms (Demirovié et al. 2021), or decile
binning (Giinliik et al. 2021).

A major challenge to all optimal tree algorithms is scalability: the high computational
cost of searching the entire tree space (albeit implicitly) significantly increases the time
necessary to process datasets with more attributes and observations. As previously noted,
this is particularly problematic in the SAT line of research, where certificates of optimal-
ity are restricted to datasets with hundreds of observations. However, scalability is also
an issue in the MP approach, where algorithms only tackle datasets with less than 5000
observations. This effect can also be seen in the depth of the trees considered: most works
consider depths of at most 4 or 5 (Bertsimas and Dunn 2017; Verwer and Zhang 2017;
Rhuggenaath et al. 2018; Verwer and Zhang 2019; Aglin et al. 2020; Avellaneda 2020;
Firat et al. 2020).

Several authors have proposed ways of sidestepping the scalability issue, for exam-
ple by inducing trees on a subsample of the training data (Bessiere et al. 2009; Naro-
dytska et al. 2018; Avellaneda 2020) or by reducing the input space (Narodytska et al.
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2018; Firat et al. 2020). However, these techniques often sacrifice optimality, which
seems counter to the initial idea of optimal trees. The line of specialized algorithms
seem to fare better in this regard: by avoiding the use of generic solvers in favor of
highly specialized implementations that exploit characteristics of the DT induction
problem, recent proposals like MurTree and GOSDT can handle datasets with tens
of thousands of observations and dozens of attributes, often achieving certificates of
optimality.

Interestingly, the scalability issue of optimal trees might not be so problematic.
Murthy and Salzberg (1995b) empirically found that the gap between greedy trees and
their optimal counterparts is most significant when the target function is complex but
there are few observations—the gap diminishes when the training dataset grows larger.
If true, this would mean that optimal trees are most useful especially when there are
few observations, which is where they already flourish. It remains to be seen if the
hypothesis holds for more thorough investigations of this kind.

Lastly, although the previous discussion has focused on univariate trees, it is note-
worthy that multivariate trees (seen in Sect. 3.1) have also been adapted to the optimal
framework, such as OCT-H (Bertsimas and Dunn 2017), ORCT (Blanquero et al. 2021,
2020), SVM-1 ODT (Zhu et al. 2020) and the formulation by Aghaei et al. (2019).
Additionally, Aghaei et al. also considered optimal trees with model leaves, such as the
ones seen in Sect. 3.2.

4 Generalization

The previous sections focused on different ways of enhancing the approximation
capacity of DTs, but generalization is also a key concern. There is an intuitive trade-off
between approximation and generalization: if a model has high representational power,
it has a higher chance of perfectly representing the training data (overfitting) possibly
at the expense of a poor generalization performance on the out-of-sample data. Con-
versely, if a model has low representational power, overfitting is less probable and the
out-of-sample results will be probably comparable to the in-sample accuracy, although
one should be aware that the models may end up underfitted. This situation is analo-
gous to the bias—variance trade-off, and it is also related to the number of degrees of
freedom involved in the models.

In the context of DTs, there is a strong connection between generalization and tree
size: shallower trees have a lower representational capacity and tend to generalize bet-
ter, whereas deeper trees correspondingly tend to generalize worse. Because of this,
any technique that directly or indirectly reduces tree size can be seen as partly ben-
eficial to generalization, which includes the previously seen multivariate splits (by
enhancing the representational capacity of the nodes, the final tree may end up smaller)
and non-greedy trees (a more optimal tree may have a lower number of nodes). But
generalization concerns more than tree size: many of the topics presented as advanta-
geous to approximation (Sect. 3) can also be understood as contributing negatively to
generalization, since they enhance the representational capacity of the tree as a whole.
Amid these multiple lenses through which generalization can be seen, this section con-
strains itself only to approaches that aim at generalization by directly involving tree
size, namely: pre-pruning, post-pruning, and fixed structures.
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4.1 Pre-pruning

Possibly the most intuitive approach to tree size reduction is simply to stop growing the
tree when it becomes too large (according to a pre-determined criterion). This approach
is called pre-pruning, and it can be seen as an instance of the traditional early stopping
procedure. In its most basic form, pre-pruning algorithms amount to applying a minimum
threshold on the splitting criterion (Gleser and Collen 1972; Quinlan 1986), but more com-
plex methods have also been employed.

Recently, Wu et al. (2016) proposed SCDT (Size Constrained DT), a DT induction algo-
rithm that grows the tree until all leaves are pure or until the number of leaves reaches the
user-specified maximum. As a result, the order of node evaluation becomes highly relevant,
and nodes are evaluated in ascending splitting criterion order. This is also the case for other
pre-pruning algorithms, such as the recently proposed MSI (Garcia Leiva et al. 2019). In
MSI, Kolmogorov complexity is employed during induction to estimate the complexity of
the current tree, and when the tree starts to accumulate unnecessary complexity, the grow-
ing procedure is interrupted. The authors reported that this approach leads MSI to induce
trees that are slightly less accurate but significantly shorter than traditional algorithms, all
the while having no hyper-parameters. This trade-off appears to be in line with the reported
“horizon effect” of pre-pruning algorithms: since good splits may be hiding behind bad
splits, local information is occasionally unable to find more accurate trees (Breiman et al.
1984, Sect. 3.1). This effect is responsible for the inconsistent accuracy of the pre-pruning
approach, and it is also why pre-pruning has been largely abandoned in favor of post-prun-
ing methods (Breslow and Aha 1997).

4.2 Post-pruning

The most popular tree simplification approach is post-pruning, sometimes simply called
pruning. The main idea is to allow the DT to grow unimpeded, and then eliminate the
subtrees that are introducing needless complexity to the model; this complexity is often
measured on a validation set. Although slower than other methods such as pre-pruning,
post-pruning has consistently been shown to improve accuracy, especially in tasks with a
high level of noise (Mingers 1989; Quinlan 1987). One classic pruning method is CART’s
cost-complexity pruning (Breiman et al. 1984), which has two phases: in the first phase,
the complete tree is used to create several trees with increasing levels of simplification, and
in the second phase, one of these simplified trees is selected according to a measure that
combines its accuracy (cost) with its number of nodes (complexity).

Although post-pruning remains an essential element of DT learning, the issue has not
received much innovation recently. Most recent algorithms employ traditional post-pruning
methods, such as the previously cited cost-complexity pruning (Loh and Shih 1997; Barros
et al. 2015; Wickramarachchi et al. 2016), ID3’s pessimistic error pruning (Lopez-Chau
et al. 2013), C4.5’s error-based pruning (Esmeir and Markovitch 2007), or even no post-
pruning at all (Hehn et al. 2020; Wang et al. 2015c; Bertsimas and Dunn 2017; Verwer and
Zhang 2019).

An exception to this trend is visual pruning (Iorio et al. 2019). In this method, the tree is
visualized as a dendrogram-like structure, with the branches having a length proportional
to the impurity reduction they bring. The pruning is done by selecting a threshold beyond
which all subtrees are pruned to leaves, akin to applying a minimum splitting criterion to
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an already constructed tree. The process renders a direct visual interpretation and can nota-
bly be employed without the use of a separate validation set, which frees up data that can
be used for training. Although advantageous at first, this idea can bring in its own set of
problems, since pruning approaches that exclusively use the training data have been found
to be more optimistic and therefore prone to overfitting (Mingers 1989). For this reason,
pruning approaches of this kind usually employ some type of pessimistic correction (Quin-
lan 1987). Because such corrections are absent in visual pruning, it remains to be seen if
the approach could be enhanced with such corrections.

4.3 Fixed structure

Fixed structure methods take a tree structure as input and search for an accurate set of
splits that fits the given structure. Seen from another angle, this approach obtains sim-
plified models by removing trees with undesirable structures from the hypothesis space.
Suarez and Lutsko (1999) stated that this procedure is analogous to fixing the architecture
and then finding the weights in an ANN.

This idea is common in gradient-based (Sect. 3.4.3) and optimal trees (Sect. 3.4.4), but
for different reasons. In gradient-based trees, fixed structures appear to be a consequence
of bringing inspiration from ANNs, where the architectures are also fixed. Meanwhile, in
optimal trees, fixing the structure is both a technical consideration (the mathematical pro-
gramming formulations are simpler) and a practical one (optimizing a fixed structure is
already computationally costly, therefore iterating over many structures is not prioritized).

Regardless of origin, a key issue is how to determine the fixed structure itself, which
either involves user-defined parameters or some sort of automated procedure. User-centric
approaches include optimizing the maximal tree of user-specified depth (Verwer and Zhang
2017; Frosst and Hinton 2017; Verwer and Zhang 2019; Blanquero et al. 2021), assuming
that the entire structure is provided by the user (Aghaei et al. 2019), or using cross-valida-
tion to select a tree from a small group of pre-determined fixed structures (Giinliik et al.
2021). Automatic procedures, on the other hand, usually run a greedy induction algorithm
like CART and employ the resulting tree’s structure as the one to be fixed (Suarez and
Lutsko 1999; Silva et al. 2020; Norouzi et al. 2015). A more sophisticated approach can be
found in the OCT algorithm (Bertsimas and Dunn 2017), which combines the two ideas: it
selects fixed structures from a pool of CART trees trimmed to various depths, up to a maxi-
mum depth specified by the user.

In general, fixed structure algorithms are employed more out of necessity than out of
concern for generalization, though they are nevertheless positive in that regard (since the
provided tree structures are often shallow). However, it has been argued that if the goal is
to reduce tree size, then fixing the number of nodes is too rigid a strategy, since the model
may become unaware of reasonable trade-offs (e.g. adding a single node may double accu-
racy) (Freitas 2014). Overall, fixed structures can be seen as both a boon and a barrier to be
surpassed.

5 Interpretability
DTs are closely related to interpretability: not only are they often regarded as a particu-

larly interpretable model (Freitas 2014), but also interpretability itself is regarded as the
“biggest single advantage of the tree-structured approach” (Breiman and Friedman 1988).

@ Springer



4790 V. G. Costa, C. E. Pedreira

However, not all DTs are equally interpretable, or even interpretable at all, e.g. a tree with
thousands of nodes is much more difficult to grasp than a shallower version of it. Conse-
quently, several authors have proposed ways to create more interpretable trees, exploring
aspects such as tree size, multivariate splits, soft splits, and others. This section bundles
such works.

5.1 Treessize

Tree size is the aspect most commonly associated with interpretability: shallow trees are
regarded as very interpretable, whereas deep trees are not (Lipton 2018; Molnar 2022).
Using the interpretability framework proposed by Lipton (2018), the issue is simulatabil-
ity: it is difficult for a user to mentally simulate the tree as a whole when there are too many
nodes involved. For trees with modest complexity (3 to 12 leaves), this claim was empiri-
cally observed in the survey done by Piltaver et al. (2016), in which a strong negative cor-
relation was found between the number of leaves in a tree and a “comprehensibility” score
given by the respondents.

But although tree size is important to interpretability, it does not capture this notion
entirely. As argued by Freitas (2014), users may find a larger tree to be more interpret-
able than a shallower version of it, if the splits of the larger model better reflect the user’s
domain knowledge. This exemplifies the fact that size is only a syntactic notion, and that
the semantic aspects of the model (its contents) must be considered for a fuller picture of
interpretability.

This complex relation between tree size and interpretability was also identified in the
survey by Piltaver et al.: the authors found that if the respondent does not necessarily need
to use the whole tree (e.g. they are manually using the tree for prediction), then the num-
ber of leaves is not as important as the depth of the deepest leaf required to answer the
respondent’s question (as measured by both a subjective "question difficulty” rating and the
time required to answer a question). Therefore, depending on the task, a large tree may not
be as uninterpretable if the most common use cases are closer to the root. Recently, Hwang
et al. (2020) proposed a splitting criterion that tackles this same issue: instead of aiming
to reduce the combined impurity of two partitions (as is usual in the traditional methods),
their criterion focuses on only one of the partitions having low impurity and large observa-
tion coverage. As a result, the broadest and most accurate rules are pushed to the top of the
tree, reducing the user’s need to investigate deeper leaves.

5.2 Multivariate splits

Another aspect that affects interpretability is the presence of multivariate splits: logical
tests that involve more than one variable (discussed in Sect. 3.1 and illustrated in Fig. 5b).
At first, their presence seems to harm interpretability, since multivariate splits are less
interpretable than univariate ones (as can be easily illustrated by two hypothetical splits in
a medical task: “temperature < 38” and “1.2 X age + 0.3 X temperature < 50”). However,
as noted by Brodley and Utgoff (1995), there is a flip-side to the inclusion of multivariate
splits: the higher approximation ability of multivariate tree splits may make the trees much
shallower than their univariate counterparts (as illustrated in Fig. 5), which would conse-
quently increase the interpretability related to tree size. These opposite results complicate
any claim to the general interpretability of these splits. However, it can also be argued that
even a single multivariate split is enough to compromise the interpretability of the entire
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tree, because if the included multivariate function is uninterpretable, then every path that
passes through it will contain an uninterpretable step—therefore harming what has been
called the decomposability aspect of interpretable predictions, meaning that every part of
the model must admit an intuitive explanation (Lipton 2018).

This negative impact on interpretability can be mitigated in several ways, the most com-
mon of which is to use multivariate splits that are simpler and more interpretable, such as
linear functions. The splits can be further simplified through the use of “feature sparse-
ness” techniques that reduce the number of attributes involved: for example, CART-LC
(Breiman et al. 1984) employs a backward elimination process to remove attributes that
do not contribute much to accuracy, whereas GUIDE (Loh 2009) considers only bivariate
splits from the beginning. More recently, Sok et al. (2015) tackled sparse multivariate splits
by using a variant of LDA called Sparse LDA (Clemmensen et al. 2011), while Wang et al.
(2015a) employed sparse additive models. Another way to improve the interpretability of
these trees is to focus on alternative ways of split interpretation: Fuzzy Rule-based DTs
(Wang et al. 2015c¢) represent non-linear splits by using interpretable fuzzy rules, while
Paez et al. (2019) proposed a visualization tool called “decision charts” that allows the user
to visually interpret such splits.

5.3 Soft splits

Another design decision that affects interpretability is the possible inclusion of soft splits:
logical tests that attribute a weight to each outgoing branch, instead of resulting in mutu-
ally exclusive outcomes (like the ones seen in traditional trees, called crisp). As discussed
in Sect. 3.4.3 and illustrated in Fig. 7, the prediction step of such trees usually involves
calculating the weight of every leaf, and either averaging the results or selecting the leaf
with maximum weight. As a consequence, soft splits deal a huge blow to the simulatability
aspect of interpretability (Lipton 2018), because to manually use such a tree for prediction,
a user has to simulate every path in the tree while keeping track of all the weights.
However, soft splits also have a positive contribution: if the prediction is done via aver-
aging, then soft splits restore a notion of locality that is absent in traditional splits (Suarez
and Lutsko 1999). For example, consider the first tree in Fig. 4: a patient with a tempera-
ture of “38.00” will be classified as healthy, whereas the same patient with a temperature
of “38.01” would be classified as sick. This difference could plausibly reduce the user’s
trust in the model, because similar inputs are expected to result in similar outputs (Alva-
rez-Melis and Jaakkola 2018). A soft split, in contrast, would avoid this problem entirely,
because the slight temperature difference would be manifested as a slight change in the
tree’s weights, and therefore in its final continuous output. As such, if the domain of inter-
est cannot be delimited by sharp boundaries, the soft approach might be more interpretable
to the users. It is noteworthy that this is the domain where fuzzy logic is advantageous,
as it captures the cognitive uncertainty of categories (Yuan and Shaw 1995), and indeed,
the sub-field of DT research known as fuzzy trees (Sosnowski and Gadomer 2019) also
employs soft splits (Yuan and Shaw 1995; Janikow 1998; Suarez and Lutsko 1999).

5.4 Otherissues

Some trees, such as the ones obtained via gradient-based optimization (seen in Sect. 3.4.3),
employ splits that are both soft and multivariate. This results in a model similar to a neural
network which cannot be interpreted in the traditional DT way. An intuitive solution is to
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simply revert to the traditional structure: Silva et al. (2020) proposed inducing a multi-
variate soft tree using gradient-based techniques and then transforming it into a univari-
ate crisp tree by selecting the attributes with higher weights. A more common solution is
aiming at post hoc interpretations (Lipton 2018) of the resulting trees through two main
approaches: either by focusing on computer vision tasks, in which the multivariate weights
map to features that can be visually interpreted (Frosst and Hinton 2017; Hehn et al. 2020),
or by labeling the tree’s paths so that each path can be interpreted as representative of a
concept (e.g. the left subtree handles man-made objects, while the right handles animals)
(Tanno et al. 2019; Wan et al. 2020).

Another issue that affects interpretability is the instability of traditional DT algorithms
(Li and Belford 2002): the notion that small changes in the training data might result in the
induction of substantially different trees. Instability occurs for two main reasons: first, there
might be near-ties during the selection of each split, which means that a split being selected
depends upon a small fraction of the data. Second, a single different split during induc-
tion results in different subtrees, therefore propagating the difference throughout the model.
Instability affects interpretability because it might decrease trust in the training algorithm,
since humans expect that similar inputs result in similar outputs (Alvarez-Melis and Jaak-
kola 2018).

To tackle instability, Wang et al. (2014) proposed a splitting criterion that better disam-
biguates nearly-tied splits. This is done by introducing the concept of “segments”, which
allows the criterion to consider not only the purity of each partition but also the label dis-
tributions. Their criterion reportedly achieves less unstable trees with higher generalization
and smaller size. Subsequently, Yan et al. (2019) extended this approach by proposing two
novel splitting criteria, SPES1 and SPES2, both based on the idea of surpassing the previ-
ous approach through a better balance of “traditional splitting measures” and “number of
segments”. On a more theoretical front, Baranauskas (2015) showed through simulation
that for traditional splitting criteria, the number of nearly-tied splits grows with the number
of classes, with instability also depending on the imbalance of the dataset.

Several other issues fall under the general notion of interpretability. Since traditional
trees do not capture causality, they are not useful for providing insight into the causal rela-
tionships of the data. To tackle this, Li et al. (2017) proposed a splitting criterion for induc-
ing causal DTs. On the other hand, Johansson et al. (2018) aimed at improving trust in
regression trees by guaranteeing a probability of error for each inference, through a frame-
work called conformal prediction. Lastly, Carreira-Perpinan and Hada (2021) proposed an
exact algorithm for finding counterfactual explanations in both univariate and multivariate
DTs, therefore allowing the user to understand how the input could be changed to obtain a
more desirable outcome.

6 Future directions

As shown throughout the paper, the field of DT research is still being actively researched,
with proposals being made across many different fronts. This section points out some
future trends and interesting problems.

e Applications in Industry 4.0 With the growth of the IoTs and Industry 4.0 as a whole,
there will be increasingly more opportunities to implement automated decision processes
in day-to-day life, and it is expected that DTs will play an important role in many of
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those applications, especially those in which interpretability is a key concern. Recent
applications of DTs in the industry range from validating data from smart energy meters
(Elsisi et al. 2021) to detecting motor faults and cyber-attacks (Tran et al. 2021), and
many more are expected to be seen.

e  Optimal trees Currently, optimal trees are one of the most researched topics in the field.
These methods sidestep the sub-optimality concerns that have always been present in
DT research, and therefore offer an exciting new paradigm with limits that are still being
actively explored. The major challenge is scalability: since guaranteeing optimality is
much more expensive than settling for a heuristical solution, optimal trees are usually
infeasible for larger datasets, a limitation that traditional trees do not have. Specialized
algorithms such as GOSDT and DLS8.5 appear to be paving the way in this regard, in
contrast to approaches that employ generic commercial solvers.

e Gradient-based trees It is expected that gradient-based trees will continue to receive
some attention, as researchers of the neural networks community attempt to find new
ways to combine the interpretability of DTs with the recent developments in neural
networks. Although there is fertile ground to be found in inducing more accurate trees
by proposing novel gradient-based algorithms, the biggest challenge is not in reaching
the accuracy of a neural network, but instead in maintaining the interpretability of the
tree, as most gradient-based approaches employ soft multivariate splits that preclude any
traditional notion of interpretability. Therefore, an interesting problem is how to take
advantage of gradient-based optimization while keeping the final model interpretable.

e [mproving accuracy without compromising interpretability As discussed throughout
the survey, some DT design decisions generally improve approximation capacity while
reducing interpretability (e.g. multivariate splits, model leaves, and larger tree size).
This conflict hints at an accuracy-interpretability trade-off, but it is not clear that this
trade-off is inevitable; indeed, in many situations, it is known to be more myth than fact
(Rudin 2019). Therefore, an interesting challenge going forward is how to improve the
accuracy of DT models without compromising that quality which is usually lauded as
their key advantage: their transparency. This challenge can be handled in two ways:
either by inducing more accurate models without significantly changing the structure
of traditional trees, or by proposing new ways to interpret non-traditional tree struc-
tures. The former is the most common, exemplified through proposals of new splitting
criteria, pruning techniques, or optimization methods (such as optimal trees). The latter
is less explored, but with much potential nonetheless: recent works have explored new
visualization tools (Paez et al. 2019), post hoc labeling techniques (Wan et al. 2020),
restricting multivariate splits to user-provided functions (Paez et al. 2019), and exploit-
ing novel representations for multivariate splits (Wang et al. 2015c). Future research
could follow along both these paths.

e Large-scale comparison studies As pointed out throughout the survey, many differ-
ent lines of DT research share the same goals: for example, many evolutionary, opti-
mal, and gradient-based algorithms define their main motivation as “surpassing the
sub-optimality of greedy decision trees”. However, these methods are rarely compared
against each other: most papers provide comparisons only to traditional methods such
as CART and C4.5, and sometimes to a few other methods in the same family. Because
of this lack of communication between different approaches, it is hard to ascertain
what are the best algorithms in the field as a whole, which is why most users end up
defaulting to traditional algorithms like CART and C4.5. As noted in the introduction,
a comprehensive study of this kind is difficult, since many papers do not make their
code openly available and/or provide empirical results on different groups of datasets.
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These points were brought up by Rusch and Zeileis (2014) and they continue to be an
issue, even though some researchers in the field have started to publish code alongside
the papers themselves. Still, a large-scale study across many datasets would be valuable
going forwards, as the community would be better able to understand the limitations
and advantages of each family of algorithms.

7 Conclusion

Since the introduction of the first regression tree algorithm in the seminal paper by Mor-
gan and Sonquist, close to six decades have passed; nevertheless, DTs have remained a
widely-used model and an actively researched subject. This paper attempted to review the
advances of the last decade in the field, since the most recent surveys do not feature topics
like optimal trees and interpretability, which have gained steam in the last few years. In this
scenario where increasingly more attention is given to interpretable Al and DT research,
the authors hope that this review serves as a good entry point for both researchers and new-
comers to the machine learning community.
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Chapter 3

Efficient Evolution of Decision Trees
via Fully Matrix-based Fitness

Evaluation

In the previous chapter, we presented a comprehensive survey of the recent de-
velopments in DT research, which included not only proposals that fall under the
traditional greedy approach, but, more importantly, works that innovated upon that
original framework — such as multivariate trees, cost-sensitive trees, and trees with
soft splits. Given the overarching goal of this thesis, which is to create interpretable
models for RL, a question naturally emerges: Which line of Decision Tree research,
among the many that were explored, is the most promising to adapt for RL environ-
ments?

The most immediate answer would be the traditional greedy approach (such as
CART and C4.5), since to this day they are the most popular algorithms used to
build DTs. However, this strategy is hampered due to a fundamental mismatch
between greedy DT algorithms and DTs for RL: in essence, the greedy approach to
building DTs requires tree leaves to be independent from each other, which in RL
they are not. To clarify this, it is useful to focus on the role played by the leaves.
In supervised learning, the leaves are fully independent, so that modifying one leaf
affects only the predictions made by that specific leaf; the performance of the rest
of the tree remains unchanged. This allows one to intuitively use greedy algorithms
to create D'Ts for supervised learning, since all changes are purely local, and at each
stage one can make the best optimal choice for that region of the tree. In an RL
task, however, this notion of independence is overturned by the time dimension:
while changing one leaf still affects only the predictions that fall under that specific
leaf, in RL trees each leaf corresponds to an action (see Figure , so that one local
leaf change has the effect of changing the action taken by the agent when visiting a

46



certain state, which affects the next visited state as well, and the next, and so on.
That is, changing a single leaf can impact the performance of the entire tree, since it
may change the entire set of states that the agent visits; in other words, the leaves
in a RL tree effectively decide the states that will be visited, and any changes made
to them are anything but local. As a result, the greedy approach as a whole does
not fit RL tasks very well.

Given this context, from the research that was conducted we identified Evolu-
tionary DTs as the most promising approach to train DTs for RL. As briefly stated
in Chapter [I] this approach portrays the tree induction process as an optimization
problem, which can therefore be solved by the meta-heuristics known as Evolution-
ary Algorithms [57, [58]. Instead of building single trees node-by-node like is done
by traditional greedy algorithms, Evolutionary DTs consider entire populations of
trees and operate on them all at once. The general approach can be outlined as
such: first, each tree is modified randomly by a set of pre-defined operations. Then,
the trees are evaluated by a fitness function, which measures their quality and ranks
them. Finally, the lowest-quality trees are removed, while the highest-quality trees
are recombined to produce the next population. This process is repeated until a
stopping criterion is reached, such as a fixed running time or a minimum solution
quality.

There are three main reasons why the evolutionary approach was identified as
a natural fit for the task of building DTs for RL. First, it is straightforward to
calculate the fitness function of a particular tree solution for RL, since to measure
its quality one can simply run several simulations using this tree solution as an RL
agent, and use the rewards obtained across these simulations. Second, the evolu-
tionary approach uses stochastic operators to modify its solutions from generation
to generation, and while there are several optimization problems for which these op-
erators are inefficient (such as problems of linear or integer programming), the task
of building DTs for RL is not one of them, since no general heuristic for improving
RL trees has been discovered. Thirdly and finally, the aforementioned interdepen-
dence between leaves in RL trees is not an issue for evolutionary algorithms, since
each solution is evaluated as a whole (i.e. global evaluation), instead of having its
leaves and inner nodes separately evaluated (i.e. local evaluation, as in a greedy
algorithm).

However, despite this natural fit with our stated goal, evolutionary algorithms
have a well-known drawback: high computational cost. Since the technique considers
entire populations of solutions and operates on them for hundreds or thousands of
iterations, it is often orders of magnitude slower than other approaches, especially
ones that consider a single tree at a time [54]. In the case of RL, the situation

is further exacerbated by the fact that to evaluate how an agent performs (i.e. to
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calculate its fitness), one cannot simply run a single simulation, but must run dozens
or hundreds of them in order to obtain metrics that are statistically meaningful.
Though one simulation is often fast, the cost quickly compounds.

Given this context, the next step of this thesis’ research comprised an inves-
tigation on how the computational cost of evolving DTs could be alleviated. In
particular, we leveraged the efficiency of numerical computation by proposing a
novel matrix-based encoding that represents trees as matrices and the tree training
process as a series of matrix-based operations. Most crucially, this investigation
restricted itself to the notion of supervised learning, since it is a simpler context on
which the validity of the approach could be first tested; the subject of building DTs
specifically for RL will resume in Chapter [4l The remaining of this chapter presents
the proposed matrix-based encoding and CRO-DT, the evolutionary algorithm pre-

sented to exemplify this encoding.
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ARTICLE INFO ABSTRACT

Keywords: Decision Trees (DTs) are a class of supervised learning models that are widely used for both classification
Decision trees and regression applications. They are well-known for their interpretability and robustness, which have led
Interpretability them to remain popular even 60 years after they were first proposed. However, because traditional tree

Problem encoding
Coral reef optimization
Evolutionary computation

algorithms use greedy methods that are prone to suboptimality, several works have explored the usage of
evolutionary algorithms instead. Although these algorithms are often reported to outperform the traditional
greedy approach, their computational cost is much higher, since the evolutionary component requires a large
number (millions or billions) of function evaluations in order to produce a single tree. Aiming to reduce
this computational cost, in this work we propose an encoding that allows the training and evaluation of DTs
using only matrix operations. The proposed procedure is shown to be much faster than the traditional tree
implementation for complete trees with depths ranging from 2 to 6, and for datasets ranging in size from 100
to 100,000 observations. In particular, the results show speedups of nearly up to 20 times, especially when
the dataset is large and the desired tree is small enough to be interpretable. The proposed procedure also
benefits from GPU parallelization, although it is still highly performing without it. Furthermore, we propose
an evolutionary algorithm, called Coral Reef Optimization for Decision Trees (CRO-DT), that integrates this
encoding with a pre-existing ensemble algorithm to evolve better univariate trees. The results obtained show
that the proposed CRO-DT is competitive with traditional and modern tree algorithms, consistently producing
models of good quality across 14 tested UCI Datasets. We conclude that for most relevant situations, the
proposed matrix encoding provides significant speedups over the traditional implementation, and also may
serve as a basis for high quality evolutionary DT algorithms.

1. Introduction evolutionary approach evaluates a large number of solutions in order

to train a single model. This can strongly limit the applicability of EDT

Decision Trees (DTs) are supervised learning models, typically rep-
resented as flowcharts, that are popular for both their interpretability
and performance across a wide range of domains. Although these mod-
els have been widely used for several decades (the first contributions
date back to the sixties [1]), the field has recently seen a resurgence
of attention [2], in part due to the increased interest in interpretable
machine learning [3,4]. One particular direction of DT research that
has gained traction is that of Evolutionary Decision Trees (EDTs) [5]:
methods that use evolutionary algorithms to train trees of small size
and high performance. Because these methods optimize trees globally,
they often outperform traditional greedy algorithms like CART [6] and
C4.5 [7]1, whose local decisions are more likely to produce suboptimal
models [5].

However, this advantage comes at a price: EDTs frequently report
much higher training times than their greedy counterparts, since the
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algorithms in large datasets (which are increasingly common in the age
of Big Data), as well as the performance of the trained models (since
the quality of the final solutions often depends on how many iterations
are executed). Indeed, back in 2011, [5] highlighted the computational
cost of EDTs as a key issue in the field. Since then, most of the work in
this direction has tackled the problem either through parallelization [8-
11] or fitness inheritance [8,12], two important fronts that have led to
impressive speedups.

In this paper, we propose a new approach to reduce the com-
putational cost of evolutionary trees, namely by encoding the trees
as matrices and evaluating their fitness through a series of matrix
operations. This is in stark contrast to the traditional if-based im-
plementation of DTs, which introduces a computational overhead that
can scale poorly — especially when the same dataset needs to be
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evaluated millions or billions of times, such as in evolutionary algo-
rithms. Conceptually, our approach parallels the successful applications
of deep neural networks [13] to large datasets, which have only been
made possible due to their highly efficient numerical representation as
matrices. By exploiting this same efficiency for DTs, we have achieved
significant speedups in the EDT approach, especially when training
small trees on large datasets. The proposed procedure is compatible
with and benefits from GPU parallelization, but still displays high
performance even in a CPU-only environment. Matrix encodings have
been proposed in the past [14,15], but to the best of our knowledge,
this is the first proposal of a fully matrix-based representation for the
entire fitness evaluation procedure.

Furthermore, we also propose an EDT algorithm built with this
approach that is based on the Coral Reef Optimization with Sub-
strate Layers (CRO-SL) [16,17] technique. CRO-SL is an evolutionary
multi-method ensemble algorithm [18] capable of applying different
search methods within a single population. It has already been suc-
cessfully applied to very different optimization problems in Science
and Engineering fields, including energy and microgrids design [19,
20], computer science [21], logistics [22], mechanical and structural
design [23-25] and electrical engineering [26,27], among others. In
this paper, we apply CRO-SL with distinct variants of Differential
Evolution to evolve trees through their matrix-based representations.
The resulting algorithm, which we call CRO-DT, explores the space of
multivariate trees but produces univariate solutions with low depth,
thus ensuring interpretability. We evaluated the proposed algorithm on
benchmarks from the UCI Machine Learning Repository [28] and found
that the proposed CRO-DT is competitive with traditional and modern
DT algorithms. This demonstrates not only the validity of the matrix
approach as a basis for EDTs, but also that the reduced computational
cost allows EDTs to search wider and obtain better solutions.

The rest of the paper is structured as follows. First, Section 2 covers
the relevant background knowledge and provides an overview of the
related works. Section 3 describes the matrix encoding proposed in this
paper, while Section 4 focuses on the proposed EDT algorithm, CRO-
DT. Both the proposed methods are tested and evaluated in Section 5.
Finally, Section 6 closes the paper with our concluding remarks.

2. Background and related work

To make the paper self-contained, in this section we discuss key
notions from DTs, EDTs, and the CRO line of evolutionary algorithms.
At the end, we provide a review of the related works.

2.1. Decision trees

Decision Trees (DTs) [2,29] are machine learning models used for
classification and regression tasks. These models are composed of inner
nodes, which contain logical tests, and leaves, which contain predic-
tions (labels for classification and numerical values for regression). In
the inference step, an observation follows a path from the root to one
of the leaves, determined by the results of each logical test applied to
the tested observation. These tests (often called “splits”) can be either
univariate or multivariate:

+ Univariate splits: involve a single attribute, usually of the format
x; < ¢, where x; is an attribute and ¢ is a threshold;
Multivariate splits: involve multiple attributes, usually in a lin-
ear combination such as w;x; + w,x, + -+ + wpxp < ¢, where P
is the number of attributes and ¢ the threshold. Such linear tests
are also called “oblique splits”. Note that if we define a dummy
attribute x, = 1, we can rewrite this test in the simpler version
ZLO w;x; < 0, where w, = —c.
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Besides the different types of logical tests, there are also distinct
types of tree structures, e.g. trees can be binary (each node has two
children) or multiway, trees can be complete (each leaf has the same
depth) or non-complete, trees can be crisp (each observation is assigned
to a single leaf) or soft, and so on. In this paper, we only deal with
complete binary crisp classification trees, although the proposed matrix
scheme can be extended to non-complete binary trees of any kind.

The traditional way to build a DT of this sort is through a greedy
top-down procedure called recursive partitioning, in which nodes are
created iteratively with the goal of better partitioning the dataset.
Typically, all possible splits are considered at each step, and the node
created is the one that best improves accuracy. This is the approach
taken by classic algorithms widely used to this day, such as CART [6],
ID3 [30] and C4.5 [7]. However, since decisions are made greedily,
there is no guarantee that the final tree is the one with the best global
accuracy — it may well be that the optimal tree contains inner nodes
that are not actually the locally best. This is the “suboptimality prob-
lem”, often used as an argument against greedy DT algorithms [31-
33].

2.1.1. Evolutionary decision trees

Evolutionary DTs (EDTs) [5] have been proposed as a way to avoid
the suboptimality problem of greedy DT algorithms. By treating DT con-
struction as an optimization problem, EDTs use techniques from a field
of optimization methods called Evolutionary Algorithms (EAs; [34])
to obtain high-quality trees. A superficial and general description of
the evolutionary process is as follows. First, at each iteration (called
a “generation”), the EDT algorithm considers a whole group of trees
(called a “population”), instead of a single one. Then, each tree is given
a score based on its quality (called its “fitness”), which is usually a
linear combination of its accuracy and its size. Next, the trees with the
highest fitness are recombined with each other using various operators,
so that the resulting solutions make up the population of the next
generation (the low-fitness solutions are usually discarded or kept
only with a very small probability). This process is repeated until a
predetermined stopping criterion is reached, for example a maximum
number of generations. At this point, the algorithm stops and the best
tree of the last generation is returned as the final solution. This overall
approach has been implemented with several different evolutionary
algorithms, such as Differential Evolution [15,35,36], Particle Swarm
Optimization [37,38], Ant Colony Optimization [39], and Grammatical
Evolution [40], among others. In this paper, the usage of the Coral Reef
Optimization (CRO) algorithm is investigated, since it has been shown
to be effective in a wide range of problems, including those related
to machine learning [41,42]. Furthermore, the substrate layers version
of CRO is an ensemble algorithm that can combine other optimization
approaches and extract the best from each of them, through application
of its self-adaptive strategies. This is discussed in the following section.

2.2. The PCRO-SL algorithm

In this section, we briefly describe the Probabilistic Coral Reef
Optimization with Substrate Layers (PCRO-SL, [43]) algorithm, which
is the basis of the CRO-DT algorithm proposed in this paper. Since
PCRO-SL is the result of a series of iterative refinements, we will first
describe the basic CRO, then its successor CRO-SL, and finally the latest
PCRO-SL.

2.2.1. CRO: The Coral Reef Optimization algorithm

The Coral Reef Optimization algorithm [44], first published in
2014, is an evolutionary algorithm inspired by the natural processes
of reef formation and coral reproduction. Its characteristics makes it
a meta-heuristic algorithm with similarities to genetic algorithms and
simulated annealing. In the CRO the reef is represented as a square grid
of dimensions M x N, while the corals (i.e., solutions to the optimization
problem) correspond to the cells of said grid. During initialization, a
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fraction p, of the cells of the reef are filled with arbitrary initial solu-
tions (e.g. randomly generated). Then, the coral reproduction process
is simulated as follows:

1. Larvae formation: in this step, new individuals (called larvae)
are created through two processes that mimic the external and
internal reproduction of real-life corals:

(a) Broadcast spawning: A fraction F, of the reef’s corals
are selected as broadcast spawners. These individuals are
then separated into pairs, such that each pair produces
a new larva through a crossover mechanism (or other
strategy).

(b) Brooding: The corals not selected for broadcast spawning
(a fraction (1 — F,) of the reef) use a mutation mechanism
to produce one new larva each.

2. Larvae setting: after the larvae have been created, each tries to
find a position in the reef where they can settle down to grow.
This is done by selecting a random cell and checking whether
(1) the spot is empty, or (2) the larva’s fitness is higher than
the fitness of the coral in the current cell. If either of these
conditions is met, the larva moves to the cell and becomes a new
coral; otherwise, the larva can select another random cell and try
again. Each larva can try a maximum of & times.

3. Asexual reproduction: all corals on the reef are sorted accord-
ing to their fitness, and a small fraction F, of the fittest are
selected for asexual reproduction. Each of these individuals will
mutate and produce a new larva that will try to colonize the reef
in exactly the same way as described in the previous step.

4. Depredation: in this step, some corals become candidates for
elimination. A fraction F; of the lowest-fitness individuals is
selected, and each one has a probability P, of being predated
and freeing up their coral reef cell.

The evolutionary process is executed until a stopping criterion is
fulfilled, usually a maximum number of function evaluations or of
generations. This decision, along with several others (such as the
parameters, which crossover and mutation mechanisms to use, etc.),
is left open to each implementation.

2.2.2. CRO with substrate layers

The CRO-SL algorithm builds on the basic CRO process by intro-
ducing a new concept: substrates. Marine studies have shown that the
success of coral larvae is related to the seafloor substrate in which
they fall after reproduction. Inspired by this, the reef grid in CRO-
SL is divided into T substrates (i.e. regions) of approximately equal
size, so that each coral on the reef performs the broadcast spawning
phase differently depending on the substrate it is currently occupying.
For example, in one substrate this might mean performing a 1-point
crossover between two corals to obtain a new larva, while in another
it might mean applying a Gaussian perturbation to a single coral.
All other parts of the evolutionary process remain the same, and the
algorithm continues as before.

Due to its mixture of several different exploration strategies, CRO-SL
can be considered as a multi-method ensemble algorithm [18], and thus
belongs to a more sophisticated and different category than CRO. Fur-
thermore, this approach also leads CRO-SL to distance itself from simple
metaheuristics, and take it a step closer towards hyper-heuristics: algo-
rithms that attempt to select and combine several simpler heuristics in
order to obtain better solutions [45].

2.2.3. Probabilistic CRO-SL

A second improvement on the CRO formula can be found in Proba-
bilistic CRO-SL (PCRO-SL) [43], a modification of CRO-SL that replaces
the spatiality of the substrates with a stochastic component. Each sub-
strate has a probability p; of being selected. Then, during the broadcast
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spawning phase, each coral samples these probabilities in some way
(e.g. via roulette selection) so that the selected substrate determines the
reproductive mechanism to be executed. This has the effect of spreading
the influence of a substrate over the entire reef, rather than localizing
it to a specific region.

In its simplest form, each p; is set uniformly so that all substrates
have the same probability of being selected. However, the original
PCRO-SL paper also describes a dynamic scheme that updates these
probabilities according to the success of each substrate. For example, in
the “larvae success rate” scheme, the probability p; is updated at each
generation to reflect the fraction of successful larvae produced using
the ith substrate (i.e. larvae that managed to settle on the reef). After
obtaining the larval success values for each substrate, a softmax func-
tion is applied to normalize them and produce the final probabilities.
The original paper also proposed other metrics, such as the average
fitness of each larva produced by a substrate and the improvement in
fitness of those larvae.

In general, the adoption of probabilistic substrate selection allows
the algorithm to generate more diverse solutions, since each coral can
be affected by numerous modification mechanisms during its lifetime.
Furthermore, the dynamic scheme guarantees that the selection of
these mechanisms is commensurate with their quality, resulting in a
self-adapting procedure that rewards high-performing substrates while
reducing the impact of low-performing ones.

2.3. Related works

Some papers in the literature also use matrix representations for
DTs. In [15], the authors evolved a multivariate tree model called
Perceptron Decision Trees (PDTs, [46]) using a popular evolutionary
algorithm called Differential Evolution (DE, [47]). Since DE requires
that its solutions be represented as vectors of real numbers, the authors
encoded the tree using a matrix scheme similar to the one proposed
here so as to adequately interface with the evolutionary algorithm.
Their proposal differs from ours in three important ways: first, it uses
three different matrices to represent each tree (one for weights, one for
constants, and one for leaves), while we use only a single one. Second,
their approach also evolves the label-leaf assignments, while in our
work these assignments are obtained by a procedure that guarantees
their optimality. Third, their method evolves multivariate trees, while
our proposal produces univariate trees. This last point is a fundamental
distinction that prevents the algorithms from being compared in a fair
way, since a multivariate tree of depth d has more fitting capacity than
an univariate tree of the same depth, while simultaneously being less
interpretable.

In terms of particulars, [14] contains the encoding that is most
similar to the one used in our paper, as the authors also represented DTs
with a single matrix of weights and classified observations using matrix
operations. However, despite these similarities, the two approaches
differ in several important ways: because the authors’ goal was to
train DTs using stochastic gradient descent, their matrix approach
stops after classifying individual observations, and thus refrains from
classifying entire datasets, optimizing label leaves, computing accuracy,
or processing entire sets of trees at the same time — all procedures
handled by our approach. Furthermore, because their work was pro-
posed in a very different context, there is no mention that these matrix
computations might be useful in the EDT family of algorithms, nor is
there any discussion of the speedups that result from using the matrix
encodings. Finally, their work considers multivariate trees (like the
PDTs mentioned previously), which prevents direct comparisons with
our method. Other authors have explored vector-based representations
of DTs (as opposed to matrix-based ones), such as [35,48]. However,
these vector-based representations were converted into traditional tree
structures to compute accuracy, while in our work the entire fitness
evaluation procedure involves only the matrix encoding.
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There are several works that aim to reduce the computational cost
of EDTs, but they explore either fitness inheritance [8,12] or paral-
lelization [8] instead of the matrix representation seen here. In fitness
inheritance techniques, the hierarchical nature of DTs is used to identify
situations where the fitness of certain subtrees does not need to be
evaluated, since it can be inferred (or simply copied) from previous
computations. [12] were the first to apply this idea to EDTs, with an
approach that stores the observation indices at each leaf and determines
when certain genetic operators require recalculation. The authors ana-
lytically computed an upper and lower bound for the speedup gained
and reported a training time savings of 30%-40%, averaged over 11
datasets. A similar idea is used in the Global Decision Tree (GDT)
framework proposed by [8], but instead of storing observation indices
at the leaves, an index table is computed for each tree, mapping nodes
to training data.

In addition to fitness inheritance techniques, several works have
aimed to reduce the computational cost of EDTs by parallelizing the
evaluation of DTs. Most of these contributions revolve around the GDT
framework, and together form a long line of iterative improvements
to the system. [49] used a distributed approach in which different
processors evaluated different subsets of the global population (called
“islands”), with periodic communication between them. [9] built on
this approach, combining the OpenMP [50] and MPI [51] paradigms
to achieve further speedups. The focus then shifted to GPU-based
optimization, with [11] designing 6 procedures amenable to GPU par-
allelization that together comprise most of the tree induction process.
In the latter paper, the authors reported speedups of up to 200x
for some combinations of datasets and graphics cards. An approach
that simultaneously exploits both fitness inheritance and GPUs can be
found in [10]. Although the approach proposed in this paper is also
compatible with parallelization and does benefit from GPU usage, this
is not the driving force behind the highest speedups obtained, and the
method still has a high performance when GPUs are not available.

The PCRO-SL method, which serves as the basis for the CRO-DT
proposed here, belongs to a line of evolutionary algorithms that have
found great success in several domains. These algorithms have been
used for positioning turbines in offshore wind farms [52], estimating
country-wide energy consumption [53], extracting information from
web-based resources [54], among others. In addition, the algorithm
has been integrated in the past with machine learning models, such
as in [41], where it is used to select features to be passed to a neural
network, and in [42], where it is used to compress convolutional neural
networks. It is relevant to point out that the algorithm has not been
used before to evolve DTs.

3. Fully matrix-based fitness evaluation of classification trees

This section contains the main methodological contribution of this
paper. We will show how DTs can be trained and evaluated using
only matrix operations, complete with a numerical example to aid
comprehension. For details on how DTs are usually implemented, we
refer to Appendix A.

3.1. Methodological aspects

We begin by establishing some basic notation and concepts. Let X €
RNX(P+D be a matrix representing a dataset of N observations, each
with P numerical attributes, such that the kth observation is denoted
by x = [x0  xi, x;_p| (where x, , is a dummy attribute added
to handle the bias, always taking the value 1). Let y € RN be a vector
containing the numerical labels for each observation in &, such that
v €(l,...,C}.

Let T be a complete binary tree of depth d, consisting of S; inner
nodes and S, = S; + 1 leaves. Without loss of generality, we assume
that the splits are oblique, such that the ith inner node (in pre-order
traversal) contains the split Z,l;o w; ;X ; < 0 (for a generic data point
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WopXg +...+ WopXp < 0

w10X0 +...+ w1 pxp <0 WoXo +...+ Wy pxp <0

{1 {r {3 {4

Fig. 1. A multivariate decision tree with depth 2, for a dataset with P attributes.

x).? Given this configuration, we can encode T as a weight matrix
W e RS*P+D_ such that the ith inner node of the tree (in the pre-
order traversal) corresponds to the ith row in W. Fig. 1 illustrates this
encoding with respect to a tree of depth 2, for which the weight matrix
is:

Wop Woy1 - Wop
W=lw, w,; .. wp 1)
Wro Wy ... Wyp

To fully define this decision tree, it is necessary to define not only its
splits, but also the label for each of its leaves, which will be represented
as avector L = [£, ¢, ¢s,|. Note, however, that there is no
real choice involved in deciding L, since given a weight matrix W and
a dataset (X, y), there is a single vector L* that optimizes the accuracy
of the entire tree: it is the one formed by running the tree over the
entire dataset and setting ¢, as the most frequent class among the
observations that fell into the kth leaf (i.e., majority vote). Thus, one
can evaluate the fitness of the tree simply by having a dataset (X, y) and
a weight matrix W, since by counting we can determine the optimal
label distribution at the leaves and hence its accuracy.

Given this discussion, two goals can be outlined: first, to obtain L*
given W, X, and y; second, to obtain the accuracy of the tree given W,
L*, X, and y.

Algorithm 1 MatrixEval(X, y, W, .S, S;,d): fully matrix-based evalua-
tion of a DT

N « #X

M <« CreateMask(d)

o(-) < sign(")

Z «~o(WXT)

@(-) « max(0, min(1, -))

Q<«¢pMZ-(d-1)

Y <[y T

r0) = (Hjc=1:j¢< (Iuyfo)@) 1

R < [p(D)] ... [p(O)]

L* « row-wise argmax(R)

Accuracy « Y (row-wise max(R))/N

return L*, Accuracy

> Described in Algorithm 3
> Defined element-wise

> Defined element-wise

> Such that Y € RS~*N

To compute L*, note that if x, follows the left (resp. right) path

at the ith inner node, then by definition Z;’:o w;;x; < 0 (resp.

Zf:o w; ;x; > 0). Let ¢ be the sign operator, defined so that sign(0) = -1
(to break any possible ties). Thus, Z = s(W XT) is a matrix such that
if x, would follow the left path at the ith inner node, then Z;, = -1,
otherwise Z;, = +1. Therefore, Z can be used to determine the full

2 Note that we do not lose any generality by using oblique splits, since this
scheme is also able to represent univariate trees: the ith split is univariate if
w=[w, w, w; p] is 0 except for two elements: the bias w;, and the
weight w, ; corresponding to the selected attribute ;. In this case, the oblique
split can be rewritten as the univariate x; < —::—‘/’ if w;; >0, or x; > —Z’—j}

otherwise.
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path that an observation x;, would take, if we combine it with a mask
matrix M of dimensions (S, X .S;) where:

—1 if jth leaf is on the left path of ith inner node
M;; =q+1 if jth leaf is on the right path of ith inner node (2)

0  if jth leaf is not on the path of ith inner node

An algorithm for creating a matrix M given any depth is presented
in Appendix B.

Therefore, if M;; and Z;, have the same sign, it follows that x;
took the correct path at the ith inner node to reach the jth leaf, and if
they differ, x, took a different path and cannot reach the jth leaf. By
multiplying these two matrices, one obtains M Z € RSN a matrix in
which the element (M Z); , corresponds to the total number of correct
steps taken by the observation x, with respect to arriving at the jth
leaf. Consequently, x, belongs to the jth leaf if (MZ);, = d. Let ¢
be a clipping operator such that ¢(x) = max(0, min(x, 1)). Then Q =
¢(M Z —(d —1)) is a matrix of one-hot columns indicating the leaf index
reached by each observation in X.

Since Q already provides the assignment of observations to leaves,
to obtain L* one simply has to assign the class to each observation
and then take the majority vote. This is done by concatenating S,
repetitions of the y vector to construct a Y matrix of dimensions
(S, x N). Then the Hadamard product Y © Q is applied to obtain a
matrix where each row corresponds to a different leaf, such that the
kth element of the jth row is either 0 (if x, does not belong to the
jth leaf) or y, (f it does). This operation has the effect of “coloring”
O with the class of each observation. Finally, L* can be obtained
simply by selecting the most common element from each row of Y © Q,
therefore effectively making the majority vote itself. To implement this
using matrix operations, a matrix R € RS*C can be constructed,
where R;; is the number of observations of class k that belong to the
jth leaf. Given R, obtaining L* simply involves taking the row-wise
argmax of R. Note that R can be constructed either by methods such
as bincount in numpy, or by using the following operation:

C
(-Y00)
R = V=199 ), €)

Where Rz is the kth column of R (corresponding to class k), [] is the
sequential application of the Hadamard product, and 1 is a one-column
of size (N x 1).

Once L* is obtained, the task of calculating the final accuracy is
straightforward: because the jth row of R describes the number of
elements of each class at the jth leaf, the maximum value in the row
equals the number of correct classifications at said leaf. Therefore,
by summing the maximum element for each row and dividing by the
total number of observations N, one can find the accuracy of T on
the dataset (X, y). As a result, the fitness of the tree is fully evaluated
and its optimal leaves are known. The complete algorithm is shown in
Algorithm 1.

Note that this matrix-based algorithm can be easily extended to a
tensor-based form, in which a new dimension is added to represent
different trees. With this alternative form, entire sets of trees can be
evaluated all at once, reducing computational overhead by batching
matrix operations. This is in stark contrast to the more immediate
iterative implementation, which calculates the fitness of the tree set by
iterating through every tree and calling the matrix-based evaluation for
each. In particular, the batch evaluation approach fits naturally within
an evolutionary computation environment, where each generation has
a set of trees that can be evaluated completely independently. The
impact of this batch implementation is analyzed more in-depth on
Section 5.1.1.
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3.2. A numerical example

Let (X,y) be a dataset with N = 6 observations, P = 3 attributes
and C =2 classes:

1 -2 -4 -4
1 -2 -1 -4
1 0 4 4
=l o0 o o @
1 -1 -1 -1
1 3 -2 -3
y=[1 1 2 1 2 1] &)

Furthermore, let T be a complete tree of depth d = 2, with S; =2¢-1 =
3 inner splits and S, = S; + 1 = 4 leaves. Its corresponding matrix
W € RS*(P+D is defined as:

[ 0.1 02 08 08
W=|[-04 -01 -09 07 (6)
| 0.7 -04 -09 -04

Given its depth, the mask matrix M is:

-1 -1 0
-1 +1 0

M = +1 0 -1 @
+1 0 +1

Then, the following intermediary matrices are:

(-1 -1 +1 +1 -1 1]
Z=ocWXT)y=|+1 -1 -1 -1 -1 -1 (8)
|+1 +1 -1 +1 +1  +1}]
[0 42 0 o0 + +2]
+2 0 -2 =2 0 0
Mz = -2 -2 42 0 =2 =2 ©
0 0 0 +2 0 0
(o 1 0 0o 1 1]
1 0 0 0 0 O
O=9¢pMZ~-d-1)= 00100 0 (10)
00 01 00
[1 1 2 1 2 1]
1 1 2 1 2 1
Y= 1 1 2 1 2 1 an
1 1 2 1 2 1
[0 1 0 0 2 1]
1 0 0 0 0 0
Yoos= 00 2 0 0 0 (12
00 0 1 0 0
[2 1
1 0
R= o 1 (13)
1 0

By taking an argmax of each row of R, one finds that the optimal
leaf distribution is L* = [I 1 2 1]. Furthermore, by summing up
the maximum of each row and dividing by N, the accuracy of T for
(X, y) is calculated to be % ~ 0.833.

3.3. Analysis of time complexity

In this section, we give a brief big-O analysis of the time complexity
of the matrix encoding. In particular, we are interested in the Algorithm
1, which computes both the optimal labels L* of a given tree and its
accuracy on a dataset (X, y). We leave the creation of mask M and of
matrix Y out of our analysis, since they are independent of W and can
be computed just once and then used for each generation. Furthermore,
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we assume the use of a naive matrix multiplication algorithm, so that
the operation AB between two matrices A € R™® and B € RM*¢
has a time complexity of O(abc). There are faster methods (such as
the Strassen algorithm), but for the purposes of our analysis this is
sufficient.

First, obtaining Z has a time complexity of O(S;PN), since it is
dominated by the multiplication of W € RS*F by X e RN*P.
Note that both the sign function ¢ and the clipper function ¢ have a
complexity of O(1) when applied to a single value, since they check
only a small number of conditionals (one and two, respectively).

Then, obtaining Q has a time complexity of O(S;S,N), since it
mainly involves the multiplication of M € R5¢*Si and Z € RS*N. The
element-wise subtraction by (d — 1) does not affect the time complexity,
similar to using the clipper function ¢.

Next, the algorithm executes the bincount function p. To analyze
this function, note that it starts by performing Y=Y29 for each class j
(except one). The complexity of this operation is co?ﬁpletely dominated
by the Hadamard product ¥ © Q, which is O(S,N) since (Y,Q) €
RS¢*N. Next, the [] function computes the Hadamard product of the
C — 1 matrices, which has complexity O(S,NC). Finally, it multiplies
the result by a vector 1 € RV, leaving the final complexity of the p
function as O(S, NC). Since R consists of a collection of C applications
of p, obtaining R has a time complexity of O(S, NC?).

The computation of L* is just a row-wise argmax of R, so it has
complexity O(S,C), since R € RS7*C. Similarly, the precision can be
calculated in O(S,C).

Summing up all the time complexities gives the final value:

O(-) = O(S;PN) + O(S; S, N) + O(S, NC?) + 0(S,C) + O(S,C)
= O(S;N(P +S,)) + O(S,NC?)

Assuming a complete tree of depth d, it follows that .S; = 2¢ — 1 and
S, =29, therefore:

0¢)=0QIN(P +2% + C?) 14

Note that this time complexity is exponential in depth. This is
in contrast to traditional tree encodings, which follow a linear time
complexity of O(Nd) (for more details, see Appendix A). Observe,
however, that although the algorithmic complexity is greater, the im-
plementation itself may be more efficient — this will be discussed
further in Section 5.

Finally, we note that a detailed analysis of memory complexity is
omitted, since both the proposed matrix-based encoding and the tra-
ditional tree implementation have low memory requirements. To illus-
trate this, note that the most memory-intensive step in the proposed
method is the element-wise multiplication of matrices Y and Q, both of
which have dimensions (S, X N). Considering a very large dataset with
10,000,000 observations and a tree depth of 5, the memory complexity
is on the order of (2 x 32 x 107), which amounts to 2.56 GB of memory
(assuming each element is a 4-byte integer). If the program is to be
executed on a CPU, this memory requirement can be easily met by
today’s home PCs, while if the program is to be executed on a GPU,
this requirement is also feasible, since modern GPUs are equipped with
8 GB to 12 GB of memory. Memory could only become a problem if
a large number of trees were to be evaluated at once, such as in the
tensor-based batch evaluation procedure described earlier; however,
our experiments show that for large datasets there is no observable
difference between the batch approach and the less memory-intensive
usual approach (see Section 5.1.1). Given this discussion, we conclude
that memory requirements are not a challenge for the proposed method,
even for large datasets.
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Fig. 2. Flowchart diagram of the CRO-DT algorithm.

4. Coral Reef Optimization for Decision Trees (CRO-DT)

In this section we describe the proposed algorithm CRO-DT, which
uses the dynamic version of PCRO-SL to evolve classification trees.
In general, CRO-DT follows a very similar structure to the PCRO-SL
algorithm, with some modifications to adapt it to the evolution of DTs.
Fig. 2 illustrates how CRO-DT works.

The algorithm is fed with an input dataset (X,y) and a depth
d, the latter one being responsible for determining the size of the
considered solutions (since each solution is encoded as a matrix W €
R-DX(P+D) I this way, CRO-DT falls under the umbrella of the
so-called “fixed structure” tree algorithms [2], which do not grow or
prune the trees during execution. It is worth noting that fixing the
tree structure is merely a design decision of CRO-DT, and does not
necessarily follow from the use of matrix encoding. By using genetic
operators capable of increasing the size of the matrices, it is possible
to develop a fully matrix-based EDT that would also produce trees of
varying depth. In CRO-DT, we have chosen to fix the tree structure
because this has interesting consequences. For one, it still allows the
algorithm to build trees of depth less than d, since by assigning the
same label to sibling leaves, it is able to effectively eliminate their
parent split. Second, when d is set to a sensible value, it reduces the risk
of overfitting (because the tree is not allowed to grow and potentially fit
the noise in the data, such as in traditional greedy algorithms). Finally,
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Multivariate tree W

‘ 0.7+ 0.4x1 + 0.4x, — 0.5x3 < O‘

—02 0.9x1 +04x2+08x3<0 08+04x1+07x2+02x3 <O‘
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Fig. 3. Illustration of the mechanism that guarantees the evolution of univariate DTs.

it gives more control to the end user, who is able to adjust the depth
d and tune the final results according to their own interpretability and
performance concerns.

Besides the solution representation, a key decision when using
PCRO-SL is the definition of its substrates: mechanisms for mutation
and crossover that are executed during the broadcast spawning phase
of the algorithm. Although substrates can be defined as any kind of
mutation or crossover scheme, in CRO-DT they are all derived from the
well-established Differential Evolution (DE) [47]. DE is a population-
based metaheuristic that aims to evolve individuals represented as
numerical vectors. Since our solutions are encoded as matrices, DE is
a natural fit. At each iteration, solutions are updated by combining
themselves with other solutions, such that every ith element in a
solution T is updated as follows:

V. if rand(0,1) < CR

T,=1
T,

In which CR € [0, 1] is a parameter that determines the probability
of crossover between each element of the current solution T' and a
mutated solution V. The construction of V' can be defined in several
ways, each corresponding to a different substrate. In CRO-DT the
following variants are used:

otherwise

1. DE/rand/1:

V.

i

<RI, + F(R2, — R3,;)
2. DE/rand/2:

78

i

< R, + F(R2, — R3,) + F(R4, — R5,)
3. DE/best/1:

V, « B; + F(R1, - R2;)

i

4. DE/best/2:

V; « B;+ F(R1; - R2)) + F(R3; — R4,)

1

5. DE/current-to-rand/1:

V, « T, + rand(0, 1(T; — R1,) + F(R2; — R3;)

1

6. DE/current-to-best/1:

V, — T, + F(B, - T)+ F(Rl, - R2,)

1

7. DE/current-to-pbest/1:
V; < T, + F(PB, - T)) + F(R1, - R2,)

Here, F is a scaling factor, Rj is a random solution sampled from
the population, B is the best solution in the population (i.e., high-
est fitness), and PB is a random solution from the top 10% in the
population.

Although DE is well-suited for optimizing the matrix encoding
proposed here, it should be noted that direct application of these sub-
strates would cause CRO-DT to evolve multivariate DTs instead of the
univariate ones that are considered interpretable. This is because that
for a split to be univariate, its corresponding row in the matrix encoding
must consist of all zeros, with the sole exceptions of the bias and the
weight of a single attribute (corresponding to the selected attribute at
said split). Since DE imposes no such restriction, virtually all solutions
produced by its subtrates are guaranteed to be multivariate. One way
to avoid this would be to abandon the use of DE and employ only
custom-built genetic operators capable of preserving such structure, but
in doing so one would lose the ability to use numerical optimization
substrates like DE that already have a track record of producing high-
quality solutions. Thus, CRO-DT takes an alternative approach: instead
of defining fitness as the accuracy of the multivariate DT encoded in W,
it defines it as the fitness of the closest univariate DT, which is denoted
as W'. This is illustrated in Fig. 3 and can be defined as follows:

W. .
w! ij
ij = {0

By using this mechanism, CRO-DT guarantees that it will move to-
wards high quality univariate solutions, since a solution is only as good
as its univariate counterpart. It is important to keep in mind that such
univariate conversion is done only for the purpose of fitness evaluation,
and that solutions retain their original multivariate encoding. From
the point of view of evolutionary computation, we can say that the
multivariate matrix encoding is the ‘“‘genotype”, while the univariate
tree is the “phenotype”. In fact, this scheme takes advantage of the
good performance of numerical optimization algorithms (in particular,
DE) to produce better solutions in a discrete space. Note also that if one
does not include this technique, CRO-DT turns into a multivariate tree
algorithm like OC1 [55] or OCT-H [31].

In all other aspects, CRO-DT closely follows the scheme dictated
by dynamic PCRO-SL. After reaching a stopping criterion (which in
our experiments was a maximum number of function evaluations), the
algorithm selects the best model in the last generation and returns its
corresponding univariate tree as the final solution.

if j =0 or j = argmax, {|W; |}/

otherwise

5. Experimental design and results

In this section, three questions are addressed:

» How fast is the matrix encoding, when compared to the more
traditional implementation of DTs? (Section 5.1)

» What is the impact of GPU usage and batch evaluation on the
training time of the matrix-based approach? (Section 5.1.1)

» How accurate is CRO-DT, when compared to other interpretable
DT algorithms? (Section 5.2)

To carry out the experiments, both synthetic and real data were
employed. The synthetic data is used to evaluate training time and
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Table 1

Applied Soft Computing 150 (2024) 111045

Datasets used throughout the paper. At the top, artificial datasets, while on the bottom, real datasets taken from UCI Machine

Learning Repository [28].

Dataset name # of observations (N)

# of attributes (P) # of labels (C)

Artificial 1 100 2 3
Artificial 2 1000 2 3
Artificial 3 1000 10 3
Artificial_4 1000 10 10
Artificial 5 10000 2 3
Artificial 6 10000 10 3
Artificial 7 100000 10 10
Breast cancer 683 9 2
Car evaluation 1728 6 4
Banknote auth. 1372 4 2
Balance scale 625 4 3
Acute inflammations 1 120 6 2
Acute inflammations 2 120 6 2
Blood transfusion 748 4 2
Climate crashes 540 18 2
Connectionist sonar 208 60 2
Optical recognition 3823 64 10
Drybeans 13611 16 7
Avila bible 10430 16 11
Wine quality red 1599 11 6
Wine quality white 4898 11 7

was generated using the make_classification routine in Scikit
Learn [56]. Meanwhile, the real data is used to evaluate the accuracy
and consists of 14 classification tasks from the widely used UCI Ma-
chine Learning Repository [28]. All datasets are described in Table 1.
This distinction is made because artificial datasets allows for a more
precise relationship between speedups and dataset parameters, since
the computational cost of EDTs does not depend on the content of the
dataset, but rather only on the values of N, P and C. On the other
hand, the performance of a given machine learning algorithm depends
largely on the contents of the dataset, so it is fundamental to evaluate
the accuracy on real data. Furthermore, only datasets with numerical
attributes were selected, as this is the domain to which the proposed
matrix encoding lends itself more naturally. Nevertheless, categorical
attributes could also be handled through techniques such as one-hot
encoding.

All code was implemented using Python as base, since it is the
programming language of choice for machine learning applications. In
particular, the CRO-SL algorithm was implemented with the PyCRO-
SL library [43], while the matrix-based encoding was implemented
with TensorFlow [57]. In order to evaluate the computational cost of
evolving EDTs using the proposed matrix approach, the traditional tree
encoding was implemented, as described by Algorithm 2 in Appendix.
Because TensorFlow uses C as a backend, we implemented this tradi-
tional tree encoding similarly using C, interfacing it with the Python
code via the Cython framework. All experiments were performed on
an Intel i9-12900 K 12th Gen with 32 GB of RAM and a Nvidia RTX
3080 GPU.2

5.1. Computational cost

To evaluate the computational cost of evolving EDTs using the
proposed matrix encoding, we compare its training times with the ones
obtained by the traditional tree encoding. In particular, the selected
matrix-based approach employs both batch evaluation (described in
Section 3) and GPU parallelization. For each of the artificial datasets
described in Table 1, 5 runs of both encodings were carried out for
depths ranging from 2 to 7, such that all runs were performed for a fixed

3 The source code is available at https://github.com/vgarciasc/CRO-DT.

number of 10* fitness evaluations (100 generations with 100 fitness
evaluations each).

The results of the best configuration are shown in Table 2. In gen-
eral, it can be seen that the matrix encoding outperforms the traditional
encoding for all depths from 2 to 6, with speedups reaching close to 20
times. The sole exception is the smallest dataset evaluated (N = 100),
for which the proposed approach obtains speedups up to depth 5.

Next, we analyze the results in more detail. A first observation
that can be made is that there is little difference in training time
when varying P or C: datasets Artificial 2, Artificial 3 and Artificial 4
always show very similar speedups, as do datasets Artificial 5 and
Artificial 6. This is expected for the traditional tree encoding, since its
time complexity is independent of P and C, but it is wholly unexpected
for the proposed matrix encoding, as its time complexity includes both
parameters. The reason why P and C do not seem to affect the matrix
encoding is because they are largely overshadowed by the value of N,
which exceeds them by several orders of magnitude in every dataset
considered. Because of this difference in magnitude, matrix encoding
times are effectively driven by the value of N, resulting in similar-
looking results for these two sets of artificial data. While in theory it
would be possible to generate datasets with larger values for P and C,
real datasets behave as the ones displayed here, with a large number
of observations and at most a few dozen attributes and/or classes.
Therefore, in our analyses, we have refrained from experimenting with
extremely large values of P or C, and decided to stick to more realistic
values where we can see that these parameters have almost no impact
on the training time.

Furthermore, it can clearly be seen that the speedups increase as
the datasets get larger. This is evident in depth 2, where a small
dataset (N = 100) has a negligible training time for both encodings,
whereas a large dataset (N = 100,000) takes 4 min with the traditional
implementation and just over 10 s with the proposed representation.
Such a difference is quite intuitive. A large N means more iterations
of the inference procedure, where small overheads in the traditional
implementation accumulate into higher training times. Meanwhile,
by exploiting the efficiency of numerical computation, the proposed
matrix encoding greatly reduces this overhead and thus achieves better
speedups at larger values of N.

Finally, we can see that the speedups decrease as the depth in-
creases. For example, the matrix encoding offers a speedup of nearly
20 times on the Artificial 7 dataset for trees of depth 2, while it
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Table 2
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Average training time (in seconds) for tree and matrix encodings relating to DTs of depths 2 to 7, plus or minus standard deviation. The matrix results refer to the Batch GPU
configuration, except for (*), which refers to the Iterative GPU configuration due to lack of memory in GPU.

Dataset name Depth 2 Depth 3

Tree encoding Matrix encoding Speedup Tree encoding Matrix encoding Speedup

Avg. training time (s) Avg. training time (s) Avg. training time (s) Avg. training time (s)
Artificial 1 0.4 + 0.00 0.1 + 0.00 5.1x 0.4 + 0.00 0.1 + 0.00 4.6x
Artificial 2 2.7 + 0.01 0.2 + 0.00 14.5x 2.7 + 0.00 0.5 + 0.00 6.1x
Artificial 3 2.7 + 0.01 0.2 + 0.00 14.5x 2.8 + 0.00 0.5 + 0.01 6.3x
Artificial 4 2.7 + 0.01 0.2 + 0.00 14.4x 2.8 +£ 0.01 0.5 + 0.00 6.1x
Artificial 5 249 + 0.01 1.6 + 0.01 15.7x 25.6 + 0.02 3.1 + 0.02 8.3x
Artificial_6 25.4 + 0.01 1.6 + 0.01 16.0x 26.5 + 0.04 3.1 + 0.02 8.5x
Artificial 7 250.4 + 0.38 12.7 + 0.29 19.7x 259.5 + 0.07 26.6 + 0.31 9.8x
Dataset name Depth 4 Depth 5

Tree encoding Matrix encoding Speedup Tree encoding Matrix encoding Speedup

Avg. training time (s) Avg. training time (s) Avg. training time (s) Avg. training time (s)
Artificial 1 0.4 + 0.00 0.2 + 0.01 2.7x 0.5 + 0.00 0.3 + 0.01 1.4x
Artificial 2 2.8 + 0.01 0.8 + 0.01 3.4x 2.9 + 0.01 1.3 £ 0.01 2.2x
Artificial 3 2.9 + 0.01 0.8 + 0.03 3.4x 3.0 + 0.01 1.3 £ 0.01 2.3x
Artificial_4 2.9 + 0.01 0.8 + 0.04 3.5x 3.0 £ 0.01 1.4 + 0.02 2.2x
Artificial 5 26.1 + 0.02 3.6 + 0.05 7.3x 26.7 + 0.02 7.8 + 0.07 3.4x
Artificial 6 27.3 + 0.02 3.6 + 0.15 7.7x 28.2 + 0.02 7.8 + 0.04 3.6x
Artificial 7 268.2 + 0.13 33.8 + 0.88 7.9x 278.0 + 0.14 70.8 + 3.32 3.9x
Dataset name Depth 6 Depth 7

Tree encoding Matrix encoding Speedup Tree encoding Matrix encoding Speedup

Avg. training time (s) Avg. training time (s) Avg. training time (s) Avg. training time (s)
Artificial 1 0.5 + 0.00 0.9 + 0.02 0.5x 0.6 + 0.00 1.2 £ 0.01 0.5x
Artificial 2 3.0 + 0.00 1.8 + 0.01 1.6x 3.1 + 0.00 4.7 + 0.01 0.7x
Artificial 3 3.2 + 0.00 1.8 + 0.06 1.7x 3.3 + 0.00 4.7 + 0.10 0.7x
Artificial_4 3.2 + 0.00 1.8 + 0.07 1.7x 3.3 + 0.00 4.7 + 0.08 0.7x
Artificial 5 27.3 + 0.02 18.4 + 0.14 1.5x 27.8 + 0.02 50.8 + 3.32 0.5x
Artificial 6 29.2 + 0.01 18.4 + 1.26 1.6x 30.1 + 0.03 50.7 + 1.18 0.6x
Artificial 7 286.8 + 0.06 165.3 + 0.93 1.7x 295.5 + 0.21 443.6 + 0.07* 0.7x

provides a speedup of only 1.7x on the same dataset for depth 6. This
trend reaches its critical point at depth 7, where the traditional tree
encoding actually outperforms the proposed matrix procedure for all
datasets, becoming the faster representation for EDTs. This behavior
can be easily explained by considering the time complexity analysis
given in Section 3.3. Since the proposed method has an exponential
complexity, its training time is bound to increase more than that of
the traditional tree encoding, which has a linear complexity. Although
this means that the proposed matrix encoding is only useful in some
situations, we point out that these situations are very similar to those
in which DTs are used in real life — DTs are often used for their
interpretability, so their desired depth is usually very low. Indeed,
at depth 7 (where the traditional tree implementation overtakes the
proposed encoding), trees have 255 nodes and can hardly be called
interpretable. In these situations, one would be better off employing
other uninterpretable methods such as SVMs or ANNSs, instead of DTs.
As a result, we conclude that for most of the situations that matter, the
matrix encoding does indeed provide significant speedups compared to
the traditional implementation.

5.1.1. Impact of batch evaluation and GPU usage

As previously stated, the matrix-based implementation of Table 2
uses both batch evaluation and GPU processing. However, to fully
understand the proposed approach, it is key to investigate if these
two components are fundamental to the speedups observed, or merely
auxiliary. Fig. 4 shows the results for all four possible combinations of
these two components, through which it is possible to evaluate their
individual impact.

First, we compare the results for the configurations without batch
evaluation, which we call “Iterative CPU” and “Iterative GPU”. From
Fig. 4, it can be seen that these two configurations are usually very close
to one another, with the GPU only bringing occasional improvements:

it is faster than the CPU when the matrices are large (more data, deeper
trees), and slower when the matrices are small (fewer data, shallower
trees). Only when the datasets are sufficiently large (N > 10*) that the
GPU implementation outperforms its CPU counterpart for all depths,
which is a result typical of GPU implementations, since loading data
on GPU memory has an overhead that must be compensated by the
cost of the computations themselves. Furthermore, it can clearly be
seen that for the first four datasets evaluated, these two configurations
are actually always slower than the traditional encoding — possibly
due to inherent costs related to TensorFlow usage, which are not
being compensated by the small scale of the matrix operations. The
balance shifts somewhere between N = 10° and N = 10, where these
configurations start to offer benefits at small tree depths. In fact, for
N = 10°, the Iterative GPU configuration is faster than the traditional
encoding for depths from 2 to 6, while its CPU counterpart is faster
for depths from 2 to 5. As a whole, these results suggest that an
iterative implementation of the matrix-based approach is not sufficient
to guarantee widespread speedups, even with GPU usage.

Next, we compare the two configurations that employ batch eval-
uation, called “Batch CPU” and “Batch GPU”. The usage of batch
evaluation should, in theory, reduce overheads related to matrix com-
putation and speed up the process, which Fig. 4 shows that is clearly
being achieved. Both batch configurations are faster than their iterative
counterparts for every dataset analyzed, even being faster than the
traditional encoding under the circumstances discussed in the previous
section. Moreover, although GPU usage is almost always beneficial,
it is not the driving force behind these speedups: even with a CPU
implementation, the batch matrix-based procedure is able to outper-
form tree encoding, often being just 1 unit of tree depth behind its
GPU counterpart (i.e. Batch GPU is often faster for ranges 2 to 6,
while Batch CPU for depths 2 to 5). These results suggest that batch
evaluation is crucial for the general speedups obtained by the matrix-
based approach, being more important than GPU parallelization itself.
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Fig. 4. Comparison of training time (in seconds) for tree encoding and matrix encoding configurations, evaluated on artificial datasets.

Interestingly, the benefits of batch evaluation diminish with increasing
matrix size: for the largest depths of the largest dataset (N = 10°),
there is no visible difference between Batch CPU and Iterative CPU, or
between Batch GPU and Iterative GPU. This is possibly due to the matri-
ces being large enough that their computation effectively overshadows
any overhead reduced by the inclusion of batch evaluation.

As a final point, we note that for the largest configuration evaluated
(N = 105, d = 7), the Batch GPU configuration was unable to run
since the graphics card did not have enough memory to calculate every
individual at the same time. Given that this is exactly the situation in
which the batch evaluation and the iterative approach have the same
training time, we argue that in these situations the iterative approach
should be used instead, without any additional computational cost.

5.2. Accuracy of CRO-DT

To assess the accuracy of the CRO-DT algorithm, we compared it
with six other algorithms from four different lines of research. The
algorithms were selected based not only on having a diversity of
approaches, but also on code availability and the capacity of each
algorithm to restrict depth. This last point is particularly relevant as
CRO-DT is a fixed-structure DT algorithm, i.e. it takes a tree depth as
input and does not exceed that depth throughout training. Therefore,
in order to make a fair comparison, it would be necessary to compare
CRO-DT with other trees of the same depth produced by other algo-
rithms. After reviewing the literature and applying these criteria, the
algorithms selected were CART [6], C4.5 [7], OCT [31], GOSDT [58],
TAO [59], and CMA-ES [60].

» CART and C4.5 represent the traditional greedy top-down ap-
proach that is still widely used today. CART was implemented
with the scikit-learn library [56] and C4.5 with the imod-
els library [61]. Both libraries allow the depth of the models to
be restricted by pre-pruning, but although this is the most direct
way, it is also known to produce lower quality solutions [62].
Since the CART implementation allows for post-pruning, we lim-
ited its depth using a more sophisticated approach: the pruning
coefficient « is started at 0 and then increased by 0.005 until a
tree of the desired depth (or less) is produced. This is the tree
that is reported.

+ GOSDT and OCT represent the optimal tree approach [63] that
has recently received a lot of attention in DT research. For
GOSDT, we used the available ensemble-guessing implementa-
tion [58], which is the latest development in a series of algorithms
dating back to OSDT [64]. We used all the default parameters
supplied with the software, along with a 0.001 regularization and
a depth constraint. No code was available for OCT, but rather
than not include this algorithm, we decided to report the results
from the original paper as most of the datasets overlapped [31].
For comparison, the original OCT paper used the same dataset
partitioning as we do (50%-25% - 25%), but they only ran 5
simulations for each result, whereas we run 100.

TAO represents the line of standalone DT algorithms. We used the
implementation for TAO available in the imodels package, with
the arguments being the desired depth, a number of iterations of
100 (five times the default of 20 to encourage better solutions),
and the remaining parameters as defaults. Note that the TAO
implementation in imodels is restricted to producing univariate
splits, so all the algorithms mentioned in this section produce
univariate trees.

Finally, CMA-ES represents the population-based line of research.
This entry deviates from the others in the sense that CMA-ES is not
a DT algorithm, but a more general evolution-based method that
can evolve any kind of solution vector. This decision was made
because, to the best of our knowledge, there is no published EDT
that meets the requirements established above. In this context, we
used the CMA-ES implementation from the pycma [65] library
(which is actively maintained by the algorithm’s original author)
to evolve matrix-based DTs, as in CRO-DT. All default parameters
were employed, while the number of evaluations was fixed to be
the same as in CRO-DT, so as to make comparisons fair.

The metric used to compare these algorithms was out-of-sample
accuracy. Although accuracy is not always the best measure to use
(especially when the datasets are unbalanced), it is often employed
as a standard comparison metric, and it is also easy to understand
and reproduce. In addition, all reported accuracies are the average of
100 different simulations, so that in each simulation the datasets are
split 50%-25%-25% for training-validation-test. During training, the
algorithms have access to both training and validation sets, and their
performance on the test set is reported.

Note that we do not compare the training times of the algorithms.
This is because the goal is for CRO-DT to surpass these algorithms in
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Table 3
Parameters employed in both CRO-DT and CRO-DT
(CS).

Parameter name Parameter value
Population size 200

Po 0.8

F, 0.98

Fy 0.1

P, 0.4

k 3

F 1

CR 0.8

Maximum number 10°

of evaluations

terms of performance, not computational cost; it is impossible for an
evolutionary algorithm like CRO-DT to reach the speed of a greedy
algorithm like CART, nor is it our intention to do so. For an idea of how
long CRO-DT takes to run for a certain dataset, we refer to Section 5.1,
where these training times are extensively reported for a variety of
configurations.

Two versions of CRO-DT are presented here for evaluation: CRO-DT
and CRO-DT (CS). The only difference between them is that CRO-DT
starts with a random population of trees, while CRO-DT (CS) is initial-
ized with CART trees (CS stands for CART Seeding). This initialization
was done as follows: one third of the initial population consisted of
CART trees trained on the same training set, another third consisted
of the same trees but mutated (using a simple Gaussian perturbation),
and the last third consisted of completely random trees. This seeding
ensures that CRO-DT starts with solutions as good as CART, while
having enough diversity in the population to avoid getting stuck in
the same local optima as its greedy counterpart. This idea of seeding
the initial population of an EDT with greedy trees can also be found
in [66-68].

Because both CRO-DT and CRO-DT (CS) are based on CRO-SL, they
have several parameters that control different aspects of the evolution-
ary algorithm. These parameters include spawning rate, predation rate,
and predation probability, among others. As is common in the field, we
determined them by conducting preliminary experiments to compare
different sets of parameterizations, each defined based on the authors’
previous experience. The final parameterization chosen for CRO-DT is
shown in Table 3, with the substrates defined in Section 2.2.

Table 4 shows the performance of all 8 algorithms considering trees
of depth 2, with their corresponding rankings in parentheses (with
tied algorithms receiving their mean ranking). First of all, it is worth
noting that no algorithm takes the absolute first place, as they all shine
on some datasets while losing out on others. However, the ranking
gives us valuable information: even though CRO-DT (CS) reports the
best test accuracy on only 5 of the 14 datasets, its average ranking
is the highest of all algorithms (2.6), with CRO-DT following close
behind (3.5). This indicates that both algorithms produce consistently
good solutions, which is a highly desirable property for off-the-shelf
classification models. Furthermore, we can note that CRO-DT (CS) has
the lowest standard deviation in ranking, which makes its consistency
stand out even more. Moreover, it can be noted that there are some
datasets where CART outperforms CRO-DT (CS) (e.g., Car evaluation,
Blood transfusion), which may sound unexpected since CRO-DT (CS) is
initialized with CART solutions and therefore should, in principle, pro-
duce equal or greater accuracies than CART. However, we argue that
such behavior can be easily explained as overfitting. Indeed, Table C.7
in the Appendix shows that the training accuracy of CRO-DT (CS) is
always greater than that of CART, which is what the initialization
effectively guarantees. A similar reasoning can explain why CRO-DT
sometimes has higher accuracy than CRO-DT (CS), although the aver-
age ranking shows that CART seeding has a clear positive impact on the
algorithm. In general, since the two highest ranked algorithms are the
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CRO-DT variants, it can be said that under the conditions considered,
the proposed algorithm tends to outperform others in the construction
of extremely shallow trees.

Tables 5 and 6 show the results for depths 3 and 4. In both cases,
CRO-DT does not perform as well as before, as it respectively achieves
the 4th and 5th highest average rankings. However, CRO-DT (CS) still
manages to maintain its position as the top performer, having both
the highest average ranking and the lowest standard deviation for the
two depths. This cements its place as a competitive alternative to its
greedy and optimal counterparts. Furthermore, the growing discrep-
ancy between CRO-DT and CRO-DT (CS) effectively demonstrates the
general importance of a good initialization for evolutionary algorithms,
while the difference between CRO-DT (CS) and CART shows the value
of evolutionary algorithms as fine-tuning approaches capable of going
beyond their initial solutions. Finally, it should be noted that just as
before, there are some datasets where CART outperforms CRO-DT (CS)
(e.g. Climate crashes for depth 3 and Blood transfusion for depth 4).
However, this can be explained by the same reasoning as the one
proposed for depth 2.

Fig. 5 summarizes the information from Tables 4-6, highlighting
the effect of depth. Again, we can see that CRO-DT (CS) is consistently
among the best solutions, although rarely the best. Most interestingly,
the figure highlights that increasing depth sometimes has a negative
impact on test accuracy (e.g. CRO-DT (CS) on the Climate crashes
dataset), which is not intuitive since a tree of depth d + 1 can represent
anything that a tree of depth d is able to. We propose two mutually
exclusive explanations for this phenomenon. The first is that the algo-
rithm has trouble navigating the larger search spaces of deeper trees,
and therefore finds worse solutions. The second is that with a higher
number of parameters, the algorithm has more degrees of freedom and
sometimes produces models that overfit. Although both explanations
are theoretically plausible, we can see from Fig. C.6 in the Appendix
that the training accuracy is in fact always stagnant or increasing, thus
giving more credence to the overfit hypothesis.

Finally, we point out that CRO-DT (CS) does not get stuck in the lo-
cal optima with which it is initialized. Tables 4-6 show that among the
42 dataset depth configurations evaluated, there is none where CRO-
DT (CS) reports the same result as CART (we exclude configurations
where both reached 100% accuracy). Although these results represent
an average behavior over 100 runs, and a more careful verification
would involve comparing each individual run, the general superiority
of CRO-DT (CS) over CART serves as a strong indication that CRO-DT
(CS) more often than not improves on the local optima with which it
is initialized. The final solutions may indeed be different local optima,
but in this case they are optima of high quality, since CRO-DT (CS) has
been shown to outperform its alternative approaches on average over
all depths.

6. Conclusions and future work

In this paper, we have proposed an encoding for decision trees
that allows their evaluation via a sequence of matrix operations. The
proposed encoding has been shown to be faster than the traditional tree
implementation for complete trees with depths ranging from 2 to 6, and
for datasets with sizes ranging from 100 to 100,000 observations. In the
considered scenarios, speedups of nearly up to 20 times were obtained,
with the proposed method shining when the datasets are large and
the desired trees are small. Since this combination is increasingly
common in the era of Big Data and given the broader trends towards
interpretable models, we find that the proposed encoding is widely
useful in real-world scenarios. Furthermore, we have shown that these
speedups owe in large part to the application of techniques that cannot
be applied to the traditional tree implementation (i.e. batch evaluation
and parallelization), which exemplify that there are benefits particular
to a matrix-based tree evaluation approach.



V.G. Costa et al.

Table 4

Applied Soft Computing 150 (2024) 111045

Out-of-sample accuracy for trees with depth 2. The highest average accuracy for each dataset is highlighted in bold, and the average ranking is between parentheses. (*): As

reported in [31].

Dataset name OCT* CART C4.5 GOSDT TAO CMA-ES CRO-DT CRO-DT (CS)
Breast cancer 94.5 (3) 93.8 + 1.7 (6) 93.1 + 2.0 (7) 95.3 + 1.8 (2) 94.2 + 1.6 (4) 81.3 + 14.1 (8) 93.9 + 2.0 (5) 95.5 + 1.8 (1)
Car evaluation 73.7 (7) 77.8 +1.3(25) 79.1+13@1) 77.6+13(45 778 +13 (25 71.0x 2.7 (8) 77.6 + 1.3 (4.5) 77.5 = 1.3 (6)
Banknote auth. 90.1 (3) 89.4 + 1.7 (5) 88.7 + 1.5 (6) 91.1 + 1.3 (1) 89.8 + 1.6 (4) 86.3 + 2.1 (8) 88.5 + 2.5 (7) 90.4 + 2.0 (2)
Balance scale 67.1 (4 64.7 + 3.5 (7) 61.5 + 3.8 (8) 69.1 + 2.6 (3) 66.4 + 3.6 (5) 65.5 = 7.4 (6) 69.2 + 2.5 (1.5) 69.2 + 2.3 (1.5)
Acute inflam. 1 100.0 (2) 86.7 + 8.3 (8) 97.3 + 4.9 (5) 99.7 + 2.1 (4) 91.2 + 5.1 (7) 93.3 + 6.7 (6) 100.0 + 0.0 (2) 100.0 + 0.0 (2)
Acute inflam. 2 100.0 (1.5) 99.0 + 2.6 (4.5) 98.8 + 3.3 (7) 98.9 + 2.8 (6) 99.0 + 2.6 (4.5) 96.5 + 7.4 (8) 100.0 + 0.0 (1.5) 99.6 + 2.7 (3)
Blood transfusion 75.5 (6.5) 76.1 + 0.7 (2) 75.4 + 1.8 (8) 75.5 + 1.8 (6.5) 75.6 + 1.7 (5) 76.3 + 0.3 (1) 75.9 + 1.3 (3) 75.7 + 1.7 (4)
Climate crashes 90.5 (7) 91.3 + 1.2 (45) 90.1 + 1.4 (8) 91.9 + 1.8 (1) 90.6 + 2.2 (6) 91.5 + 0.4 (2.5) 91.5 + 2.0 (2.5) 91.3 + 2.2 (4.5)
Conn. sonar 71.2 (3) 69.4 + 5.8 (6) 66.4 + 6.5 (8) 69.5 + 5.9 (5) 68.7 + 6.0 (7) 72.4 + 5.7 (2) 72.8 + 5.9 (1) 70.4 + 5.8 (4)
Optical recognition  29.4 (6) 25.0 + 6.5 (8) 25.8 + 3.3 (7) 384 +03(1) 31.5 + 3.0 (5) 349 + 0.7 (3) 347 £ 0.8 (4) 38.0 = 0.5 (2)
Drybeans - 55.1 + 4.8 (6) 60.3 + 6.4 (4) 62.1 + 1.4 (3) 65.2 + 0.6 (1) 50.1 + 10.7 (7) 56.9 + 2.8 (5) 64.4 + 0.9 (2)
Avila bible - 50.2 + 0.5 (7) 50.8 + 0.5 (5) 50.5 + 2.2 (6) 51.0 = 0.5 (4) 53.0 + 0.8 (3) 53.6 + 0.4 (1.5) 53.6 + 0.4 (1.5)
Wine quality red - 55.2 + 1.8 (2) 54.4 + 2.7 (4) 50.9 + 5.6 (6) 55.0 + 2.1 (3) 50.1 + 3.2 (7) 51.0 + 2.1 (5) 55.8 + 2.2 (1)
Wine quality white - 51.1 £ 1.1 (3) 49.2 + 2.5 (4) 46.7 + 2.5 (7) 51.5 + 1.3 (1) 46.9 + 1.5 (6) 48.3 + 1.3 (5) 51.4 + 1.2 (2)
Average rank 43 +21 51+ 21 59 + 2.1 4.0 + 2.2 42+ 1.9 54 + 25 35+ 1.8 2.6 + 1.5

Table 5

Out-of-sample accuracy for trees with depth 3. The highest average accuracy for each dataset is highlighted in bold, and the average ranking is between parentheses. (*): As

reported in [31].

Dataset name OCT* CART C4.5 GOSDT TAO CMA-ES CRO-DT CRO-DT (CS)
Breast cancer 95.3 (1.5) 94.7 + 1.7 (4.5) 94.6 + 1.8 (6) 95.2 + 1.6 (3) 94.7 + 1.6 (4.5) 87.5 + 11.8 (8) 94.1 + 1.8 (7) 95.3 + 1.7 (1.5)
Car evaluation 77.4 (7) 77.8 + 1.3 (6) 85.8 + 1.0 (1) 80.9 + 1.2 (2) 79.3 + 1.5 (5) 75.2 £ 5.1 (8) 80.5 + 1.3 (3) 80.3 + 1.3 4)
Banknote auth. 89.6 (8) 91.8 + 2.2 (4) 91.5 + 2.3 (5.5) 96.5 + 1.1 (1) 949 + 1.4 (2) 90.6 + 1.9 (7) 91.5 + 2.3 (5.5) 92.4 + 2.3 (3)
Balance scale 68.9 (6) 68.8 + 3.2 (7) 61.8 + 3.8 (8) 72.8 + 2.5 (2) 71.7 + 29 (4) 71.4 + 3.6 (5) 72.6 + 2.8 (3) 73.0 + 2.6 (1)
Acute inflam. 1 100.0 (3) 100.0 + 0.0 (3) 98.5 + 3.2 (8) 99.7 + 2.1 (6.5) 99.7 + 1.3 (6.5) 100.0 + 0.0 (3) 100.0 + 0.0 (3) 100.0 + 0.0 (3)
Acute inflam. 2 100.0 (2.5) 99.0 + 2.6 (5.5) 98.8 + 3.3 (8) 98.9 + 2.8 (7) 99.0 + 2.6 (5.5) 100.0 + 0.0 (2.5) 100.0 + 0.0 (2.5) 100.0 + 0.0 (2.5)
Blood transfusion 77.0 (2) 76.5 + 1.4 (4) 75.1 + 2.2 (8) 77.8 + 2.1 (1) 76.9 + 2.1 (3) 76.3 + 0.3 (5) 75.6 + 1.6 (7) 76.1 + 1.9 (6)
Climate crashes 91.4 (4 91.6 + 1.5 (2.5) 88.9 + 2.5 (8) 91.9 + 1.8 (1) 90.5 + 2.3 (6.5) 91.6 + 0.7 (2.5) 90.5 + 2.4 (6.5) 91.1 + 2.0 (5)
Conn. sonar 69.6 (7) 70.1 + 6.3 (6) 66.3 = 6.4 (8) 71.2 + 6.1 (3) 709 + 6.1 (4 74.5 + 5.1 (1) 71.4 + 5.7 (2) 70.6 + 7.2 (5)
Optical recognition  41.6 (6) 34.6 + 8.0 (7) 28.3 + 4.5 (8) 59.9 + 2.4 (1) 49.9 + 4.8 (4.5) 499 + 2.6 (4.5) 50.0 + 3.7 (3) 53.8 + 1.9 (2)
Drybeans - 76.6 + 1.4 (3) 63.3 = 4.6 (6) 77.5 + 2.5 (2) 782 + 1.2 (1) 60.7 = 3.9 (7) 65.2 + 3.4 (5) 74.3 + 3.3 (4
Avila bible - 52.8 + 0.6 (6) 51.1 + 0.7 (7) 53.0 + 2.2 (5) 53.6 + 0.6 (4) 55.5 + 0.8 (3) 56.9 + 0.8 (2) 57.0 = 0.6 (1)
Wine quality red - 55.3 + 2.1 (3) 54.8 + 2.0 (4) 51.1 + 5.4 (7) 56.1 + 2.3 (1) 51.9 + 2.1 (5) 51.4 + 2.2 (6) 55.7 + 2.4 (2)
Wine quality white - 51.9 + 1.3 (2) 49.3 + 2.6 (4) 46.9 + 2.5 (7) 52.0 + 1.5 (1) 48.6 + 1.5 (6) 48.7 + 0.9 (5) 50.9 + 1.4 (3)
Average rank 4.7 + 2.4 45+ 1.7 6.4 + 21 3.5+ 25 3.8 +1.9 4.8 + 2.2 43 +19 31 +16

Table 6

Out-of-sample accuracy for trees with depth 4. The highest average accuracy for each dataset is highlighted in bold, and the average ranking is between parentheses. (*): As

reported in [31].

Dataset name OCT* CART C4.5 GOSDT TAO CMA-ES CRO-DT CRO-DT (CS)
Breast cancer 95.3 (1.5) 947 +1.8(45) 944 + 2.0 (6) 95.3 + 1.7 (1.5) 947 + 1.7 (4.5) 92.7 + 6.6 (8) 943 = 1.7 (7) 95.2 + 1.6 (3)
Car evaluation 78.8 (8) 84.3 + 1.4 (6) 87.9+1.0(1) 864 +1.3(2) 84.5 + 1.5 (5) 82.1 + 5.8 (7) 855 + 1.6 (4 86.1 + 1.3 (3)
Banknote auth. 90.7 (8) 93.6 + 2.2 (6) 97.1 + 1.3 (2) 97.8 + 0.9 (1) 96.6 + 1.3 (3) 93.0 + 2.1 (7) 94.5 + 2.3 (5) 95.2 + 2.2 (4)
Balance scale 71.6 (7) 74.9 + 3.6 (5) 63.9 + 4.0 (8) 78.3 + 2.6 (1) 77.4 + 3.1 (3) 74.4 + 3.6 (6) 76.5 + 3.1 (4) 77.8 + 3.0 (2)
Acute inflam. 1 100.0 (3) 100.0 + 0.0 (3) 98.5 + 3.2 (8) 99.7 + 2.1 (6.5) 99.7 + 1.2 (6.5) 100.0 = 0.0 (3) 100.0 + 0.0 (3) 100.0 + 0.0 (3)
Acute inflam. 2 100.0 (2) 99.0 + 2.6 (5.5) 98.8 + 3.3 (8) 98.9 + 2.8 (7) 99.0 + 2.6 (5.5) 100.0 + 0.0 (2) 100.0 + 0.0 (2) 99.8 + 1.3 (4
Blood transfusion 77.0 (3) 77.1 + 1.8 (2) 74.4 + 2.7 (8) 77.3 £ 2.3 (1) 76.7 + 2.2 (4 76.3 + 0.3 (5) 75.8 + 1.5 (7) 76.1 + 2.2 (6)
Climate crashes 91.4 (4 91.8 + 1.8 (3) 88.5 + 2.8 (8) 92.3 + 1.8 (1) 90.1 + 2.6 (6) 91.9 + 0.9 (2) 89.8 + 2.4 (7) 90.7 + 2.6 (5)
Conn. sonar 69.6 (7) 70.6 + 6.6 (6) 66.4 + 6.4 (8) 71.6 + 6.4 (4) 70.9 + 5.8 (5) 72.1 £ 59 (2) 72.6 + 5.7 (1) 71.7 + 6.7 (3)
Optical recognition  54.7 (5) 53.2 + 3.2 (6) 30.3 + 4.8 (8) 63.6 + 5.2 (3) 64.6 + 6.5 (2) 51.2 + 3.2 (7) 60.0 + 3.1 (4 65.2 + 2.0 (1)
Drybeans - 80.5 + 1.9 (2) 64.1 + 3.7 (7) 65.1 + 5.9 (6) 83.2 + 1.5 (1) 66.7 + 3.4 (5) 715 + 48 (4 77.9 + 47 (3)
Avila bible - 54.0 + 1.3 (5) 51.7 = 1.0 (7) 53.7 + 1.8 (6) 55.8 + 0.8 (4) 58.5 + 1.0 (3) 59.4 + 1.0 (2) 59.6 + 0.7 (1)
Wine quality red - 55.9 + 2.3 (2) 54.7 + 2.2 (4) 50.8 + 5.2 (7) 56.9 + 2.5 (1) 52.6 + 1.8 (5) 51.5 + 2.3 (6) 54.8 + 2.9 (3)
Wine quality white - 52.0 + 1.3 (2) 49.5 + 2.8 (4) 47.1 + 2.6 (7) 52.3 + 1.4 (1) 49.2 + 1.2 (6) 49.4 + 1.0 (5) 50.7 + 1.4 (3)
Average rank 49 + 2.5 41+ 1.7 6.2 + 2.5 3.9 + 26 3.7 +19 49 + 2.1 44 +1.9 31+1.4
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Fig. 5. Out-of-sample accuracies for different DT algorithms over the datasets.

To evaluate how the benefits of this encoding extend to accuracy,
we also proposed CRO-DT, an algorithm that evolves decision trees
using the Probabilistic Coral Reef Optimization with Substrate Layers
algorithm. Although CRO-DT did not often have the best accuracy,
it is noteworthy that when initialized with CART solutions, it had
the highest average rank and lowest standard deviation for all depths
and datasets analyzed. This suggests that it consistently produces good
solutions — something that is particularly useful in real-world scenarios
where not much is known about the domain.

Finally, as future work, we point out a number of possibilities for
extending what has been proposed in this paper. For example, the
matrix encoding could be extended to store the results of identical
nodes in the population and calculate each of them only once, there-
fore reducing evaluation time. The encoding could also be adapted to
include measures other than accuracy, such as F1 score or cost-sensitive
measures. There are also several avenues to explore in CRO-DT, such
as using different substrates (other than the Differential Evolution ones
that we have used) and even different initialization methods (such as
using GOSDT instead of CART for the initial population). An interesting
approach would be to eschew interpretability and evaluate the value
of CRO-DT as a multivariate tree algorithm, such as OC1 and OCT-H,
as well as the speedups obtained by the matrix-based approach in a
multivariate environment.
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Appendix A. Traditional implementations of Decision Trees

To emphasize the uniqueness of the proposed matrix encoding,
in this section we describe how DTs are typically implemented in
programming environments. In particular, we are interested in the
inference procedure, where an observation is assigned to a leaf after
being tested by a sequence of splits.

Given the hierarchical and sequential nature of DTs, the most
natural approach is to use a sequence of if statements not unlike
those found in the structure of the tree itself. Starting at the root, the
following process can be executed: if the logical test is satisfied, pass
control to the left child node, otherwise pass it to the right child node.
This process is repeated until a leaf node gets control of the procedure,
at which point its label is returned and the inference process is marked
as done. To the best of our knowledge, this is the approach taken by
all popular implementations of DT algorithms, such as the widely used
Scikit-Learn [56], Weka’s J48 [69], and even Ross Quinlan’s original
C4.5 code [7].

Algorithm 2 contains a pseudocode of the inference process as
described above. Assuming a tree of depth d, the time complexity of
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Fig. C.6. In-sample accuracies for different DT algorithms over the datasets.

this algorithm is O(d), since it evaluates d conditions to infer the label
of an observation. If the goal is to evaluate an entire dataset consisting
of N observations, the complexity is simply O(Nd).

Furthermore, note that this algorithm can be implemented either
with a recursive approach (where the inference routine is called each
time) or with a while loop (where the stopping condition would be
that the current node is a leaf). Nevertheless, it remains essentially
the same. Because recursive procedures are usually more expensive
to implement than iterative approaches, all implementations of the
traditional encoding in this paper use the latter method.

Algorithm 2 Treelnference(x,Node) : Illustration of DT traditional
implementation
if IsLeaf(Node) then
return Node.label
else
if x[Node.attribute_index] < Node.threshold then
return Treelnference(x, Node.left)
else
return Treelnference(x, Node.right)
end if
end if

Appendix B. Producing the mask matrix M

In Section 3 of the main text, a matrix encoding for DTs was
proposed. This encoding employs a mask matrix M that, although easy
to describe, is not immediate to produce. With the goal of making
the paper self-contained, Algorithm 3 includes the pseudocode for
generating this mask matrix for any depth d.

Appendix C. In-sample results for CRO-DT

In this section of the Appendix, we report the in-sample results for
CRO-DT and CRO-DT (CS). Table C.7 summarizes the training data for
all depths, while Fig. C.6 displays it visually.
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Algorithm 3 CreateMask(X, y, W, S,, S;,d):
M
M < a matrix of zeroes of size (S, x ;)

creating the mask matrix

for j=1...d do
M, ; -1
end for

> Initialize first row with path to leftmost leaf

fori=2...S, do
M; < M, ,
last_pos < 0
for j=1...5;do
if Mi—l,last,pos = -1 then

M; jast pos < +1 B> Inverts last element if it is not inverted
continue
end if

end for

> Initialize current row with previous row

inv_count « 0
for j=S;...1do
if M;_; ; = +1 then
M; j < 0
if last_pos + 1 + inv_count < S; then
M, jast pos+1+inv_count < —1 > Invert last element
inv_count « inv_count + 1 > and continue inverting
end if
else
break
end if

end for

for j = last_pos...1 do
if M;; = -1 then
M;; < +1
end if
end for
end for
return M
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In-sample accuracy for trees with depths from 2 to 4. The highest average accuracy for each dataset is highlighted in bold, and the average ranking is between parentheses. OCT
values are not included since training values are not reported in the original paper.

Depth 2
Dataset name CART C4.5 GOSDT TAO CMA-ES CRO-DT CRO-DT (CS)
Breast cancer 95.7 + 1.3 (4) 95.1 + 1.4 (6) 96.9 + 0.7 (1.5) 96.3 + 0.7 (3) 81.8 + 14.3 (7) 95.4 + 0.9 (5) 96.9 + 0.6 (1.5)
Car evaluation 779 = 0.7 (4) 79.1 + 0.6 (1) 77.9 + 0.7 (49 779 + 0.7 (49 71.0 + 2.6 (7) 77.9 + 0.7 (49 77.9 + 0.7 (49
Banknote auth. 911+ 1.3 (4 90.3 + 0.9 (5) 93.1 + 0.6 (1) 91.7 =+ 1.1 (3) 87.4 + 1.3 (7) 90.2 + 1.9 (6) 925 + 1.0 (2)
Balance scale 70.4 + 2.8 (5) 66.3 + 4.2 (7) 73.9 + 1.1 (2) 715 + 2.5 (4) 68.4 + 8.0 (6) 73.9 + 1.1 (2) 73.9 + 1.1 (2)
Acute inflam. 1 89.9 + 4.5 (7) 99.5 + 1.6 (3) 93.2 + 2.0 (5) 91.8 + 2.5 (6) 95.3 + 41 (4) 100.0 + 0.0 (1.5) 100.0 + 0.0 (1.5)
Acute inflam. 2 100.0 + 0.0 (3.5) 100.0 + 0.0 (3.5) 100.0 + 0.0 (3.5) 100.0 + 0.0 (3.5) 97.7 + 4.3 (7) 100.0 + 0.0 (3.5) 100.0 + 0.0 (3.5)
Blood transfusion 76.4 + 0.6 (6) 77.0 + 0.9 (5) 787 £ 0.7 (1) 773 £ 1.2 (4) 76.3 = 0.1 (7) 77.4 + 0.9 (3) 782 = 0.7 (2)
Climate crashes 92.2 + 1.2 (5) 92.1 + 0.4 (6) 93.5 + 1.2 (3.5) 93.5 + 1.1 (3.5) 91.6 + 0.4 (7) 94.3 + 0.6 (2) 94.4 + 0.5 (1)
Conn. sonar 80.0 + 4.9 (6.5) 80.0 + 4.8 (6.5) 85.5 + 1.8 (2) 84.7 + 2.6 (3) 82.0 + 2.5 (5) 842 +22 (4 857 + 2.1 (1)
Optical recognition 25.1 + 6.6 (7) 26.2 + 3.4 (6) 38.6 + 0.2 (1) 31.8 + 3.1 (5) 35.3 + 0.4 (3) 35.1 + 0.5 (4) 38.2 + 0.4 (2)
Drybeans 55.3 + 4.8 (6) 60.5 + 6.4 (4) 62.2 + 1.4 (3) 65.6 = 0.4 (1) 50.3 + 10.8 (7) 57.3 + 2.8 (5) 64.6 = 0.7 (2)
Avila bible 50.5 + 0.4 (7) 51.1 + 0.4 (5) 50.8 + 2.1 (6) 51.2 + 0.3 (4) 53.1 + 0.8 (3) 53.8 + 0.3 (1.5) 53.8 + 0.2 (1.5)
Wine quality red 56.6 + 1.3 (3) 56.1 + 2.6 (4) 52.3 + 5.2 (6) 57.2 + 1.5 (2) 51.7 + 3.5 (7) 54.0 = 1.1 (5) 58.1 + 1.1 (1)
Wine quality white 51.9 + 0.9 (3) 49.7 + 23 (4) 47.2 = 2.3 (7) 52.5 + 0.8 (1) 47.6 = 1.5 (6) 49.5 + 1.1 (5) 52.3 + 0.8 (2)
Average rank 51+ 1.5 4.7 £ 1.6 3.3 £ 20 34+14 59 + 1.5 3.7 + 1.5 1.9 + 0.9

Depth 3
Dataset name CART C4.5 GOSDT TAO CMA-ES CRO-DT CRO-DT (CS)
Breast cancer 96.8 + 0.9 (5) 973+ 114 97.9 + 0.6 (1) 97.6 + 0.6 (3) 88.7 + 12.3 (7) 96.3 + 0.9 (6) 97.7 + 0.5 (2)
Car evaluation 78.0 + 0.8 (6) 86.6 + 0.5 (1) 82.2 + 0.6 (2) 80.1 = 1.0 (5) 75.7 + 5.6 (7) 81.7 + 0.6 (3) 81.5+ 0.7 (49
Banknote auth. 93.5 + 1.5 (5) 93.4 + 1.6 (6) 98.4 + 0.4 (1) 96.0 = 0.9 (2) 92.4 + 1.5 (7) 939 +194) 94.6 + 1.7 (3)
Balance scale 749 + 2.8 (5) 67.5 + 4.3 (7) 79.9 + 1.0 (1) 780 + 1.3 (4 74.8 + 3.4 (6) 78.6 + 1.2 (3) 79.2 + 1.1 (2)

Acute inflam. 1
Acute inflam. 2

100.0 + 0.0 (49)
100.0 + 0.0 (4)

100.0 + 0.0 (4
100.0 + 0.0 (4)

100.0 + 0.0 (4)
100.0 + 0.0 (4)

100.0 + 0.0 (4)
100.0 + 0.0 (4)

100.0 + 0.0 (4)
100.0 + 0.0 (49)

100.0 + 0.0 (4)
100.0 + 0.0 (4)

100.0 + 0.0 (4)
100.0 + 0.0 (4)

Blood transfusion 781 + 2.1 (4) 78.0 = 1.5 (5) 81.4 +1.2(Q1) 799 + 1.4 (2) 76.3 + 0.3 (7) 77.9 = 1.1 (6) 79.3 £ 0.9 (3)
Climate crashes 93.8 + 1.8 (6) 94.2 + 1.5 (5) 95.3 + 09 (4) 96.0 = 0.9 (3) 92.0 + 1.3 (7) 96.2 + 0.6 (2) 96.4 + 0.6 (1)
Conn. sonar 86.7 + 6.2 (7) 89.1 + 3.9 (5) 92.2 + 1.8 (2) 93.3+22(1) 87.4 + 3.6 (6) 90.0 + 25 (4) 91.5 + 2.1 (3)
Optical recognition 35.0 + 8.1 (6) 29.1 + 48 (7) 60.9 = 1.8 (1) 51.0 = 49 (3) 50.3 + 2.4 (5) 50.6 + 3.8 (4) 544 + 1.6 (2)
Drybeans 77.0 + 1.3 (3) 63.7 + 4.6 (6) 77.8 + 2.4 (2) 78.6 + 1.1 (1) 61.3 + 4.0 (7) 65.8 + 3.3 (5) 74.8 + 3.4 (4)
Avila bible 53.1 + 0.4 (6) 51.5 + 0.5 (7) 53.6 = 1.9 (5) 54.1 + 0.4 (4) 56.0 + 0.7 (3) 57.2 + 0.7 (1.5) 57.2 + 0.5 (1.5)
Wine quality red 58.1 + 2.0 (3) 57.6 + 1.6 (4) 53.5 + 5.1 (7) 61.1 + 1.6 (1) 54.3 + 1.6 (6) 56.4 + 1.0 (5) 59.2 + 1.3 (2)
Wine quality white 52.9 + 1.0 (2) 50.1 + 2.4 (5) 47.7 + 2.8 (7) 54.0 £ 0.9 (1) 49.2 + 1.2 (6) 51.0 + 1.0 (4) 52.4 + 0.8 (3)
Average rank 4.7 + 1.4 50+ 1.6 3.0 22 27 + 1.4 59+ 1.4 4.0 + 1.3 2.8 + 1.0
Depth 4
Dataset name CART C4.5 GOSDT TAO CMA-ES CRO-DT CRO-DT (CS)
Breast cancer 97.2 + 0.8 (5) 99.5 + 0.5 (1) 98.5 + 0.6 (2) 98.3 =+ 0.6 (3) 94.2 + 6.7 (7) 96.6 + 0.8 (6) 98.0 + 0.5 (4)
Car evaluation 84.9 + 1.2 (6) 88.8 + 0.6 (1) 87.4 + 0.6 (2) 85.1 = 1.1 (5) 82.3 £ 59 (7) 86.1 + 1.2 (4 86.7 = 0.7 (3)
Banknote auth. 95.7 + 2.0 (6) 99.5 + 1.0 (2) 99.6 + 0.2 (1) 98.3 + 1.0 (3) 95.0 + 1.3 (7) 97.0 + 1.6 (5) 97.4 + 1.6 (4)
Balance scale 81.0 + 3.0 (5) 71.8 + 41 (7) 85.8 + 0.8 (1) 84.1 + 1.3 (2) 78.4 + 1.6 (6) 824 +1.6 (4 839 +1.2(3)

Acute inflam. 1
Acute inflam. 2

100.0 + 0.0 (4)
100.0 + 0.0 (9

100.0 + 0.0 (4)
100.0 + 0.0 (9

100.0 + 0.0 (4)
100.0 + 0.0 (49

100.0 + 0.0 (4)
100.0 + 0.0 (4)

100.0 + 0.0 (49)
100.0 + 0.0 (4)

100.0 + 0.0 (4)
100.0 + 0.0 (9

100.0 + 0.0 (4)
100.0 + 0.0 (4

Blood transfusion 79.7 + 2.3 (3.5) 79.6 = 1.9 (5) 82.3 + 1.2 (1) 81.6 + 1.4 (2) 76.3 = 0.1 (7) 78.1 + 1.0 (6) 79.7 + 1.1 (3.5)
Climate crashes 95.0 + 2.1 (6) 99.0 + 1.3 (1) 96.0 = 1.2 (5) 97.9 = 0.9 (2) 93.3 + 2.2 (7) 97.5 + 0.7 (4) 97.7 = 0.6 (3)
Conn. sonar 91.8 + 6.3 (6) 98.4 + 2.1 (1) 94.8 + 1.7 (3) 97.5 + 1.7 (2) 83.1 + 2.2 (7) 93.3 + 2.5 (5) 93.8 + 25 (4)
Optical recognition 54.4 + 14.0 (5) 31.7 + 5.1 (7) 65.3 + 5.6 (3) 67.2 + 6.6 (1) 51.9 + 2.9 (6) 61.1 + 3.0 (4) 66.7 + 1.5 (2)
Drybeans 80.9 + 2.0 (2) 64.6 + 3.6 (7) 65.3 = 6.0 (6) 84.0 + 1.5 (1) 67.3 + 3.2 (5) 723 + 47 (4 78.5 + 4.6 (3)
Avila bible 54.4 + 1.3 (6) 52.2 + 0.8 (7) 54.6 + 1.5 (5) 56.7 + 0.7 (4) 59.1 + 0.9 (3) 60.1 + 0.8 (1.5) 60.1 + 0.7 (1.5)
Wine quality red 59.8 + 2.8 (3) 59.0 + 1.7 (4) 54.7 + 5.4 (7) 64.8 + 1.3 (1) 55.8 + 1.1 (6) 58.6 + 1.3 (5) 60.3 + 1.6 (2)
Wine quality white 53.4 + 1.1 (2) 50.7 + 2.5 (5) 48.4 + 3.5 (7) 56.0 + 0.7 (1) 50.3 + 0.8 (6) 52.3 + 1.1 (4) 53.1 + 0.8 (3)
Average rank 45+ 1.5 4.0 + 2.4 3.6 + 21 25+ 13 59+ 1.4 43+ 1.1 31+08
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Chapter 4

Evolving Decision Trees for
Interpretable Reinforcement

Learning

In the previous chapter, we explored the evolutionary approach to create DTs and
proposed a novel matrix-based encoding that greatly sped up the evolution of clas-
sification trees, as well as a novel evolutionary DT algorithm (called CRO-DT) that
is competitive with other modern DT approaches on classification tasks. In this
chapter, we will build upon these approaches to propose an algorithm that evolves
interpretable and highly-performing trees for RL problems.

The most immediate way to adapt the proposed methods to a RL context is to
run CRO-DT as-is, but making two basic changes: one to the fitness function (by
replacing the supervised learning accuracy with the reinforcement learning average
reward), and one to the leaves (by replacing the supervised learning labels with the
reinforcement learning actions, as shown in Figure . This results in an algorithm
that is very similar to CRO-DT, but that can be run on RL tasks. However, although
this basic approach works (as in, it produces trees that evaluate the current state of
the RL environment and take actions accordingly), preliminary results showed that
this version of the algorithm was unable to produce solutions of reasonable quality,
which led three other core changes to be introduced.

First, a more complex initialization procedure was included. The best results
obtained in Chapter [3| were from a CRO-DT variant that did not start from scratch,
but that was in fact seeded with a small population of CART trees; this allowed the
evolutionary algorithm to focus purely on fine-tuning, which in turn led to it being
competitive and achieving the best overall solutions. In an attempt to reproduce
this idea, we sought ways to jumpstart CRO-DT with decent initial solutions for RL,

which led us to employing procedures from the RL subfield of Imitation Learning

65



(thoroughly explained in Appendix . As will be shown, this was instrumental in
solving more complex tasks.

Second, a more sophisticated fitness function was introduced. Employing aver-
age reward, as previously stated, is sufficient to make the algorithm work for RL
tasks, since it will guide the algorithm towards solutions that have higher average
reward; however, this function is also overly simplistic, and does not consider other
dimensions that are also important to obtain the desired outcomes (such as consis-
tency and interpretability). To tackle those issues, we modified the fitness function
to include two other components, and we demonstrated through ablation studies
that removing either of those components results in worse solutions according to the
established criteria.

Finally, and perhaps most crucially, the algorithm’s encoding was changed.
While CRO-DT’s novel matrix-based encoding is much faster for classification tasks,
preliminary experiments demonstrated that it does not hold the same benefits when
RL environments are considered. This is due to full parallelization becoming im-
possible: while in supervised learning every prediction is independent and therefore
the proposed procedure is able to evaluate every tree in the population at once, in
RL the predictions are not independent, since these tasks are divided into timesteps
that always depend on their previous installments. In other words, a single matrix
operation is sufficient to evaluate an entire classification dataset, but not to run an
entire RL episode, since you only know the next state after predicting the previous
one. Parallelizing everything else is possible, but is not enough to attain any signif-
icant speedups. For these reasons, and in order to make the algorithm more general
and easy to grasp, we employed a more traditional tree encoding with simpler ge-
netic operators instead of the matrix encoding proposed in the previous Chapter;
every other aspect of the evolutionary algorithm was preserved.

The resulting algorithm, called MENS-DT-RL, is therefore a modified form of
CRO-DT that incorporates several adaptations specific to RL. It is a robust al-
gorithm that can produce trees with both high performance and interpretability,
and that achieves novel results in standard RL benchmarks. The remainder of this

chapter is dedicated to our published paper which discusses it in detail.
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most RL models uninterpretable, limiting their application in domains where trust and security
are important. To address this challenge, we propose MENS-DT-RL, an algorithm capable of
constructing interpretable models for RL via the evolution of decision tree (DT) models. MENS-
DT-RL uses a multi-method ensemble algorithm to evolve univariate DTs, guiding the process
with a fitness metric that prioritizes interpretability and consistent high performance. Three
different initializations for the MENS-DT-RL are proposed, including the use of Imitation Learning
(IL) techniques, and a novel pruning approach that reduces solution size without compromising
performance. To evaluate the proposed approach, we compare it with other models from the
literature on three benchmark tasks from the OpenAl Gym library, as well as on a fertilization
problem inspired by real-world crop management. To the best of our knowledge, the proposed
scheme is the first to solve the Lunar Lander benchmark with both interpretability and a high
confidence rate (90% of episodes are successful), as well as the first to solve the Mountain Car
environment with a tree of only 7 nodes. On the real-world task, the proposed MENS-DT-RL is
able to produce solutions with the same quality as deep RL policies, with the added bonus of
interpretability. We also analyze the best solutions found by the algorithm and show that they
are not only interpretable but also diverse in their behavior, empowering the end user with the
choice of which model to apply. Overall, the findings show that the proposed approach is capable
of producing high-quality transparent models for RL, achieving interpretability without losing
performance.

1. Introduction

In recent years, deep Reinforcement Learning (RL) algorithms have been applied with great success to various tasks, such as
robotics [1], resource management [2], recommendation systems [3], and playing Go at superhuman levels [4]. While these results
are impressive, deep RL algorithms typically use Deep Neural Networks (DNNs) with complex multi-layer structures and thousands
(if not millions) of parameters. For this reason, the resulting models are generally considered to be uninterpretable, which is in line
with the popular understanding of DNNs as “black boxes” [5-7].
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The uninterpretability of deep RL models has several drawbacks. The first of those is related to the current great concern about
potentially harmful effects that can be caused by artificial intelligent systems: since the “model’s decision-making process” is in-
comprehensible to humans, it is hard or perhaps impossible to guarantee that it will not execute undesired and potentially harmful
actions [8]. Second, uninterpretability complicates troubleshooting, since it is hard to understand why the model chose one action
over another [8,9]. Third, there are legal concerns, since transparency and accountability are increasingly being legislated as prereq-
uisites for the deployment of autonomous solutions in real-world environments [10]. Finally, for high-stakes domains where safety
is critical (such as healthcare [11,12] and autonomous driving [13]), the lack of transparency of DNN-based approaches may lead to
solutions that are impossible to trust and therefore to deploy. These drawbacks have recently led to a great deal of attention being
paid to interpretable RL: several recent works and surveys have been dedicated to it [9,10,14,15], and the task has been identified
as one of the major challenges for interpretable ML as a whole [8].

An intuitive way to incorporate interpretability into RL is to replace the DNNs with more interpretable models, such as the widely
popular decision trees (DTs): rule-based models, usually presented in a flowchart-like structure that consists of logical tests and
predictions [16]. Because their inner workings are completely transparent and simulatable by the end user, DTs are often considered
the go-to techniques in interpretable ML, sometimes referred to as “white boxes” [17-19]. But while mixing DTs with RL may seem
intuitive, there is no obvious way to perform this integration, mainly because traditional DT algorithms require that the entire
dataset be available at once, while RL algorithms typically work on an online, sample-by-sample basis. The literature has attempted
to reconcile this conflict by introducing several different approaches, ranging from the gradient-based [20] to the greedy [21].
However, most works end up sacrificing either interpretability or model performance, resulting in trees that cannot directly compete
with more complex and uninterpretable approaches.

To address this challenge, we propose the “Multi-method ENSemble for Decision Trees in Reinforcement Learning” (MENS-DT-
RL), an evolutionary-based algorithm capable of producing interpretable and high-performing DTs for RL tasks. The algorithm works
by adapting a multi-method ensemble algorithm (CRO-SL [22,23]) that has been successful at optimization problems both in machine
learning [24,25] and engineering [26,27]. We extend the considered multi-method ensemble with a set of genetic operators capable
of handling DT models, as well as with a fitness metric that rewards trees with consistent behaviors and smaller sizes. Although the
basic MENS-DT-RL presents high-quality results for simpler tasks, its true value appears when it is initialized with good solutions
from an Imitation Learning (IL) approach, especially when these solutions are pruned using a novel technique that adapts traditional
post-pruning algorithms to the RL environment. The main contributions of this work can be summarized as follows:

We propose a novel evolutionary algorithm for interpretable RL, based on a multi-method ensemble optimization algorithm.
We develop a method capable of pruning DTs in RL environments, inspired by traditional DT pruning methods from supervised
learning.

We evaluate the proposed algorithm over three popular benchmarks from the OpenAl Gym environment [28] and a crop
management task based on real-world fertilization problems [29]. To the best of our knowledge, this algorithm surpasses the
state-of-the-art with regards to interpretable DTs for RL, finding the new smallest DT capable of solving the Mountain Car envi-
ronment with a perfect success rate, being the first to solve the Lunar Lander task with a high success rate (>90% of successful
trials), and surpassing all previous expert policies for the real-world fertilization task.

We demonstrate not only that the resulting solutions are interpretable, but also that they are diverse, and therefore empower
the user with the ability to choose between distinct behaviors for the desired task.

The rest of the paper is organized as follows: Section 2 discusses the necessary knowledge and offers a review of the related works
in the literature. Section 3 describes the MENS-DT-RL algorithm and its initialization procedures. Section 4 contains the experiments
and discussion, and Section 5 presents our concluding remarks.

2. Background and related works

With the goal of making the paper self-contained, in this section we briefly cover the topics of Reinforcement Learning and
Imitation Learning, as well as briefly introduce the multi-method ensemble algorithm that serves as basis for the proposed MENS-
DT-RL technique. At the end of the section, we offer a review of the related works.

2.1. Reinforcement learning

Reinforcement Learning (RL) [30] is an area of machine learning that aims to create intelligent agents that observe the current
state of the world, process it, and decide what is the best possible action to take according to a previously defined goal. Traditionally,
there are three key components to an RL problem: states, which contain the environmental data that the agent can observe at a given
moment; actions, which encapsulate the ways in which the agent can affect the environment; and rewards, which are the feedback
that the agent receives after taking a certain action in a certain state. In an ideal learning process, the agent starts by taking random
actions and receiving poor rewards, but eventually learns how to use the current state to figure out the best action to take, thus
learning a “behavior function” that maximizes the prospective reward. Such functions are called policies, and are usually denoted by
.S — A

Using the immediate reward is typically not enough to learn good policies: often the consequences of an action are felt only
several timesteps in the future, which complicates the issue of learning which actions were well taken and which were not. In the
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most extreme cases, a reward is given only after a terminal state is reached (i.e., at the end of so-called episodes, finite sequences that
begin in an initial state and end in a terminal one). The traditional example is a chess game, in which the agent collects a reward of
+1 if it wins, —1 if it loses, and O if it draws; until an outcome is reached, the reward is continuously 0, which severely limits the
feedback the agent receives throughout the learning process.

These and other problems can be addressed to some extent by techniques such as the traditional Q-learning algorithm [31]. In
this algorithm, the agent maintains a Q-table, which is a table where each entry contains a Q-value (i.e. the expected cumulative
reward of taking a given action in a given state). Through iterative updates based on observed rewards and transitions between
states, O-learning modifies these Q-values to approximate the optimal policy, continuing until either the O-table converges or the
agent reaches a desired level of performance. Although Q-learning is a cornerstone of RL literature and spawned several extensions
[32-34], there are other fronts to the field that do not build directly upon it, such as Imitation Learning.

2.1.1. Imitation learning

Imitation Learning (IL) [35] is a sub-field of RL in which the goal is not to train an agent from scratch, but instead to imitate
another agent called an expert. These techniques find great use in tasks where it is easier to demonstrate the correct behavior than
to implicitly define it through a reward function, such as in autonomous driving [36], human-like locomotion [37] and object
manipulation [38], among others. The expert is usually taken to be a human demonstrator, but most IL techniques can also be
applied when the target of imitation is another RL agent.

The most basic IL approach, Behavioral Cloning, simply collects a dataset of demonstrations D = {(s,a)} and fits a supervised
learning algorithm to the data [39]. The result is a model capable of predicting an action given an input state, and that therefore can
be used in much the same way as an RL agent. Although intuitive, this naive approach has been shown to be susceptible to “covariate
shift”: a condition in which the imperfect imitator, due to its imperfection, sometimes takes non-expert actions and ends up in states
that the expert would not visit. Since the expert would not visit these states, they are not included in the dataset D used to train the
imitator, which leads it to take even more non-expert actions and end up in even more unfamiliar states. Because this effect often
leads to bad results, more sophisticated algorithms were proposed, such as DAgger [40].

In DAgger, covariate shift is tackled by extending the dataset D with these distinct situations brought by the imitator’s imperfec-
tion. At every i-th iteration of DAgger, a new imitator x; is produced by fitting a supervised learning model on the dataset D, just
like in Behavioral Cloning. Then, the dataset is expanded: first, the imitator z; freely interacts with the environment and visits a set
of states, which are stored by the algorithm. Next, this set of states is passed on to the expert agent, who labels them with the expert
action it would take in each state. The result is a dataset D, that contains imitator states but expert actions, which is then aggregated
unto D for the next (i + 1)-th iteration. Through this iterative approach, DAgger finds much more success than the simpler Behavioral
Cloning, since covariate shift is addressed by having D contain a wider array of states. The key disadvantage of DAgger, however, is
that it requires continuous access to an expert — which may be costly or impossible, depending on the domain.

Since IL effectively reduces RL problems into a supervised learning framework, DTs for RL can be easily trained by using off-the-
shelf traditional DT algorithms as imitators. However, there is no guarantee that these trees will be interpretable, since in trying to
faithfully imitate the experts they can end up being unreasonably large. Therefore, more specialized solutions are necessary, such as
the ones proposed in this paper.

2.2. Multi-method ensemble algorithm for optimization

In optimization problems, an ensemble method for optimization refers to an algorithm that combines different types of alternative
methods, search strategies or operators, to obtain high-quality solutions [41]. The application of ensemble approaches to solve
optimization problems has been very important in the last few years, due to the good results obtained by these combinations of
techniques in hard optimization problems and real applications. Following [41], there are different types of ensemble approaches,
but the most used are those trying to obtain an optimal combination of different types of search strategies or operators within a
single algorithm (multi-method ensembles). The main idea behind these ensemble approaches is to exploit the capacity of different
search methods/operators by combining them in several possible ways, in order to improve the search ability of the final approach
in optimization problems.

Different types of multi-method ensembles for optimization have been described in the literature. An example of multi-method
competitive ensemble is [42], in which different operators are applied in a single evolutionary algorithm-based ensemble. An ap-
proach with a similar idea was proposed in [43]. Multi-method approaches have also been applied to improve the performance
of meta-heuristics in multi-objective optimization problems [44]. There are also multi-method algorithms which work on different
sub-populations such as [45], and ensembles of multi-strategy algorithms based on algorithms such as Differential Evolution [46,47].

In this paper we consider the CRO-SL multi-method ensemble [22], an algorithm that has obtained excellent results in hard
optimization problems in the past [48,25,49,50]. Specifically, we apply the probabilistic-dynamic version of the algorithm [51].
Details on the implementation of the multi-method ensemble, as well as a Python implementation of the algorithm, can be found in
[511.

2.3. Related works

In this section, we review those works that similarly tackle the issue of interpretability in RL. Given the vastness of the field, a
comprehensive review is outside the scope of the current paper; instead, we focus on contributions that also tackle interpretable RL
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through the DT angle. However, given that DTs are not the only representation that has been explored in this literature, we start
out by taking a non-exhaustive approach to position DTs within the larger context of policy structures that have been previously
explored in interpretable RL.

Formulas are a common representation in interpretable RL. In these models, each action is expressed as a function of
the attributes in the state s; for example, in an air conditioner task, the temperature of the unit could be represented as
F(x) =20.175 + 0.05temp — 0.0045temp?, where temp is the current temperature in the room. There is no well-defined way to ob-
tain formulas of this kind: for instance, [52] used genetic programming techniques to generate formulas from a historical dataset
of environmental state-action trajectories, while [53] used a novel method called evolutionary feature synthesis to create complex
features from state attributes, which were then assembled into functions through linear models. In general, these formula-based
solutions are not readily comparable to DT agents: although formulas can be clear, concise, and particularly insightful when the
underlying model lends itself well to mathematical modeling, DTs are easier to visualize and interpret without number crunching, a
property that may be more desirable to the end user. One model is not more interpretable than the other — each has its own flavor of
interpretability.

Another structure used in interpretable RL is that of programmatic policies. These models, which can be seen as a generalization
of the formulas described above, use a mix of Boolean, algebraic, and conditional operators to create a system that closely resembles
human-made computer programs. In the previous air conditioning task, an example agent of this type would be “if (temperature >
30) and (humidity > 20%) then set air conditioner to (41.66 — 0.66 X temperature) else turn it off”. As with formulas, a wide variety of
techniques have been used in the past to obtain these models: [54] built them by searching the latent space generated by variational
autoencoders, [55] did the same by combining Bayesian optimization with imitation learning, and [56] derived a Bayesian inference
algorithm to optimize agents from few-shot datasets. Again, comparing these types of solutions to DTs is difficult: programmatic poli-
cies are more flexible, can handle more complex logic, and are closer to human computer programs, which tend to be interpretable.
However, due to their flexibility, these machine-generated programs can also quickly become unclear and difficult to understand, a
problem that DTs do not face with the same intensity due to their more constrained and visual structure.

Fuzzy control systems, which consist of a series of fuzzy IF-THEN rules, are a third type of representation used in several works.
An example for an air conditioner control problem would be “IF temperature is hot THEN turn A/C to cold”, where “hot” and “cold”
are defined by fuzzy membership functions and can take a predefined range of values (in contrast to a “crisp” logical test like “IF
temperature > 35 THEN turn A/C on”, which would do nothing if the temperature was 34.9 degrees). Although fuzzy control systems
were originally proposed in the ’70s [57], they were usually defined by hand rather than learned from data, leaving a gap which
researchers tried to fill with a wide range of techniques. [58] used genetic algorithms to evolve individuals as rules, combining
them to produce a complete solution in a framework they called “symbiotic.” [59] mixed traditional RL algorithms with modern
fuzzy techniques to solve the problem in an online manner, avoiding the need to relearn as the environment changes. [60] used
the Particle Swarm Optimization (PSO) metaheuristic to generate these rules from a batch dataset, similar to their posterior work
on evolving formulas [52]. Compared to DT models, fuzzy rule sets are often more powerful, have conditions that may be easier
to understand (due to the use of concepts as thresholds), and have fewer rules than a DT would have if converted to the same rule
representation. However, DTs have a clearer hierarchical structure, can be represented visually, and do not require external analysis
of membership function graphs in order to be mentally simulated, which makes them more straightforward to interpret. As with the
other models discussed previously, the choice ultimately comes down to personal taste, as each representation has its own approach
to interpretability.

Next, we move on to a more in-depth discussion of works that tackle interpretable RL through the use of DTs. In this line of
research, four different approaches can be discerned: greedy, imitation-based, gradient-based and evolutionary learning.

The greedy approach attempts to build the DTs iteratively from scratch, similarly to traditional greedy DT algorithms like CART
[61] and C4.5 [62]. The first contribution in this line of work was proposed by Pyeatt and Howe [63]: DTs were used to predict the
QO-value of every (state, action) observation so that each leaf contains a history of the AQ updates applied to it. If this sample history
reaches a sufficiently high variance, the leaf is split into two, since it supposedly contains more than one relevant region of the input
space. The original paper does not report tree sizes, but given that the procedure is strictly additive (the tree only increases in size),
it seems safe to assume that the produced trees are not particularly small, which can severely impact the interpretability of the final
model. A related approach can be found in U-Trees [64] and its extension, Continuous U-Trees [65]. Both these algorithms also store
online information in the leaves and split them when a condition is fulfilled, but in their case, the leaf-action mapping is defined by
solving the DT’s corresponding Markov Decision Process, while the splitting criterion is either a Kolmogorov-Smirnov test or a check
for Markov property violation. These two algorithms suffer from the same issue as the proposal by Pyeatt and Howe, in the sense that
they are strictly additive and tree size is not reported. This issue also impacts Fitted Q-Iteration (FQI; [66]), a more popular approach
to mixing DTs with RL. At each iteration, a new regression tree is trained on a dataset composed of (state, action) pairs as inputs and
Q-values as outputs, which in theory gradually approximates the optimal policy. While FQI can produce DT’s for RL, the final model
cannot be easily interpreted — not only because of the additive issue mentioned above, but also because each leaf represents a single
QO-value (instead of an action). This means that in order to choose an action with an FQI tree, it is necessary to simulate the tree
for every possible action and remember which action had the highest Q-value (assuming actions are taken greedily). Naturally, this
process is much less interpretable than simply having actions for leaves and simulating the tree once, which is the approach taken in
this paper.

Another branch of contributions involves imitation-based approaches, which borrow ideas from the IL literature to train DTs
based on uninterpretable models. In [67], authors proposed an algorithm called VIPER, which extends the widely-used IL algorithm
DAgger [40] and differentiates itself by learning not the actions but instead the Q-values themselves. The authors show that by
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representing the policy as a DT structure, it is possible to verify logically that certain states are never reached, which is key for
achieving trustworthy models. However, since the authors were not focused on interpretability, it is not clear if VIPER is capable
of producing small and interpretable trees (indeed, the original paper reports trees with close to 700 nodes). Another approach in
the same line is [68], which does not employ a traditional IL algorithm, but instead builds upon a method proposed by [69] to
distil a DNN into the structure of a DT. Although the final models obtained high average reward in a challenging task, the authors
employed a variant of DTs called “soft trees”, which replaces the traditional univariate logical tests in the inner nodes with a full
linear combination of parameters that are then passed onto a non-linear function (akin to a DNN’s neuron). For this reason, it is
debatable if the proposed solution achieves traditional notions of interpretability.

The gradient-based approach trains DTs for RL by replacing the traditional greedy approach with online, gradient-based algorithms.
This can be seen as part of a broader movement in DT research to keep the interpretability of a DT while reaping the benefits of DNNs’
flexible training algorithms, creating hybrid models that have been called gradient-based trees [16] or neural trees [70]. Following
this idea, [71] proposed Linear Model U-Trees (LMUT), an extension of the greedy Continuous U-Trees that employs linear models
at the leaves and trains them via stochastic gradient descent. Although the model obtains some degree of success, the produced
trees are not interpretable in a traditional sense, since each leaf contains not a single comprehensible action but an entire linear
model itself. A final gradient-based method was proposed by [20]. The authors built upon an earlier algorithm by [72], which used
stochastic gradient descent to train soft trees; by adapting this algorithm, training DTs for RL becomes straightforward. However, as
was pointed previously when discussing [68,69], this “soft tree” approach arguably lacks interpretability, and although the authors
provided a solution to make the model more interpretable by converting the soft splits into univariate ones, this process resulted in
some loss of performance. Thus, better trees may be found by aiming directly for univariate solutions from the start.

Finally, evolutionary approaches employ evolutionary algorithms (EAs) to train DTs for RL tasks. In [73], the authors use a
Grammatical Evolution approach to evolve the tree’s inner splits, while the leaves are determined by running Q-learning for a low
number of episodes. Although this hybrid procedure reduces the number of parameters that need to be evolved by the EA (which
usually has the positive effect of accelerating the algorithm), it can also bias the results towards trees that are larger than necessary,
since it has been shown in the literature that the tree size needed to obtain an optimal policy is sometimes larger than the tree size
needed to represent it [64]. Furthermore, the proposed approach is not able to obtain small univariate trees for more sophisticated
environments such as Lunar Lander, which the algorithms proposed here are able to. Finally, [74] uses EAs to evolve a structure
known as non-linear DTs, in which the inner splits are non-linear inequalities such as wlxl_3 + wzxg — w3 £ 0. This augments the
representation capacity of DTs and therefore reduces their size, but it also limits the traditional notions of interpretability for which
DTs are known.

3. Multi-method ensemble for decision trees in reinforcement learning (MENS-DT-RL)

In this section we describe the MENS-DT-RL algorithm, which is applied to evolve interpretable DTs for RL tasks. In essence, the
MENS-DT-RL closely follows the base structure of the CRO-SL algorithm described in [51], such that each individual in the ensemble
corresponds to a different tree agent, and each mutation operator applies a distinct modification to the tree structure (e.g. removing
a node, adding a node, etc). Then, when an individual fitness must be calculated, the algorithm takes the corresponding tree and
runs it over a set of N episodes, using the total reward of each episode to calculate the individual’s fitness through a certain function.
The overall approach is illustrated in Fig. 1, and the fitness evaluation is illustrated in Fig. 2. In what follows, we provide a detailed
look at the components of the MENS-DT-RL.

The first component is the solution representation. In the original multi-method ensemble in [51], solutions are represented as a
vector or matrix of real numbers, which are then modified in order to produce a good solution. This allows for the usage of numerical
optimization algorithms as operators, such as Differential Evolution and Harmony Search (both of which are already implemented
in the open-source implementation from [51]). However, although matrix representations of DTs have been proposed in the past
[75-771, in this work we employ a more straightforward and intuitive representation of each solution as a traditional univariate DT.
Since numerical operators are not applicable under this representation, new ones were proposed for MENS-DT-RL, allowing an input
tree to be transformed into any other possible univariate tree. The operators are illustrated in Fig. 3, and can be described as follows:

1. Replace with child: select a random inner node and uniformly select either its left or right subtree. Replace the selected inner
node with its selected subtree.

2. Truncate: select a random inner node and uniformly select either its left or right subtree. Replace the selected subtree with a
randomly generated leaf.

3. Insert inner node: select a random inner node from the tree, and between it and its parent, insert a new random inner node.
Assign the selected inner node as the left or right child of the newly generated inner node with 50-50 probability.

4. Expand leaf: select a random leaf and turn it into an inner node with two random leaves for children.

5. Reset split: select a random inner node. Replace its attribute with a randomly selected one, and replace its threshold with a
uniform value between -1 and 1.

6. Modify threshold: select a random inner node and apply to its threshold a Gaussian perturbation of mean 0 and standard deviation
of 0.1.

7. Modify leaf (discrete): select a random leaf and replace its action with a new randomly selected one.

8. Modify leaf (continuous): select a random leaf and replace its action with a random value in the range of possible continuous
actions.
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Fig. 1. An illustration of the overall MENS-DT-RL algorithm. First, an initialization procedure is selected (either random trees, random trees and trees obtained via
Imitation Learning, or random trees and trees obtained via Imitation Learning that were pruned using Reward Pruning). Then, the initial population is passed onto
a multi-method ensemble algorithm in order to produce an improved solution, which is ideally a small and high-performing tree agent. In this paper, the particular
multi-method ensemble used is the Probabilistic CRO-SL [51].

The second key component in the MENS-DT-RL algorithm is the fitness. As is usual in evolutionary computation, each individual is
evaluated in accordance with a fitness metric that corresponds to the quality of each solution. Since we are dealing with RL problems,
the most natural metric for performance would be the average cumulative reward, since it is the one most often used to compare
different algorithms. However, using only the average reward might bias the algorithm towards models that are needlessly large: for
instance, there might be a situation where a tree is half the size of its predecessor, but has only a slightly lower average reward —
an algorithm that focuses only on reward would ignore this more interpretable solution. For this reason, it might be interesting to
include tree size in the fitness function, in addition to the average reward. It must be said, however, that a lower tree size does not
always imply a more interpretable tree: for instance, end-users might find a larger tree more interpretable than a smaller one if the
splits of the larger one are closer to how the user thinks about the problem [78]; in addition, trees with multivariate functions in
their splits are usually smaller than their univariate counterparts, but not exactly more interpretable [16]. Indeed, it is impossible
to express interpretability with a single metric, given the subjectivity of the topic. However, since a tree with 5 nodes is almost
guaranteed to be more interpretable than a tree with 100 nodes that tackles the same task, we opt to use the number of nodes as a
proxy for interpretability, even though it is an imperfect one.

Yet, a myopic focus on reward does not only leave out interpretability: it may also bias the algorithm toward models that are
inconsistent. A tree with an average reward of 99 and a standard deviation of 20 will be considered inferior to a tree with an average
reward of 100 but a standard deviation of 50, while in practice they should be considered at least on an equal level. Given these
considerations, the MENS-DT-RL algorithm attempts to build more consistent and interpretable models by using the following fitness
metric:

N N N
Fitness(M) = % > G - % P K % > GMP ) —allm] 1)
i=1 j=1 i=1

Where M is a DT, || M|| is the number of nodes in the tree, N is the number of episodes runs to evaluate fitness, GE)M’i) is the
undiscounted sum of all rewards received in the i-th episode of the tree M (also called “total reward” or simply “reward”), and «a is
a regularization parameter that penalizes larger tree sizes. From another perspective, this measure is effectively the average reward
minus the standard deviation of rewards minus the tree size weighted by «. Including these two components leads to the acceptance
of more consistent models that are also more aware of the tradeoffs between performance and size. An ablation study investigating

the effects of removing these two components is presented in Appendix A.
A third key aspect of the MENS-DT-RL algorithm is attribute normalization. At each step in the RL environment, the attributes
for whose minimum and maximum values are known are normalized to a [-1, 1] range, otherwise, they remain unaltered. This step
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Fig. 2. An illustration of the fitness evaluation procedure. In this example, a tree agent of depth 1 is used on the Cartpole environment. The specifics of how to

aggregate G(()T") in order to compute fitness are described in Equation (1).

was empirically observed to greatly improve the quality of obtained solutions since this is the range in which the “modify split” and
“reset split” operators work; if this is not included, the algorithm has trouble applying fine-tuning changes to the thresholds in the
splits, which end up being either too small to be noticed or too large and catastrophic. A similar normalization was employed in the
multivariate DTs of [73].

The final component of the MENS-DT-RL is its initialization. The most straightforward way to initialize any evolutionary algorithm
is randomly, however, it is known that jumpstarting them with good solutions can greatly enhance the final results [79]. In this work,
we experiment with three different initializations for the MENS-DT-RL, which make up its three main configurations:

* MENS-DT-RL (R): random initialization. A depth d is selected and a complete tree with this depth is created by uniformly
selecting attributes, thresholds, and action leaves.

* MENS-DT-RL (IL): IL initialization. CART is employed under the DAgger framework to obtain a tree that imitates a high-
performing DNN trained on the task; this tree is then added to the initial population for the MENS-DT-RL.

* MENS-DT-RL (P): pruning initialization. This approach takes the previous IL tree and reduces its size without decreasing its
performance, in a novel procedure we propose called Reward Pruning. This should provide the MENS-DT-RL with a better initial
solution in terms of fitness.

Next, we describe these two last initializations in more detail. The IL initialization starts by assuming the existence of an uninter-
pretable model (called an “expert”) that ideally has good performance on the task. Although any model would suffice, we argue that
DNNs are particularly fit for the job: they already have widespread usage across the RL community and there are several resources
dedicated to facilitating their training [80], which as a whole greatly alleviates the complexity of the requirement. With the expert
in hands, this initialization distils it into a DT using an IL technique: this paper specifically uses the DAgger algorithm [40] to distil
the expert into a CART tree model [61], with both DAgger and CART being chosen because they are widely used in their own fields
and have a long track record of good-quality results.

An important decision in this phase is the regularization parameter of CART (i.e. the cost-complexity coefficient). If this parameter
is too low, the resulting tree will be close to the expert but may have an excessive number of nodes, needlessly making the initial
fitness worse. On the other hand, if the regularization parameter is too high, the resulting tree will be overly simplified and badly
performing, leading to poor results. It is crucial to find a trade-off that maximizes fitness by finding solutions with high performance
but low size. In this work, we define this parameter with a heuristic similar to the elbow method of unsupervised learning: namely,
to increase the regularization until the model’s performance is negatively affected. Crucially, the algorithm does not compromise
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Fig. 3. Operators employed in MENS-DT-RL. In these examples, “left” and “right” are two actions to be taken (the agent moving either left or right).

performance at this stage, as this is already done by the pruning initialization. Further note that, in theory, there is nothing to
prevent either DAgger or CART from producing small trees of high quality at this step, but as will be seen in section 4.2, this usually
does not happen in practice.

Finally, we describe the pruning initialization, which aims to increase the fitness of the initial IL solutions by reducing their size
without compromising their performance. The overall approach, which we call Reward Pruning, can be seen as an RL extension
of post-pruning algorithms from the DT literature (e.g. CART’s cost-complexity pruning and C4.5’s error-based pruning). However,
while these post-pruning algorithms were proposed in a supervised learning environment where the goal was to reduce overfitting,
our goal is instead to reduce tree size and increase interpretability, with any improvement in performance being somewhat incidental.
The technique is described in Algorithm 1.

Algorithm 1 Reward Pruning.

Require: Expert agent 7*
//Imitation phase
M « Apply DAgger to imitate z* with CART

//Pruning phase
fitness(-) « Defined in Equation (1)
SR(-) « Fraction of successful episodes by model “-” over N episodes
for round < 1... R do
for each node m in M do > bottom-up, left-right
M' < Replace m in M with its left child
if fitness(M") > fitness(M) or SR(M') > SR(M) then
M <M
else
M" — Replace m in M with its right child
if fitness(M"") > fitness(M) or SR(M"") > SR(M) then
M~ M"
end if
end if
end for
end for

Essentially, Reward Pruning works by iteratively reducing the tree while monitoring its performance on the task. At each step,
the algorithm selects an inner node and replaces it with its left child - if the performance of the tree is maintained or improved, the
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Table 1

Parameters used in each environment for the MENS-DT-RL.
Parameter Cartpole Mountain Car Lunar Lander Maize Fertilization
P 0.6 0.8 0.6 0.6
F, 0.98 0.98 0.5 0.98
F, 0.05 0.1 0.05 0.05
P, 0.2 0.4 0.2 0.2
k 1 3 5 1
K 1 1 1 1
a 0.1 0.1 2 0.1
Initial tree depth 3 3 3 3
Generations 200 200 200 50

replacement is kept, otherwise it is discarded and the same procedure is performed for the right child. If neither child proves to be
an adequate replacement for the parent, the current step is terminated and the next node is selected. This process is repeated for all
nodes in a bottom-up order until it reaches the root. At this point, every inner node has been evaluated at least once, so the procedure
can either stop and return the resulting tree, or it can use this resulting tree as input for another “round” of pruning, starting from
the bottom once again.

Reward Pruning employs two tests to decide whether a given pruning operation should be retained or reversed. Let M’ be a
smaller tree obtained by replacing one of the inner nodes of M with one of its children. The simplest way to decide whether to
replace M with M’ would be to check iff fitness(M') > fitness(M), since this would mean that performance has not decreased.
However, RL tasks are often stochastic, which means that there is noise in the fitness calculation — even if M and M’ were the same,
their fitness could be different due to slight variations in episodes. For this reason, Reward Pruning considers not only the fitness but
also the success rate of the model: that is, the fraction of episodes among the N executed that have reached the task’s predetermined
minimum reward threshold. If M has either a lower fitness or success rate than M, it is replaced. This provides a more reliable way
to determine whether a particular pruning operation resulted in a better model.

Finally, note that the stochasticity of RL extends to both phases of Reward Pruning, making it a stochastic algorithm: given the
same initial uninterpretable model, different runs of Reward Pruning may yield different intermediate trees and different final trees.
This is consistent with common RL models and provides another key difference between Reward Pruning and traditional post-pruning
algorithms.

4. Experiments and discussion
In this section, we want to answer the following questions:

1. How does MENS-DT-RL compare to other algorithms, in terms of produced tree size and performance?
2. What effect does the initialization have on the MENS-DT-RL’s results?

3. Can the resulting trees be interpreted?

4. Is there diversity in the solutions produced?

To this end, we conduct experiments with the MENS-DT-RL across four different RL environments: three benchmarks from the
widely used OpenAl Gym framework [28], and an agronomical environment based on real-world crop management [29]. The results
are compared with other methods from the literature, primarily through three different measures: episodic reward (which measures
the performance of the agent in the task), tree size (which serves as a proxy for the interpretability of the resulting agent, with
smaller trees being more interpretable), and success rate (which condenses the reward information by assessing the proportion of
episodes that resulted in success). For every OpenAl Gym benchmark, a perfect success rate of 1.0 is attainable, as shown in the
leaderboards available in the official documentation.” For the Maize Fertilization environment, to the best of our knowledge, the
highest performance was achieved by the PPO agent released by the environment’s own authors, which reached a success rate of
around 0.8.

Each algorithm was run for 50 simulations (30 in the case of crop management due to the simulator’s high computational
cost), with each simulation resulting in a single univariate tree. To calculate the fitness of each individual during the execution
of the algorithm, 100 episodes are run. All values reported were obtained by re-running the solutions on another 1,000 episodes.
Furthermore, since the environments are stochastic, each tree has an average and a standard deviation for its reward and success
rate, which means that the values reported here are the average of these averages and standard deviations. However, while the
average behavior of each algorithm is useful for comparison, it is also important to understand that in practice only a single solution
is needed, which is why we also report the best solution rather than the average. Table 1 contains the parameterizations for each
environment, defined on the basis of preliminary tuning.

As described in Section 3, three different configurations for the MENS-DT-RL are considered, differing primarily in their ini-
tialization. The first configuration, called “MENS-DT-RL (R)”, is randomly initialized with randomly generated complete trees of

2 https://github.com/openai/gym/wiki/Leaderboard.
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Fig. 4. Illustration of the three OpenAl Gym environments (Maize Fertilization is not pictured since it has no visual component).

depth 3 (i.e. 15 nodes) - this provides the algorithm with maximum diversity, but also no solution from which it can jumpstart its
performance. The second configuration, referred to as “MENS-DT-RL (IL)”, initializes the population with trees obtained via IL. In
particular, the i-th simulation of “MENS-DT-RL (IL)” is initialized with a population consisting of randomly generated trees of depth
3 and the i-th tree obtained from IL. The third and final evaluated configuration, called “MENS-DT-RL (P)”, follows the same scheme
as the previous one but applies 10 rounds of Reward Pruning to the IL tree before adding it to the initial population. In addition, the
experts used in IL are dense neural networks with 2 hidden layers of 32 nodes each, trained with deep Q-Learning and experience
replay — the only exception is the crop environment, where we use the PPO model included in the library itself [29].

All three configurations are compared with different solutions from the literature. Given the novelty of interpretable AI and
interpretable RL specifically, there are a scant few works which produce interpretable agents for the three environments employed
here. The authors from [73], when faced a similar situation in their work on evolutionary trees for RL, remedied this by proposing
an interpretability score that could be applied not only to DTs but to any machine learning model, therefore creating a common
ground in which any pair of algorithms could be compared in terms of interpretability. Although this sounds intuitive, we avoid
this approach for two main reasons. The first is that this does not provide any additional information of particular importance: in
terms of interpretability, the trees indeed almost always surpass any of the neural network-based models that are popular in RL, but
this is already known since DTs are widely known to be more interpretable than the alternatives. The second reason is that even in
the rare case where the trees are indeed surpassed by some other method in terms of interpretability, for example, a medium-sized
tree against a very small neural network, it is debatable whether the neural network truly could be considered “interpretable” in the
common sense of the term, or if it is only achieving a better interpretability score simply because it is “gaming the metric” (e.g. it
has fewer mathematical operations involved, while still having a hard-to-grasp multi-layered structure). As such, we opt to compare
the DTs obtained here only with similar DTs from the literature.

All experiments were implemented on Python 3.10 programming language. The code is fully available at https://github.
com/vgarciasc/CRO DT RL.

4.1. Environments
4.1.1. Cartpole

The Cartpole environment (illustrated on Fig. 4a) involves balancing a pole on a cart by moving the cart horizontally. The state
consists of four different attributes: the cart’s position and velocity, and the pole’s angle and angular velocity. The actions involve

either pushing the cart left or right. The reward is always +1 until the episode terminates, rewarding every step that the pole is kept
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upright. The termination is achieved when the cart reaches the edge of the region of interest, if the episode reaches 500 steps, or if
the pole’s angle is greater than 12 degrees in any direction (in which case it is considered to have fallen). As such, the accumulated
maximum reward for this environment is 500 points. In this work, we consider that an episode is successful if the accumulated
reward is larger than 495 points.

4.1.2. Mountain Car

In the Mountain Car environment (illustrated in Fig. 4b) [81], the agent controls a car in a valley between two mountains, such
that the goal is to make the car reach a flag on top of the rightmost mountain. Since the car does not have enough traction to
climb this mountain by itself, it must carefully build up momentum to achieve a higher speed and reach the flag. Two attributes are
available: the car’s velocity, and its position along the X-axis. With regards to actions, there are three: accelerating to the left, to the
right, or not accelerating at all. The reward is -1 for every step during which the flag is not reached, awarding agents that reach the
flag faster. The episode terminates when the flag is reached or if 200 steps are executed, leading the worst possible solution to be an
accumulated reward of -200 points. In this work, a successful episode of Mountain Car involves not only reaching the flag but doing
so with an accumulated reward lesser than -110 points.

4.1.3. Lunar Lander

The Lunar Lander environment (illustrated in Fig. 4c) tasks the agent with landing a rocket upright on a flat surface. To this end,
the agent must carefully balance each of its four actions: doing nothing, firing the main engine (located at the bottom of the ship), the
left engine, or the right engine. Eight attributes are made available: the X and Y coordinates of the agent, its X and Y linear velocities,
its angle and angular velocity, and two boolean attributes that signal whether or not each leg is touching the ground. Rewards for
Lunar Lander involve several components. Crashing results in -100 points, while landing correctly results in +100 points. Each leg
that contacts the ground results in +10 points. Furthermore, the agent must save fuel: it is penalized for -0.3 points each frame it
fires the main engine, as well as -0.03 points for every side engine. The episode terminates if the agent crashes, if it lands correctly,
or after 1000 timesteps. The episode is considered to be successful if the accumulated reward is larger than 200 points.

4.1.4. Maize Fertilization

The Maize Fertilization environment is a task modeled in gym-DSSAT [29], a Python RL wrapper for the widely celebrated
Decision Support System for Agrotechnology Transfer (DSSAT; [82,83]) crop model. In this task, the goal is to design a nitrogen
fertilization policy for a maize crop field, taking into account each day’s data in order to determine how much nitrogen should be
added to the soil. Adding no nitrogen may result in nitrogen deficiency and a reduced harvest, while adding excessive nitrogen
involves a high financial cost and may result in water pollution, among other undesired effects. The agent must take all this into
consideration to decide both (1) when to add fertilizer, and (2) how much fertilizer to add. Each episode corresponds to a growing
season and contains around 160 days, with each day being a timestep. There are 12 different attributes each day, ranging from
weather data (rainfall and temperature degrees) to current plant information (total biomass and growth stage). The reward is a
function of both the plant nitrogen uptake and the quantity of fertilizer added, while the action at each step is a continuous value
that denotes the quantity of fertilizer to add (from 0 to 200 kg/ha). For a more detailed description of the environment, we refer to
[29]. In our paper, we define the success rate to be a final cumulative reward of 60.

4.2. Results

4.2.1. Cartpole

Cartpole is the simplest of the three environments, and it is expected that most approaches should perform well on it. Indeed, as it
can be seen in Table 2, all three configurations of MENS-DT-RL were able to find a tree with 5 nodes and a perfect reward of 500.0 +
0.0, which means that for every episode out of 1000 tested, these best agents managed to balance the pole for the maximum amount
of time (500 timesteps). Although all three configurations reached this solution, there are slight differences in the evolutionary
process: Fig. 5(a) shows that the IL and pruning initializations start very close to the final solutions, while the randomly initialized
MENS-DT-RL (R) needs some generations to catch up, since it starts from scratch. On average, the three configurations have already
converged by generation 100, and simply maintain their results from then on. Furthermore, Fig. 5(c) shows that MENS-DT-RL does
not get stuck on the initialized solutions, since both MENS-DT-RL (IL) and MENS-DT-RL (P) reduce their initial average tree sizes
over time. In addition, this figure also shows that MENS-DT-RL (R) actually ends up with a smaller average tree size than the other
two approaches, a fact reflected in Table 2 — this may be due to the small size of the best solution, which actually benefits from
the random search aspect of this configuration. In terms of average reward and success rate, there is little difference between the
averages of these three configurations, as they are all close to the perfect reward of 500.0 + 0.0. Given these results, MENS-DT-RL
(R) appears to be the best configuration of the three, as it is able to reliably produce the best solution without incurring the cost of
requiring an expert model.

Curiously, the existence of an optimal tree size does not imply the existence of a single optimal tree. By analyzing the results from
the MENS-DT-RL configurations, we can see that there are different trees of size 5 that obtain a perfect success rate in the task: Fig. 6
shows three of them. The first one relies on Pole Angle and Pole Angular Velocity, however, the last two do not rely on the Pole
Angular Velocity at all and instead use the Cart Velocity, differing between themselves with regards to how these two attributes are
used. By analyzing the execution of these three solutions, it is indeed possible to see that there are differences in how they behave: as
is shown in Fig. 7, trees A and B keep the pole in a tight range of [-0.05, 0.05] radians, while tree C lets the pole reach larger angles
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Results for the Cartpole task. (*): as reported in the original paper. (}): re-executed on 1000 episodes based on
the reported best solution from the original paper. (}): solution taken from [84]. Best solutions are highlighted

in bold.
Average results
Avg. Reward Avg. Stdev. Reward Average SR Avg. #Nodes
Neural Network Expert 500.00 0.00 1.00 —
MENS-DT-RL (R) 499.92 0.33 1.00 6.40
MENS-DT-RL (IL) 499.98 0.27 1.00 6.84
MENS-DT-RL (P) 499.99 0.18 1.00 6.88
Custode and Iacca, 2023 [73]* 497.34 5.19 1.00 -
Highlighted solutions
Avg. Reward Std. Dev. Reward Success Rate #Nodes
MENS-DT-RL (R) 500.00 0.00 1.00 5
MENS-DT-RL (IL) 500.00 0.00 1.00 5
MENS-DT-RL (P) 500.00 0.00 1.00 5
Custode and Iacca, 2023 [73]*{ 499.67 5.98 1.00 5
Silva et al., 2020 [20] T 499.80 2.71 1.00 13
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Fig. 5. Average metrics across generations for the fittest individual of each generation in Cartpole, across the three configurations of MENS-DT-RL. Each plot shows
the evolution of a particular metric: (a) Fitness, (b) Reward, (c) Tree size. (For interpretation of the colors in the figure(s), the reader is referred to the web version of

this article.)

before balancing it again. Furthermore, tree A has a slight preference for a right tilt, while tree B is the opposite. This exemplifies
one of the key advantages of the evolutionary approach, which is the variety of produced solutions: due to the stochastic nature of
evolutionary algorithms, the end-user has the power to choose an agent based on their own preferences of size, performance, and

even features used.

To the best of our knowledge, two works report univariate DTs for the Cartpole task: [73] and [20]. The former does not
report the average number of nodes of the produced trees but does report the average reward and standard deviation, which also
closely approximate the values reported by the MENS-DT-RL (while being slightly lower). In addition, the authors report the best
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[Pole Angular Velocity <= 0.25301] [ Pole Angle <= -0.01563 ] [ Cart Velocity <= -0.52083 ]
[ Pole Angle <= 0.01431 ] [ RIGHT ] [ LEFT ] [Pole Angular Velocity <= -0.30179] [ RIGHT ] [ Pole Angle <= 0.01768 ]
LEFT RIGHT LEFT RIGHT LEFT RIGHT
() (b) (c)
Fig. 6. Three of the best solutions obtained for Cartpole by the MENS-DT-RL approaches.
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Fig. 7. Distribution of Pole Angle across 1,000 episodes by the three trees in Fig. 6.

solution found, which we re-implemented and executed for another 1000 test simulations to report here; this result not only achieves
the maximum success rate but also contains 5 nodes, which reflects the best solutions found by MENS-DT-RL. Therefore, it seems
highly likely that this is indeed the lowest size for which a univariate tree can achieve maximum reward for the Cartpole problem.
Meanwhile, [20]’s gradient-based approach also obtained a solution with perfect reward, but with 13 nodes — higher than the
solutions found by MENS-DT-RL and [73].

4.2.2. Mountain Car

Mountain Car is a simpler problem than Cartpole in terms of state attributes, but due to its sparse rewards it is actually harder to
solve: a good solution that almost touches the flag and a bad solution that never leaves the starting position both have the minimum
reward of -200. Fig. 8 compares the average performance of the three configurations over the evolutionary process. As it can be
seen, MENS-DT-RL (R) is able to greatly improve its fitness by increasing the average reward and reducing both the tree size and the
standard deviation of the reward, but although its final trees are only slightly larger than those of the other two configurations, its
average reward pales in comparison and fails to reach the task solution threshold.

On the other hand, both MENS-DT-RL (IL) and MENS-DT-RL (P) are able to produce good quality results. Table 3 shows that
the two initializations produce solutions with an average success rate of 0.74, a value that greatly exceeds the success rate of 0.28
obtained by the MENS-DT-RL (R). Moreover, note that this result is obtained even though the DNN expert has a success rate of
only 0.39, indicating that the initial solutions do not need to be perfect to benefit from MENS-DT-RL. This greatly reduces the effort
required to train the expert, which in turn reduces the computational cost of using IL-based initialization and makes it easier to use.
Fig. 8 further shows that MENS-DT-RL improves these two initializations, as the average fitness increases even though it starts in
a good range. This improvement is mainly due to a reduction of the average standard deviation, which means that the solutions
become more consistent in their performance, even though the average reward is maintained. Note that if the fitness did not include
the standard deviation, MENS-DT-RL would ignore it and such an improvement in consistency would not take place.

Table 3 shows the best solutions obtained in this environment. As it can be seen, all three configurations are able to produce
a tree with 9 nodes, an approximate reward of -102 + 0.7, and a success rate of 1.0 — even the randomly initialized MENS-DT-RL
(R), which has a worse performance on average. Note that this solution is not only small enough to be highly interpretable, but also
has a better success rate than the neural network expert: given the previous remark that both MENS-DT-RL (IL) and MENS-DT-RL
(P) have a higher average performance than MENS-DT-RL (R), it can be concluded that the evolutionary algorithm effectively takes
the decent solutions from the expert and improves them towards an optimal behavior. In addition, these algorithms also find some
solutions that although not the best in terms of fitness, are also very noteworthy: trees that also have a perfect success rate of 1.0
but with a smaller size of 7 nodes (see Table 3). Their average reward of about -106 + 1.3 is slightly worse than that of the fittest
solutions, but depending on the user’s priorities, they might actually be preferable due to their smaller size and similar success rate.
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Fig. 8. Average metrics across generations for the fittest individual of each generation in Mountain Car, across the three configurations of the MENS-DT-RL. Each plot

shows the evolution of a particular metric: (a) Fitness, (b) Reward, (c) Standard Deviation of Reward, (d) Tree size.

Table 3

Results for the Mountain Car task. (*): as reported in the original paper. (**): re-executed on 1000 episodes
based on the reported best solution in the original paper. Best solutions are highlighted in bold.

Average results

Avg. Reward Avg. Stdev. Reward Average SR Avg. #Nodes

Neural Network Expert -113.03 24.08 0.39 -
MENS-DT-RL (R) -112.98 2.08 0.28 7.44
MENS-DT-RL (IL) -106.30 4.49 0.74 7.00
MENS-DT-RL (P) -106.68 5.94 0.74 7.12
Custode and Iacca, 2023 [73] * -108.16 - 0.70 -

Highlighted solutions

Avg. Reward Std. Dev. Reward Success Rate #Nodes
MENS-DT-RL (R) -102.53 0.90 1.00 9
MENS-DT-RL (IL) -102.79 0.71 1.00 9
MENS-DT-RL (P) -102.79 0.70 1.00 9
MENS-DT-RL (IL) -106.54 1.22 1.00 7
MENS-DT-RL (P) -106.46 1.33 1.00 7
Custode and Iacca, 2023 [73] ** -101.72 3.04 1.00 13
Dhebar et al. 2020 [74] * -105.82 21.77 0.83 -

This is another example of the diversity of solutions obtained by the MENS-DT-RL approach, and of the choices that this gives to the

end user. These solutions are shown in Fig. 9.
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[ Car Velocity <= 0.01923 } { Car Velocity <= -0.00500 ]
[ Car Velocity <= -0.00015 ] [ RIGHT ] [ LEFT ] [ Car Velocity <= 0.39851 ]
[ Car Position <= -0.94281 ] [ Car Position <= -0.38912 ] [ Car Position <= -0.11056 ] [ RIGHT ]
RIGHT ( LEFT ] [ RIGHT J [ LEFT J RIGHT LEFT
(a) (b)

Fig. 9. Two of the best solutions obtained for Mountain Car by the MENS-DT-RL approaches (obtained by MENS-DT-RL (R) and MENS-DT-RL (P), respectively).

Finally, we compared our results with those reported in the literature. Our main point of comparison is the work of [73], which,
to the best of our knowledge, is the only contribution that has experimented with univariate trees for the Mountain Car environment.
The authors reported both a lower average reward and a lower success rate than those obtained by our two most sophisticated
initializations, which indicates the advantage of using MENS-DT-RL, but it must be noted that in their work only 10 simulations were
performed, while our results are the average of 50. Given this situation, it might be more informative to look at the best solution. The
best solution found by [73] was a tree with 13 nodes and a perfect success rate of 1.00, which can be directly compared with the trees
obtained in Fig. 9, both of which have a perfect success rate while having a smaller tree size (4 and 6 fewer nodes, respectively).
This indicates that MENS-DT-RL is able to produce more interpretable solutions without compromising performance, even when
randomly initialized. Moreover, we note that in [74] the authors also experimented with DTs for the Mountain Car environment, but
instead of using univariate splits, they used highly nonlinear splits, which simply do not have the same level of interpretability as
traditional univariate DTs. To the best of our knowledge, the trees reported here with maximum success rate and 7 or 9 nodes are
the best interpretable DT solutions for the Mountain Car benchmark.

4.2.3. Lunar Lander

Lunar Lander is the most complicated environment of the benchmarks presented here, with 8 attributes, 4 different actions, and
a movement dynamic that is much more complex than that of the previous two tasks. Such complexity may not be a problem for a
model like the expert DNN (which achieves a success rate of 0.97), but it poses a clear challenge to the simplicity of univariate DTs,
especially in terms of tree size: good solutions require much larger trees than those developed for Cartpole and Mountain Car.

Table 4 shows the results for this environment, where it can be seen that MENS-DT-RL (P) outperforms both the random and the
IL initializations. While the randomly initialized MENS-DT-RL (R) is able to produce good solutions for Cartpole and Mountain Car,
in Lunar Lander it is unable to evolve any tree with a success rate higher than 0.1 and ends up with an average success rate of 0.
Such a negative result is a direct consequence of the complexity of the environment: since good solutions have more nodes and are
easily broken by even small changes, it is strikingly difficult for the evolutionary approach to find such solutions when starting from
scratch; that is, the topology of the solution space is not amenable to encountering good solutions based on what amounts to random
search. Fig. 11(b) shows that while the average reward of this configuration improves over time, it is far from the task solution
threshold of 200.

Table 4
Results for the Lunar Lander task. Best solutions in terms of fitness are highlighted in bold.

Average results

Avg. Reward  Avg. Stdev. Reward  Average SR Avg. #Nodes

Neural Network Expert 254.32 31.71 0.97 —
MENS-DT-RL (R) -52.39 32.39 0.00 5.76
MENS-DT-RL (IL) 242.13 55.68 0.92 278.76
MENS-DT-RL (P) 223.46 77.10 0.84 50.04

Highlighted solutions

Avg. Reward Std. Dev. Reward Success Rate #Nodes

MENS-DT-RL (R) -54.93 128.12 0.06 7
MENS-DT-RL (IL) 245.12 40.50 0.93 187
MENS-DT-RL (P) 237.70 72.51 0.91 37
Silva et al. 2020 [20] -78.40 32.20 0.00 19
Dhebar et al. 2020 [74] 234.98 22.25 0.99 -
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[ Leg 1 is Touching <= 0.50000 ]

Y Velocity <= -0.09085

Angle <= -0.04364

[ Y Position <= 0.00074 ][ MAIN ] [ Angle <= -0.21080 ]

Y Velocity <= -0.25810 Y Velocity <= -0.28725 [ NOP ] [ Angle <= 0.02441 ] [ LEFT ] [ NOP J
0.04 0.02 19
Subtreef thiree E shtree C
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LEFT MAIN

Fig. 10. Best solution found for the Lunar Lander environment, obtained by MENS-DT-RL (P). Labels in blue are the percentage of visits for every leaf.

Initializing MENS-DT-RL with IL solutions, however, yields more interesting results: the average success rate is 0.92 with an
average tree size of 278.76, which means that MENS-DT-RL reduces the tree size of the IL trees while sacrificing some small amount
of performance. This is illustrated in Fig. 11, where it can be seen that the average reward of MENS-DT-RL (IL) is mostly stagnant
over time, while its size continues to be reduced. This shows that MENS-DT-RL is indeed capable of handling solutions to a more
complex task like Lunar Lander, but it needs good initial solutions from which to start its search. However, the trees generated by
this configuration are too large to be interpreted, which explains why Fig. 11(a) shows that MENS-DT-RL (IL) has a much lower
average fitness than the poorly performing MENS-DT-RL (R).

This challenge can be overcome by using a pruned initialization. Since Reward Pruning reduces the size of the IL trees while trying
to maintain their performance, MENS-DT-RL (P) is given a much better fitness from the start, leading it to outperform the other two
configurations. Furthermore, Fig. 11 shows that this fitness continues to improve over time, mainly due to further reductions in the
tree size and the standard deviation of the reward, i.e. the solutions become smaller and more consistent. While the average success
rate of MENS-DT-RL (P) is slightly lower than that of MENS-DT-RL (IL) (0.84 vs. 0.92), its average tree size is an order of magnitude
smaller (50.04 vs. 278.76), resulting in trees that not only frequently solve the task, but are also in a better range of interpretability.
Furthermore, it is also important to look at the best solution, since this is what the end user will actually use: this solution, shown in
Fig. 10, has a 91% success rate and a tree size of 37 nodes, a combination of interpretability and performance that, to the best of our
knowledge, has not yet been achieved by any other work.

Three papers in the literature have tackled the Lunar Lander environment with DTs. Silva et al. [20] applied univariate trees to
the task in the form of rule lists, but were unable to obtain solutions that solved the problem, reporting an average reward of -78.4
with a standard deviation of 32.2. Similarly, Custode and Iacca [73] attempted to extend their evolutionary approach to this task,
but did not find a configuration that gave satisfactory results, reporting only a multivariate tree instead. Finally, Dhebar et al. [74]
reported a DT with a success rate of 0.99 that consistently solves the problem, but it employs several nonlinearities that call into
question the interpretability aspect. To the best of our knowledge, this is the first time that a high-performing interpretable solution
using univariate DTs has been proposed for this benchmark.

4.2.4. Maize Fertilization

The last of the four simulated environments is Maize Fertilization, a task made difficult not only by its large state space (12
different attributes) and complex internal dynamics (controlled by the DSSAT crop management system) but also by the continuity of
its actions: at each step of the simulation, instead of choosing from a list of predetermined actions, the agent must specify a quantity
(how much fertilizer to place in the soil that day). Although this is quite natural for a complex neural network to represent, it poses
a challenge for DTs: while it is possible to modify the leaves of the tree to represent continuous values instead of categorical ones (as
in Regression Trees), this limits the possible outputs of the tree to the number of different leaves it has, and thus puts smaller trees at
a disadvantage with regards to action sensitivity. Some authors try to bypass this restriction by including linear models in the leaves
(the so-called Model Trees [16]), however since this approach compromises interpretability, in this paper we chose to restrict every
leaf to a single value and grow the tree if needed.

Table 5 contains the simulation results. As it can be seen, the neural network expert is able to achieve a 0.80 success rate, with
an average reward of 59.22 which is very close to the success threshold of 60. This is expected of deep RL models and indeed closely
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Fig. 11. Average metrics across generations for the fittest individual of each generation in Lunar Lander, across the three configurations of MENS-DT-RL. Each plot
shows the evolution of a particular metric: (a) Fitness, (b) Reward, (c) Standard Deviation of Reward, (d) Tree size.

mirrors the benchmark results showed in [29]. In contrast, MENS-DT-RL is unable to achieve such a high-performing behavior by
itself: its random initialization version has an average reward of 2.64 and an average success rate of 0.35, both of which fall far
below the solution quality established by the expert. As it has been shown in previous environments, leveraging this expert is key
to achieving much better solutions. By using Imitation Learning, MENS-DT-RL (IL) is able to obtain a similar performance as the
expert while bringing the policy to the DT domain, attaining a success rate of 0.80 and an average reward of 57.33. However, it is
still questionable if these solutions can be clearly interpreted since the average tree size is 69.73. MENS-DT-RL (P) is able to bring a
final improvement through the Reward Pruning approach, maintaining a near-identical success rate as MENS-DT-RL (IL) and a very
similar average reward (56.74 against 57.33), all the while achieving an average tree size of 9.93 that is much more within the realm
of ordinary DT interpretability. Fig. 12 reinforces these conclusions: MENS-DT-RL (P) has a very similar reward to MENS-DT-RL
(IL), all the while having a similar tree size to MENS-DT-RL (R). Furthermore, the fitnesses of all three configurations have different
rates of increase over time: MENS-DT-RL (R) is the fastest-growing of the three, since it has so much to improve, and conversely
MENS-DT-RL (P) is the slowest, since the Reward Pruning solutions it starts from are already of very high quality. MENS-DT-RL (IL)
falls squarely in the middle, since its initial solutions have good reward but high tree size.

The same relationship between models can be found by looking at the best solutions obtained by each configuration. Although
MENS-DT-RL (R) has a low average performance, its best solution is quite decent: a tree of 5 nodes and success rate of 0.70.
Considering the results from previous environments, we get a further indication that MENS-DT-RL (R) is able to eventually find
good-quality solutions given that their tree size is not too high (as happens for Cartpole and Mountain Car, but not for Lunar Lander).
As for MENS-DT-RL (IL), its best solution has a slightly higher success rate as the expert, with a tree size of 13 nodes. The best
solution overall comes from MENS-DT-RL (P), which maintains this high success rate while having a reduced tree size of only 5
nodes. This tree is depicted in Fig. 13.

We compare this DT agent against the two baseline policies proposed in the original paper: Null Policy and Expert Policy [29].
Null Policy, as the name suggests, consists of adding no fertilizer throughout the period, therefore incurring no fertilizer costs at
the expense of a worse harvest — this can be clearly seen in Fig. 14, where the policy’s cumulative reward is shown to be entirely
non-decreasing. Expert Policy, on the other hand, adds a fixed amount of fertilizer on three pre-specified days of the growing season
(based on the experiment done by [85]): this results in the three drops in Fig. 14, which decrease reward in the short term but end
up resulting in a final larger cumulative reward than the Null Policy. These two policies can be easily represented by DTs of size 1
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Table 5
Results for the Maize Fertilization task. Best solutions in terms of fitness are highlighted in bold. (*):
Number of tree nodes of the policies if they were represented as DTs.

Average results

Avg. Reward Avg. Stdev. Reward Average SR Avg. #Nodes

Neural Network Expert 59.22 13.77 0.80 —
MENS-DT-RL (R) 2.64 27.71 0.35 12.13
MENS-DT-RL (IL) 57.33 12.83 0.80 69.73
MENS-DT-RL (P) 56.74 12.19 0.79 9.93

Highlighted solutions

Avg. Reward Std. Dev. Reward Success Rate #Nodes
MENS-DT-RL (R) 56.16 18.15 0.70 5
MENS-DT-RL (IL) 57.38 11.74 0.83 13
MENS-DT-RL (P) 57.70 11.23 0.83 5
Null Policy [29] 42.49 5.95 0.08 1*
Expert Policy [29,85] 55.22 29.44 0.59 7*
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Fig. 12. Average metrics across generations for the fittest individual of each generation in the Maize Fertilization environment, across the three configurations of
MENS-DT-RL. Each plot shows the evolution of a particular metric: (a) Fitness, (b) Reward, (c) Tree size.
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Fig. 13. Best solution found for the Maize Fertilization environment (obtained by the MENS-DT-RL (P)).
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Fig. 14. Average cumulative reward over time of four different policies on the Maize Fertilization environment. This figure is based on a similar analysis done in the
original gym-DSSAT paper [29]. Metrics were measured over 1,000 episodes.

and 7, respectively. Also shown in the figure is the PPO Expert, which refers to the model we have used so far as an expert; instead of
adding fixed amounts on fixed days, it takes a subtler approach by adding gradual quantities over a large number of days, resulting
in a smoother curve and a higher cumulative reward over time. Finally, the Best DT Agent has a curve whose smoothness closely
mirrors the PPO’s, although it is clear that this agent begins fertilization sooner. Despite this difference, the two end up with very
similar final cumulative rewards, with the key distinction that the DT agent is interpretable, while the PPO is not.

4.3. Interpreting the models

With the goal of demonstrating the interpretability of the univariate tree approach to RL, this section provides interpretations
for the best solutions obtained in each environment. These interpretations have been supported by a visualization tool (included
in the previously-mentioned public repository) that displays the DT agent and the rendered environment side-by-side, allowing the
user to see in real-time which nodes are activated at each time step (see Fig. 15). Editing the tree is also possible, paving the way
for interactions typical of human-in-the-loop machine learning [86]. We argue that tools like this highlight the interpretability of
DT models and their usefulness in the RL domain, allowing user insights that are impossible in uninterpretable models such as deep
neural networks.

4.3.1. Cartpole

For the Cartpole task, we have chosen Tree B in Fig. 6 to interpret. Since the model is small, the interpretation is quite simple: if
the angle of the pole is less than or equal to -0.015, the pole is tilted to the left, so the cart must move to the left to correct the pole.
On the other hand, if the pole’s angle is greater than -0.015, then it is either perfectly balanced or tilted to the right. In this case, the
tree uses the angular velocity to decide what to do: if the pole is increasingly tilted to the left (Angular Velocity < -0.30), then the
cart must move to the left to correct it since just trusting the angle and moving to the right would increase the velocity even more
and result in a difficult-to-recover scenario. Otherwise, the cart must move to the right. This behavior results in a left tilt bias, which
can be seen in Fig. 7.

4.3.2. Mountain Car

For the Mountain Car task, we have chosen to interpret Tree A in Fig. 9. The first check made by the agent is to see if the car
is moving to the right (Car Velocity < 0.019): if it is, then it maintains this momentum by moving even further to the right, which
means it either reaches the final flag or reaches a slope where it loses momentum and starts moving in the opposite direction. If this
test fails, then the movement must be defined by whether the car is stationary or moving to the left, two situations distinguished
by the following “Car Velocity < -0.0” split. The car then moves to the left in two situations: when it is already moving to the left
but has not yet reached position -0.94, or when it is stationary and its position is greater than -0.38. Fig. 4b shows where these two
positions are. They both correspond to points on the slopes just before the car’s momentum drops to zero, so by explicitly reversing
direction in these two situations, the agent is able to start moving in the opposite direction before the slope forces it to do so, thus
optimizing the time needed to build up enough momentum to reach the flag.

4.3.3. Lunar Lander

The Lunar Lander agent is the most difficult of the four to interpret, mainly due to its larger size. To do this, it is crucial to identify
which subtrees are responsible for handling which situations, which can be done by visualizing the agent in action and observing
the leaf activation patterns. Fig. 10 encapsulates this idea by both highlighting specific subtrees and annotating each leaf with its
fraction of visits, indicating which are more frequently activated.
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Decision Tree Agent Evaluation
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Fig. 15. Visualization tool that facilitates investigating the agent’s reasoning and interacting with its rules.
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Fig. 16. Distribution of attributes from the states visited by the Lunar Lander agent in Fig. 10. Note that there is an asymmetry in the angles, as well as a more
prevalent presence in the positive values of X than in the negative ones.

The root split in the tree checks whether Leg 1 touches the ground, leading to Subtree A if the result is positive. It then becomes
clear that this subtree is responsible for the final landing procedures, activating the main engine if the agent is falling too fast,
correcting with the left engine to land the other leg if the ship is tilted too much to the right, and otherwise doing nothing once the
landing is complete. Because the task does not end immediately in this latter case, the agent spends some time doing nothing on the
landing pad, resulting in the high frequency of the NOP leaf in this subtree.

Subtree B, on the other hand, is activated when the agent is not touching the ground but has a vertical velocity greater than -0.09:
that is, it is falling slowly. As such, it handles a pre-landing phase in which the agent has started to decelerate but is not yet close
enough to the ground for Subtree A to handle the situation. Quite simply, Subtree B either fires the left or right engines symmetrically
based on the current angle of the ship, or it does nothing if the vertical position is less than 0.0 (i.e. the ship is extremely close to
touching the ground, but has not yet done so).

Then, the remaining subtrees are divided into two groups based on the split Angle < -0.04: the left group handles situations
where the angle is mostly negative (i.e., right-tilt), and the right group handles situations where the angle is mostly positive (i.e.,
left-tilt). The latter responds for 42% of the actions taken by the agent, while the former responds for only 26%, suggesting a slight
angle asymmetry during flight. This suspicion is further supported by Fig. 16, which shows the distributions of the states visited by
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the agent - there is a slight tendency for positive angles, as well as a better distributed presence in the rightmost half of the scene.
In this context, it is easier to interpret Subtrees C and D. Subtree D is activated when the vertical velocity is less than -0.28 (i.e.
the agent is falling too fast). In this situation, the most sensible thing to do is to decelerate by firing the main engine as soon as
possible — and indeed, the corresponding main engine leaf in Subtree D is one of the two most frequent nodes in the tree, serving as
the main way to mitigate the fall. However, if there is no danger of free fall (Y Velocity > -0.28), then Subtree C corrects the angle
and position: it fires the right engine to correct either a highly positive angle (Angle > 0.21) or an off-center position (X Position
< -0.02). Otherwise, this subtree corrects the natural tendency to tilt left by firing the left engine if the angular velocity allows it
(Angular Velocity < 0.185).

The last pair of subtrees is also responsible for deceleration, angle correction, and position correction, but in a slightly different
way to account for the fact that it only handles negative angles. If the vertical speed is high enough (i.e., the agent is not falling
too fast), Subtree E corrects the horizontal speed in a remarkably symmetrical way, firing the engine in the opposite direction to the
current one. However, if the agent is in free fall, Subtree F is activated to slow down, just like Subtree D — although it performs this
role in a slightly more sophisticated way. The subtree not only fires the main engine to reduce the rate of fall, but it can also fire the
left engine in two situations: first, if the angular velocity is extremely skewed to the left (Angular Velocity < -0.18), or if it is slightly
skewed to the left and there is no danger of going too far away from the landing pad (Angular Velocity < -0.02 and X Velocity >
-0.17). In all other situations, the main engine is actually fired for deceleration. Empirically, firing the left engine in Subtree F usually
results in the angle being tilted to the other side, thus ceding control to Subtrees C and D.

4.3.4. Maize Fertilization

Finally, we interpret the best DT produced for the Maize Fertilization environment (see Fig. 13). The model has three possible
actions: add a very small amount of nitrogen to the soil (0.048), add a larger amount of nitrogen (13.94), or add close to no nitrogen
(0.002). In deciding which of these amounts to add, the model only considers the istage attribute, which corresponds to the
growing stage of the corn; more specifically, the model adds a very small amount of nitrogen when the plants are at the end of their
juvenile stage (i.e., when istage = 1), a larger amount of nitrogen when 50% of them have completed their flowering initiation
(i.e., when istage =2), and almost no fertilizer in all other cases. This strategy bears some similarities to the expert policy described
in Section 4.2.4 (which also adds fertilizer only during the first half of the crop’s development), but both differ significantly in terms
of nitrogen distribution: rather than following the expert policy’s approach of adding large amounts of fertilizer over a few days, the
DT policy opts to add smaller amounts of fertilizer interspersed throughout all of the crop’s early growth stages. Significantly, no
information other than the current growth stage, not even weather or soil data, is required to achieve this level of performance; this
provides insight not only into the problem but also into the inner workings of the simulator itself. We emphasize that this kind of
insight comes naturally when dealing with interpretable models such as DTs, while it is much more difficult or even impossible for
uninterpretable models such as deep neural networks.

5. Conclusion

In this work, we proposed a novel algorithm called MENS-DT-RL to produce interpretable DTs for RL tasks. It works by extending
the CRO-SL optimization ensemble algorithm with novel operators capable of handling DT structures, as well as with a fitness metric
that prioritizes interpretable and high-performing models. We also proposed three different initializations for MENS-DT-RL, including
the usage of IL techniques to provide good initial solutions, and a novel pruning approach called Reward Pruning that reduces RL
trees while maintaining their performance.

The algorithm and its configurations have been evaluated on four environments: three benchmarks from the widely used OpenAl
Gym taskset, and a crop fertilization environment, based on a real-world problem. The results showed that the proposed MENS-DT-RL
algorithm was able to produce high-quality interpretable models for all environments, to the best of our knowledge outperforming
the state-of-the-art of DTs for RL on three of them (Mountain Car, Lunar Lander and Maize Fertilization). In particular, the MENS-
DT-RL with random initialization was able to achieve the best solution for Cartpole and Mountain Car (1.0 success rate with 5 and
7 nodes, respectively), while the proposed Reward Pruning approach was required to achieve the best solutions for Lunar Lander
(0.9 success rate with 37 nodes) and Maize Fertilization (0.8 success rate with 5 nodes). The best models for each environment were
discussed in detail and it was shown that they are indeed interpretable, indicating that the proposed approach is capable of achieving
interpretability without losing performance. In addition, it was shown that the best solutions obtained by the algorithm sometimes
differ in their approach to the problem, effectively empowering the user with the choice of which model to choose. Overall, the
results show that MENS-DT-RL excels at tasks both artificial and real-world-based, handling simple and complex problems, either
with discrete or continuous action spaces.

As future work, it would be interesting to extend the MENS-DT-RL to other types of RL problems, such as those with visual
attributes as input (instead of tabular data), and with multiple agents (instead of a single one). In addition, it would be worthwhile
to study Reward Pruning in more detail and to experiment with other designs, since this approach was crucial in solving the more
complex Lunar Lander task. Finally, it might be interesting to extend the MENS-DT-RL to use other DT models, such as allowing splits
that contain small and interpretable combinations of attributes (such as logical operators between boolean attributes).
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Appendix A. Ablation study

In Section 3, we specified how to use the total rewards of each episode in order to calculate a tree agent’s fitness (Equation (1)).
This calculation involves three components: the average reward, the standard deviation of the reward, and the tree size. We argued that
though the average reward is effectively what drives the success rate, including the standard deviation is key to producing trees
with consistent behavior, while including tree size guides the process towards smaller, more interpretable trees. In this section, we
provide an ablation study to justify the inclusion of these two components, showing that removing them from the equation results in
worse solutions.

To achieve this goal, we modify the fitness calculation of the MENS-DT-RL to create four versions:

1. Fitness A: the full fitness, with standard deviation and tree size, as used in the paper:

N

2
N N
. 1 ; 1 y 1 ;
fitness(M) = — > Gt - ~ > <G(()M’” -5 ZGE)M”)> —a||M]|| (A1)
i=1 j=1 i=1

2. Fitness B: the full fitness, but without standard deviation:

N
Fitness(M) = % > GMY —al M| (A.2)
i=1

3. Fitness C: the full fitness, but without tree size:
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= J: =
4. Fitness D: using only the average reward as fitness:
1 (M
Sitness(M) = — > G (A.4)

i=1

In order to compare these four models, we focus on the Mountain Car environment, which strikes a good balance between
simplicity and complexity (not as simple as Cartpole, but complex enough for there to be a reasonable difference between algorithms).
The three different initializations of the MENS-DT-RL are executed for 50 simulations each, with the same parameterization as in the
main text. The results are displayed in Table A.6.

As the results show, varying the fitness function can greatly affect the final solution: the configurations with smaller tree size
are usually “A” and “B” (where tree size is part of the fitness function), while the configurations with lower standard deviation
are usually “A” and “C” (where standard deviation is taken into account). To better see this effect, it is useful to depict the results
visually. Fig. A.17 shows the boxplots of all four configurations for MENS-DT-RL (R), where it can be seen that, at the extremes,
fitness A leads to solutions with lower tree size and standard deviation, while fitness D goes in the opposite direction. Interestingly,
this has no clear effect on success rate, since this metric has such a large variance for each configuration; this is typical of random
initializations like that of MENS-DT-RL (R), which can sometimes jumpstart the model with a slightly decent solution, and other
times leave it stranded with a range of 0.00 success rate solutions that need to be completely modified by the genetic operators.
Therefore, for the MENS-DT-RL (R), fitness A and B are clearly better than C and D (since they have similar success rates and lower
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Table A.6
Results for the ablation study done for the Mountain Car task. Fitnesses C and D do not include tree size,
while fitnesses B and D do not include standard deviation of reward.

Initialization Config. Avg. Reward  Avg. Stdev. Reward  Average SR Avg. #Nodes
MENS-DT-RL (R) FitnessA  -112.98 2.08 0.28 7.44
FitnessB ~ -108.77 5.61 0.41 9.00
FitnessC  -114.82 2.37 0.25 25.20
FitnessD  -107.37 6.30 0.45 23.16
MENS-DT-RL (IL) Fitness A -106.30 4.49 0.74 7.00
FitnessB ~ -103.98 11.14 0.40 7.20
FitnessC  -103.53 4.95 0.54 25.48
FitnessD  -101.76 9.27 0.81 21.84
MENS-DT-RL (P) FitnessA  -106.68 5.94 0.74 7.12
FitnessB  -106.87 10.32 0.38 6.40
FitnessC  -105.78 3.12 0.76 22.44
Fitness D -104.36 8.73 0.59 19.80

Ablation study - Mountain Car - MENS-DT-RL (R)

- o
—100 A € 30
[
T 110 5
; § 20 1
o —120+ ©
o >
© ] 3
g -130 8 S10{ 8 ° i
< 5
el
—140 1 c
o 0 5 | —== —t—
Fitness A Fitness B Fitness C  Fitness D Fitness A Fitness B Fitness C  Fitness D
50 A o 1.0 1 o)
8
40+ 0 %87
o ©
@ 30 a 067
0 3
L S 0.4
= 20 S
(%]
104 0.2 1
0.0 1
Fitness A Fitness B Fitness C  Fitness D Fitness A Fitness B Fitness C  Fitness D

Fig. A.17. Ablation comparison between results produced by the MENS-DT-RL (R) when using different fitness functions on the Mountain Car task. Fitnesses C and D
do not include tree size, while fitnesses B and D do not include standard deviation of reward.
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Fig. A.19. Ablation comparison between results produced by MENS-DT-RL (P) when using different fitness functions on the Mountain Car task. Fitnesses C and D do
not include tree size, while fitnesses B and D do not include standard deviation of reward.

tree size), but A is not definitely better than B (A’s standard deviation is lower, but this has no conclusive impact on success rate,
given the high variance).

To see how including standard deviation drives success rate up, we must turn ourselves to MENS-DT-RL (IL), see Fig. A.18. As
in the previous initialization, configurations “A” and “B” continue to stand out in terms of low tree size, while “A” and “C” do the
same for standard deviation; however, there is also a marked difference in success rate that was absent in the previous initialization:
now, fitness A has considerably higher success rate than fitness B, with little overlap between them. This serves as strong indication
that including standard deviation in the fitness leads to models with higher success rates. The exact same behavior can be seen in
Fig. A.19, which displays the boxplots for MENS-DT-RL (P). Overall, these results indicate that including both standard deviation
and tree size in the fitness function leads to solutions with lower tree size and higher success rate.
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Chapter 5
Conclusions

The world is currently experiencing a boom in Artificial Intelligence (AI) research,
spearheaded by the Deep Learning advancements seen in the last decade. However,
most of this attention has been devoted to “black-box” models, which cannot be
directly understood by humans and that therefore have limited applicability on
certain domains. Because of this, a growing body of research has been dedicated to
explore “white-boxes” — models that are inherently interpretable — in a movement
that has been called Interpretable Al

Interpretable models bring with them several advantages, such as being generally
easier to understand, explain, and troubleshoot than their uninterpretable counter-
parts. However, these systems also have a significant drawback: it is often hard to
create a model that is both high-performing and interpretable, such that sometimes
it is not clear at all if there even exists a model that can fulfill both of these criteria.
This challenge has been tackled in many ways as researchers turn their attentions
to this field, but there are certain areas, such as Reinforcement Learning (RL), that
still have a lot left to explore.

In this thesis, we tackled the goal of achieving Interpretable RL by using the
“white-box” models known as Decision Trees (DTs). While aiming for this goal, sev-
eral novel results were attained in Interpretable Al as a whole. First, we conducted
an extensive review of recent advancements in the DT literature, positioning these
contributions relative to well-established developments of the field. In doing so, the
evolutionary approach was identified as the most promising way to create trees for
RL, which led us to delve deeper into an exploration of these models.

Second, we proposed a way to alleviate the high computational cost of evolving
DTs for supervised learning, specifically by using a novel matrix-based encoding that
allows one to train classification trees through a series of matrix operations. The
proposed encoding leverages the efficiency of numerical computation and resulted
in speed-ups of up to 20 times, relative to the traditional programmatic approach

that is normally used. To test the effects of these speedups, we also proposed a
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novel evolutionary algorithm for supervised learning that employs this encoding,
and was demonstrated to outperform other modern DT algorithms across a series
of well-established classification benchmarks. The algorithm was called CRO-DT
since it is built upon the bio-inspired Coral Reef Optimization (CRO) meta-heuristic,
which has a successful history of applications in parameter optimization for machine
learning applications.

Finally, we applied these previous lessons to the RL field, and proposed an
algorithm called MENS-DT-RL that mixes Imitation Learning with the evolutionary
approach to create trees for RL that are both interpretable and high-performing.
More specifically, this algorithm was able to solve the well-known Mountain Car
benchmark with almost half the number of nodes of the previous best tree-based
solutions on the task, and was also the first to solve the complex Lunar Lander
benchmark with both high interpretability and consistency. On a crop management
simulation based on the real-world problem of growing maize, MENS-DT-RL was
able to perfectly match the performance of deep RL models with only 5 nodes.
These results demonstrate not only the validity of our proposed method, but also of

tree-based solutions in general for interpretable RL tasks of various different kinds.

5.1 Limitations and future work

Although MENS-DT-RL has obtained several key results in popular RL benchmarks,
there are limitations to this approach that would be interesting to address in future
works. Those are the topic of this final section.

The first limitation concerns the notion of robustness: in essence, users expect
that similar inputs will produce similar outputs, in such a way that interpretability
is compromised when this is not the case [59]. Given this definition of robustness, it
can be argued that MENS-DT-RL is not robust, since due to its stochastic nature, it
may produce two entirely different solutions given the exact same environment and
parameters, provided that the random seed is different (as seen in Cartpole’s results
in Chapter . However, this lack of robustness can also be seen as a positive, since
it produces diverse solutions that the end-user can choose from, empowering them
to select the one that best suits their goals. Furthermore, it’s worthwhile to note
that even though the evolutionary algorithm as a whole may present this lack of
robustness, each tree produced by the algorithm is as robust as any traditional DT,
given that their transparent inner structure does not change between predictions.
In light of this discussion, it would be interesting to quantify the diversity and
robustness of MENS-DT-RL in future works, connecting them to the parameters
employed by the evolutionary algorithm.

A more crucial limitation is the state representation. In its current form, MENS-
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DT-RL assumes low-dimensional and structured state attributes, such as the “Pole
Angle” and “Pole Angular Velocity” of Cartpole; however, there are several RL
tasks where the state is high-dimensional and less structured, most notably those
tasks that depend on raw visual input (e.g. autonomous driving which largely
employs cameras). These are tasks where black-box DNNs have historically excelled
(since they can transform the raw visual input into relevant features through the
training and application of their hidden layers), but it would be entirely possible to
carry out this feature engineering more explicitly as well, in conjunction with more
interpretable models. In this sense, it would be interesting to couple MENS-DT-
RL with computer vision algorithms for object detection and segmentation (such as
IODINE [60]), and evaluate its performance over tasks with raw visual data.

A similar limitation is the use of univariate nodes: since all inner nodes contain
only a single attribute, MENS-DT-RL may produce solutions that are unnecessarily
large (or “verbose”). A clear example can be found in the Lunar Lander environment,
where there are two symmetric boolean attributes: “Is Leg 1 touching the ground?”
and “Is Leg 2 touching the ground?”. Though the attributes are different, it is
reasonable to assume that an optimal agent would carry out the same behavior
independent of which leg is touching the ground (e.g. turn off all engines to allow
the ship to land). However, since there is no way to create an inner node with the
logical expression “Is Leg 1 OR Leg 2 touching the ground?”, the only way to achieve
this would be to use two different inner nodes and duplicate the entire behavior
subtree, which would increase solution size (possibly by a large margin). It would
be interesting to extend MENS-DT-RL with the capacity to evolve multivariate
features such as this and compare the results.

Another way to tackle this last point would be to look through the lens of mod-
ularity. In Chapter 4] certain parts of the best Lunar Lander tree were interpreted
as “modules” (the landing module, the deceleration module, etc), and could there-
fore be abbreviated during visualization. Some questions arise: given a particular
tree agent, is there a way to detect these modules automatically, instead of having
to label them manually? If so, could these modules be taken into account by the
evolutionary process, and possibly repeated throughout the tree? This notion might
allow trees to grow larger without incurring a high interpretability cost, and would
perhaps allow trees to succeed in even more complex RL environments.

A final limitation concerns the interpretability metric used. Throughout our
work, we refer to tree size (i.e. number of tree nodes) as a measure of the solution
interpretability, such that smaller trees are always deemed more interpretable than
their larger counterparts. However, this is an over-simplification: as discussed by
[61] and mentioned in Chapter , users may find larger trees to be more interpretable

if their splits are a better representation of the user’s domain knowledge. In this
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sense, it would be interesting to experiment with other proxies for interpretability,
such as the “average root-to-leaf path length” discussed by [62]: according to this
notion, users do not interpret models but predictions, so that a very large tree can
still be highly interpretable if its most frequently visited leaves are close to the roots.
Trees evolved by MENS-DT-RL to optimize this metric would look very different
from the ones obtained in our research, and comparing them would be important to
understand how to better balance performance and interpretability.

Finally, we highlight that Reward Pruning merits more in-depth study. It would
be interesting to evaluate the impact of the number of rounds, tree traversal order,
and other parameters on the algorithm’s results, especially since it was one of the

key components behind MENS-DT-RL’s successful and competitive results.
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Appendix A

Imitation Learning and DAgger

This Appendix explains in more detail the Imitation Learning paradigm and the
DAgger algorithm [63], which are key components behind the success of MENS-DT-
RL (presented in Chapter [4)).

Imitation Learning (IL) [64] is a branch of Reinforcement Learning (RL) where
the objective is not to learn behaviors from scratch (by interacting with the envi-
ronment, failing, and learning from such failures — as in traditional RL), but rather
to replicate the behaviors of a reference agent, known as the expert. IL techniques
are particularly valuable in scenarios such as autonomous driving [65] and realistic
locomotion [66], where demonstrating the desired behavior is more practical than
defining it through a reward function. While in the literature the expert is more of-
ten a human demonstrator, most IL methods are equally applicable when the expert
is another machine agent.

One of the simplest forms of IL is Behavioral Cloning [67]. In this approach,
one lets the expert interact with the environment for a certain number of episodes,
and collects every pair of (state visited by the expert, action taken by the expert),
resulting in a dataset D = {(s,a)}. Then, one applies a supervised learning model to
D, creating a model that can map states to actions and which can then be used just
like a traditional RL agent produced via more classic algorithms, such as Q-learning
or value iteration [68].

Although simple and intuitive, Behavioral Cloning faces the key problem known
as covariate shift. In essence, the imitator trained on the demonstration dataset
D will be an inherently imperfect copy of the expert, and therefore will eventually
take imperfect actions (i.e. actions that the expert would not take in that same
scenario). These imperfect actions will eventually lead the imitator to states that
are of lower value, and that therefore the expert itself would never have visited in
the first place. Since the expert did not visit these states, they are absent from
the training dataset D, so the imitator has no information on how the expert would

recuperate from this situation. This leads the imitator further and further away from
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Use the expert to
annotate state set S,
creating D’ = {(s, ax)}

Aggregate datasets
D—DUD’

Figure A.1: An illustration of the DAgger algorithm, with a Neural Network as the
expert and a Decision Tree as the imitator.

the expert’s trajectory and towards states of increasingly lower quality, resulting in
a poor performance that is a far cry from the expert’s. Hence, Behavioral Cloning
often produces agents that are very brittle.

One algorithm proposed to solve this issue is DAgger. DAgger (Dataset Aggrega-
tion, [63]) handles covariate shift by expanding the training dataset with new states
encountered by the imitator during execution. At first, DAgger runs exactly the
same as Behavioral Cloning, by observing the states visited by an expert, collecting a
dataset D, and training an imitator agent on D using supervised learning algorithms.
However, instead of stopping there, DAgger runs the imitator on the environment
and collects the states visited by said imitator; then, it queries the expert for the
actions that it would take on each of these states, generating a series of pairs of
(state visited by the imitator, action that the expert would take on such a state),
which compose the new dataset D’. Finally, D’ is aggregated into D, which is then
used to train a new imitator, which is then used to collect a new D', and so on and
so forth. A visual representation of this iterative process is shown in Figure [A.1]

By using this approach, at each iteration the algorithm produces imitators that
have increasingly more data on how the expert acts. Crucially, this expanded data
is much more diverse and actually contains information on how to recuperate from
a series of low-value states — seeing that the states are provided not only by the
expert but also by the imperfect imitators themselves. This leads DAgger to strongly
outperform Behavioral Cloning. Such an approach does, however, come with the
drawback of needing continuous access to the expert, which might be impractical or

expensive in various contexts, especially where the expert is human.
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