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Um grafo é um modelo matemático utilizado para representar relações entre ob-
jetos. O estudo formal desses objetos combinatórios e suas relações levou à criação
da chamada Teoria de Grafos, que foi aplicada a problemas de grande escala em di-
versas áreas, como matemática, física, informática, engenharia, química e psicologia.
Grafos fulerenos são modelos matemáticos para moléculas compostas exclusivamente
por átomos de carbono, descobertas experimentalmente no início da década de 1980.
Diversos parâmetros associados a estes grafos vêm sendo discutidos, buscando des-
crever a estabilidade destas moléculas. Por definição, grafos fulerenos são cúbicos,
planares, 3-conexos formados por faces pentagonais e hexagonais. Uma coloração
total de um grafo G atribui cores aos vértices e arestas de G tal que elementos ad-
jacentes ou incidentes tenham cores distintas. A famosa Conjectura da Coloração
Total permanece aberta há mais de 50 anos e está provada para grafos cúbicos, mas
ainda não foi demonstrada para grafos regulares e nem para grafos planares arbi-
trários. O comprimento do menor ciclo de um grafo é denominado cintura. Nosso
objetivo é estudar a coloração total de uma subfamília infinita de grafos fulerenos, os
nanodiscos de fulerenos Dr, com distância entre a camada interna (externa) e a ca-
mada central dada pelo parâmetro raio r ≥ 2, motivados por uma conjectura de que
a cintura de um grafo é um parâmetro relevante no estudo da coloração total. Para
destacar a escolha da classe de grafos estudada, apresentamos um aporte histórico
da descoberta da molécula de carbono que pode ser modelada através de um grafo
cúbico planar especial que possui cintura 5. Fornecemos a primeira descrição combi-
natória para os nanodiscos para aprimorar a compreensão desta classe, e em seguida
estudamos a coloração harmônica em subfamílias infinitas de nanodiscos, para que
então possamos enfrentar a desafiadora coloração total nesses grafos.
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A graph is a mathematical model used to represent relationships between ob-
jects. The general characteristics that objects and their relationships can assume
allowed the construction of the (so-called) Graph Theory, which has been applied to
model large scale problems in several areas, such as Mathematics, Physics, Computer
Science, Engineering, Chemistry and Psychology.

Fullerene graphs are mathematical models for carbon-based molecules exper-
imentally discovered in the early 1980. Many parameters associated with these
graphs have been discussed to describe the stability of fullerene molecules. By defi-
nition, fullerene graphs are cubic, planar, 3-connected with pentagonal and hexag-
onal faces. A total coloring of a graph G assigns colors to the vertices and edges of
G such that adjacent or incident elements have different colors. The famous Total
Coloring Conjecture open for 50 years is settled for cubic graphs, but not to ar-
bitrary regular graphs nor to arbitrary planar graphs. The length of the shortest
cycle in a graph is called girth. Our goal is to study the total coloring of an infinite
subfamily of fullerene graphs, the fullerene nanodiscs Dr, with distance between the
inner (outer) layer and the central layer given by the radius parameter r ≥ 2, moti-
vated by a conjecture that the girth of a graph is a relevant parameter in the study
of total coloring. To highlight the choice of the studied graph class, we present a
historical scenario of the carbon molecule discovery that can be modeled through a
special cubic planar graph of girth 5. We contribute by giving the first combinato-
rial description for fullerene nanodiscs, aiming to improve the understanding of this
class and then a conformable coloring for infinite families of fullerene nanodiscs, so
that we are able to tackle the challenging total coloring of these graphs.
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Chapter 1

Introduction

We understand by graph a mathematical model used to represent relations between
objects, having applications in the resolution of problems of several areas, modeling
problems and large situations. Graph Theory studies combinatorial objects, as they
are good models for many problems in various branches of Mathematics, Computer
Science, Engineering, Chemistry, Psychology, and Industry.

This text is divided into five chapters. In Chapter 1, we briefly introduce Graph
Theory and some motivating problems, as well as basic definitions necessary for
understanding the text, in order to make it self-sufficient. In Chapter 2 we describe
the fullerene graphs, which are mathematical models for molecules composed exclu-
sively of carbon atoms, making a brief historical exposition of their origin and some
properties of these graphs. Chapter 3 is dedicated to the fullerene nanodiscs, a sub-
family of fullerene graphs that is the main object of study of this dissertation. We
present combinatorial and structural properties of this class unpublished in the lit-
erature. In Chapter 4, we contextualized the search for a Type 2 fullerene nanodisc
and presented the conformable condition, showing results about vertex coloring and
total coloring of fullerene nanodiscs. Finally, in the last chapter, we will summarize
the results obtained and future steps.

1.1 Königsberg Bridge Problem

Leonhard Euler’s paper published in 1736 [16] on the “Königsberg Bridge Problem”
is considered the first result of Graph Theory. Königsberg was a city in ancient
Prussia (See Figure 1.11), today called Kaliningrad, in present-day Russia. In the
central part of Königsberg, slopes of the Pregel River flowed, forming two islands.
Seven bridges, connecting parts of the city, were built. The problem was originated
by the curiosity of the inhabitants of not finding a route (with departure and arrival
at the same place) that allowed them to cross only once each of the bridges.

1



Figure 1.1: Region of Königsberg. The seven bridges are labeled a, b, c, d, e, f
and g.

To solve the Königsberg Bridge Problem, the Swiss mathematician Leonhard
Euler eliminated details that did not influence the problem, such as distance and
size of islands. He focused only on what he considered important. With this, Euler
represented the problem in a rather simple, diagrammatic form, and this diagram
is considered to have been the first example of a graph (See Figure 1.22). In his
diagram, Euler identified each bridge as an edge and each island and margin as a
vertex. With this, the problem was reduced to verifying whether it would be possible
to find a trajectory on the diagram that met each edge only once, returning to the
starting point. In other words, the problem has been reduced to an analysis of the
degrees of the vertices of the graph, and it has been proved that the Königsberg
Bridge Problem has no solution.

Figure 1.2: Graph representation. The seven bridges correspond to the seven edges
connecting the four vertices A, B, C and D.

1Figure from https://www.inf.ufsc.br/grafos/problema/pontes/grafos.html. Accessed
on 03 Mai. 2022.

2Figure from https://m3.ime.unicamp.br/arquivos/1258/pontes-guia.pdf. Accessed on:
18 Out. 2021.
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1.2 Four-Color Problem

The Four-Color Problem deals with determining the minimum number of colors
needed to color a map, from real or imaginary countries so that countries with
common borders have different colors. In 1852, Francis Guthrie, while trying to color
several districts on the map of England in such a way that two neighboring districts
did not have the same color, concluded that any map could be colored with only four
colors, formulating the Four-Color Conjecture. As the Königsberg Bridge Problem,
the Four-Color Problem is also extremely important for the theoretical foundation
of graph theory, since it is the first known coloring problem. Figure 1.33illustrates
the map of the English districts colored with four colors.

Figure 1.3: The map of the districts of England colored with four colors.

For 124 years, various methods have been developed to try to solve the Four-Color
Problem, until the Graph Theory emerged to address the problem. Finally, in 1976,
Kenneth Appel and Wolfgang Haken, using an IBM 360, presented a proof for the
Four-Color Theorem. The demonstration, however, generated much controversy, as
it depended, in an essential way, on the use of large computers. In 1990, a new proof
of the Four Color Theorem was developed by four mathematicians, Neil Robertson,
Dan Sanders, Paul Seymour and Robin Thomas [26]. Their demonstration still made
use of computers, but the computational part can be performed, on a laptop, in just a
few hours. The Four-Color Theorem was the first theorem to be demonstrated using
computers. Note that we can model this problem from a graph, where each region of

3Figure from http://onlinemaps.blogspot.com/2012/08/map-of-england-with-counties.
html. Accessed on: 03 Mai. 2022.
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the map is represented by a vertex and the boundary between neighboring regions is
represented by an edge, and assign distinct colors to the vertices that are adjacent,
thus setting up a vertex coloring problem, topic that will be addressed later.

1.3 Basic Definitions

In this section, we bring basic definitions and Theorems of Graph Theory that will
be used throughout this dissertation. Such definitions and results were obtained in
[5] and [35].

Definition 1. A simple graph G = ((V (G), E(G)) is an ordered pair, where V (G)

is a nonempty finite set of vertices and E(G) is a set, disjoint with V (G) of edges,
formed by unordered pairs of distinct elements of V (G), i.e., for every edge e(G)

there are u and v ∈ V (G) such that e = uv. We can denote a graph as G = (V,E)

or just G.

If uv ∈ E(G), we say that u and v are adjacent vertices or that u is neighbor
of v, and that the edge e is incident of u and v, and u and v are extremes of e.
We define N(v) =

{
u, uv ∈ E(G)

}
as the open neighborhood of v in G. The closed

neighborhood is N [v] = N(v) ∪ {v} in G. If S is a subset of V (G), we denote by
Ns(v) = N(v) ∩ S the neighborhood of v at S. Two edges that have the same ends
are called adjacent edges.

Definition 2. The degree of a vertex v in a simple graph G, denoted by d(v), is given
by the number of edges incident to v, or similarly, the number of vertices adjacent to
v. The maximum degree of G, denoted by ∆(G), is the highest degree of all vertices,
i.e., ∆(G) = max

{
d(v) : v ∈ V (G)

}
. See Figure 1.4.

Observation 1. When there is no ambiguity, we will just use ∆ to represent the
maximum degree of a graph G.

Figure 1.4: A graph with ∆ = 3.

Theorem 2 (The handshaking Lemma). For any graph G,∑
v∈V

d(v) = 2m.

4



Proof. Summing the degrees counts each edge twice, since each edge has two ends
and contributes to the degree at each endpoint.

Corollary 1. In any graph, the number of vertices of odd degree is even.

Proof. If we had an odd number of vertices of odd degree, a sum of degrees would
be odd. But the sum of degrees is twice the number of edges and therefore is an
even number.

Definition 3. A walk of a graph G is a sequence of vertices S = (v1, v2, ..., vk),
where vi, i = 1, ..., k belongs to the vertex set V (G) and vivi+1 is an edge of G.

A path or track is a walk without repeated edges. A path is said closed if the walk
S = (v1, v2, ..., vk) has v1 = vk.

Definition 4. A cycle in a graph G is a closed path, with a single repetition of
vertices and no repetition of edges.

Definition 5. The girth of a graph G, denoted by g(G) is the length of the shortest
cycle in G.

Definition 6. The cycle graph is a graph that consists of a single cycle, or in other
words, some number of vertices (at least 3, if the graph is simple) connected in a
closed chain. The cycle graph with n vertices is called Cn. See Figure 1.5.

Figure 1.5: The cycle graphs C4 and C7, respectively.

Observation 3. In this work, we denote the cycle C3 as triangle, the C4 as square,
the C5 as pentagon and the C6 as hexagon.

Definition 7. A graph G is called connected when there is a path between each pair
of vertices of G. Otherwise, the graph is called disconnected. See Figure 1.6.
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Figure 1.6: A connected graph and a disconnected graph, respectively.

Definition 8. A subgraph G′ = (V ′, E ′) of a graph G is a graph obtained from G

such that V (G′) ⊆ V (G) e E(G′) ⊆ E(G).

Definition 9. Let G be a graph and S be a subset of vertices. We say that G[S]

is the subgraph induced by S when G[S] = (S,
{
uv; u, v ∈ S e uv ∈ E(G)

}
=

(V (G[S])), E(G[S])). See Figure 1.7.

Figure 1.7: A graph (a), its induced subgraph (b) and its subgraph (c) that is not
induced.

Definition 10. Given two graphs G1 and G2. G1 and G2 are isomorphic if there
is a biunivocal function f : V (G1) −→ V (G2) such that uv ∈ E(G1) ⇔ f(u)f(v) ∈
E(G2). See Figure 1.8.

Figure 1.8: Two isomorphic graphs.

Definition 11. A graph G is called regular of degree r or r-regular when all its
vertices have the same degree r. See Figure 1.9.
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Figure 1.9: A 2-regular graph and a 3-regular graph, respectively.

For r = 0, 1, 2, the r-regular graphs have very simple structures and are easily
characterized. On the other hand, 3-regular graphs can be remarkably complex.
These graphs, also known as cubic, play a fundamental role in the Graph Theory.
If no vertex is connected to more than three edges, then G is called subcubic.

Definition 12. A graph G is bipartite when its vertex set V can be partitioned into
two subsets V1, V2 so that every edge of G joins a vertex of V1 to a vertex of V2. In
this case, V1 and V2 are called partition sets. G is called complete bipartite when
it has an edge for each pair of vertices v1 ∈ V1 and v2 ∈ V2. Indicating n1 as the
number of vertices of V1 and n2 the number of vertices of V2, a complete bipartite
graph is denoted by Kn1,n2 and has n1n2 edges. See Figure 1.10.

Figure 1.10: A bipartite graph with 5 vertices and a complete bipartite graph with
6 vertices, respectively.

Definition 13. A graph G is called complete when there is an edge between each
pair of its vertices. We use the Kn notation for complete graphs with n vertices.
Note that in a complete graph, d(v) = n − 1 for all v ∈ V (Kn). In other words,
every complete graph is n− 1-regular. See Figure 1.11.
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Figure 1.11: The complete graphs up to 5 vertices.

Definition 14. A set of vertices S ⊆ V (G) is called independent set if no two
vertices in S are adjacent to each other. The independence number of G is the
maximum size of an independent set and is denoted α(G). See Figure 1.12.

Figure 1.12: Vertices in blue and labeled with number 1 form an independent set in
the graph. Note that this independent set is maximum.

Definition 15. A matching is a subset of edges M ⊆ E(G) in a graph G such that
no two edges share the same vertex. If a matching involves all vertices of G, then
M is called perfect matching. The independence edge number of G is the maximum
size of a matching and is denoted by α′(G). See Figure 1.13.

Figure 1.13: Edges in blue and labeled with number 1 form a matching in the graph.
Note that this matching is perfect.
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Definition 16. A vertex cut of a graph G is a subset V ′ ⊂ V (G) such that G \ V ′

is disconnected. A k-vertex cut is a vertex cut of k elements.

Definition 17. The vertex connectivity κ(G) of a graph G is the cardinality of the
minimum vertex cut of G, and G is said k-vertex-connected if κ(G) ≥ k.

Definition 18. Let G be a graph. If S, T are vertex subsets of G, so [S, T ] is the
set of all the edges of G that has one extreme on S and another on T .

Definition 19. An edge cut of a graph G is a nonempty set E ′ ⊂ E(G) of the form
E ′ = [S, S], where S ⊂ V (G) e S = V (G) \ S, such that G \ E ′ is disconnected. A
k-edge cut is a edge cut of k elements.

Definition 20. The edge connectivity κ′(G) of a graph G is the cardinality of the
minimum edge cut of G, and G is said k-edge-connected if κ′(G) ≥ k.

Figure 1.14 displays a graph whose minimum vertex cut is given by the vertex
subset V ′ = {w} and minimum edge cut given by the edge subset E ′ = {uw, vw}.

Figure 1.14: A graph with κ(G) = 1 and κ′(G) = 2.

Definition 21. An edge e ∈ E(G) is called bridge when G \ e is a disconnected
graph. See Figure 1.15.
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Figure 1.15: The edge e is a bridge in this graph.

Definition 22. A graph G is called bridgeless if it cannot be disconnected by deleting
any one edge. See Figure 1.14.

Julius Petersen in 1891 established a relationship between bridgeless cubic graphs
and perfect matchings, culminating in the following result.

Theorem 4 (Petersen’s Theorem, 1891 [25]). Any bridgeless cubic graph has a
perfect matching.

Definition 23. A graph G is said to be planar if there is a representation (embed-
ding) in the plane so that the edges do not intersect. Such a representation is called
a planar embedding of G. We also refer to a planar embedding of a planar graph as
a plane graph. See Figure 1.16.

Figure 1.16: Two representations of the K4 graph, where the representation on the
right is planar.

The solution of the “Königsberg Bridge Problem”, mentioned in detail in Sec-
tion 1.1 was not Leonhard Euler’s only contribution to the development of Graph
Theory. He also established a formula for polyhedral graphs that relates the num-
ber of vertices, edges and faces in a planar connected graph. This formula became
known as Euler’s Formula, and will be enunciated below.
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Theorem 5 (Euler’s Formula, 1752 [5]). If G is a connected plane graph with f

faces, m edges and n vertices, then

n−m+ f = 2.

Definition 24. A planar graph G divides the plane into regions. Such regions are
called faces of G.

Definition 25. The border or outer cycle of a face f of a connected planar graph is
a closed edge walk that limits and determines f and is denoted by ∂(f). Two faces
f and g are adjacent if they have a common edge between their borders.

There is always a face that is not limited, that is, has infinite area. This face is
called external or infinite face. See Figure 1.17.

Figure 1.17: A planar graph with five faces, where f1 is the external face.

Definition 26. Let G be a planar graph. We define the dual graph of G, denoted by
G∗ as follows: each f face of G corresponds to a vertex f ∗ of G∗, and each e edge
of G corresponds to an e∗ edge of G. Two vertices f ∗, g∗ ∈ G∗ are adjacent if and
only if it has an edge between its corresponding faces f, g ∈ G. See Figure 1.18.4
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Figure 1.18: The dual representation of the graph of the Figure 1.17.

Once we have introduced the basic definitions of Graph Theory, we can resume
the topic of graph coloring, which is extremely important in this dissertation.

1.4 Graph Coloring

In Graph Theory, graph coloring is an assignment of colors to elements of the graph,
subject to certain restrictions. The coloring study was started with the Four-Color
Problem, as mentioned in the Section 1.2. As was done in the previous section,
we will bring basic concepts of graph coloring, as well as important results. This
section is divided into four subjects: vertex coloring, edge coloring, total coloring
and equitable total coloring. Such results were obtained in [9],[10],[30] and [36].

1.4.1 Vertex Coloring

Definition 27. Let G be a graph and C = {C1, C2, ..., Ck}, k ∈ N be a set of colors.
A vertex coloring of G is an assignment of some color of C for each vertex v of G
so that the adjacent vertices are assigned distinct colors.

A k-coloring of G is a vertex coloring with k colors. We say then that G is
k-colorable.

Definition 28. We define as chromatic number of a graph G the smallest number of
colors k for which there is a k-coloring of G, and is denoted by χ(G). See Figure 1.19.

4Figure from [5].
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Figure 1.19: A graph with χ(G) = 3.

It is possible to establish the chromatic number χ(G) for some special classes of
graphs, as follows.

Theorem 6 ([9]). A graph G is 2-colorable if and only if G is bipartite.

Proof. If G is a bipartite graph, let V1, V2 ⊆ V be the subsets of V that partition it.
Thus, just assign the color C1 to the vertices of V1 and the color C2 to the vertices of
V2. Conversely, if G is 2-colorable, consider a 2-vertex coloring of G with the colors
C1 and C2, in this order. Let V1 and V2 be the vertex subsets that have the colors
C1 and C2, respectively. Then V1 and V2 are bipartitions of G.

Theorem 7 ([9]). Let G be the cycle graph Cn with n vertices. Then

χ(G) =

2, if n is even;;

3, if n is odd.

Theorem 8 ([9]). Let Kn be the complete graph with n vertices. Then χ(Kn) = n.

Theorem 9 (Brooks’ Theorem, 1941 [8]). If G is a connected simple graph,
χ(G) ≤ ∆ unless G is an odd cycle or a complete graph. In these cases, the
chromatic number is ∆+ 1.

Since the pairs of adjacent vertices of a planar graph correspond to the pairs
of adjacent faces of its dual, the Four-Color Problem is equivalent to the following
statement.

Conjecture 1 (The Four-Color Conjecture for vertices [5]). Every loopless planar
graph is 4-colorable.
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1.4.2 The Conformable Condition

Definition 29. The deficiency of a graph G, denoted by def(G), is defined as

def(G) =
∑

v∈V (G)

(∆− d(v)).

Let C be a (∆+ 1)-vertex coloring of G, and r the number of coloring classes of
C, where the size has the same parity as |V (G)|. If

def(G) ≥ ∆+ 1− r,

this vertex coloring is said conformable [10]. If G has some conformable vertex
coloring, then G is called conformable.

We can restrict the conformable coloring definition to a regular graphs, as fol-
lowing.

Lemma 10 (Chetwynd and Hilton, 1988 [10]). Let G be a regular graph. G is
conformable if and only if it has a vertex coloring with ∆+ 1 colors and each color
class has the same parity of |V (G)|.

Figure 1.20: On the left, a (∆ + 1)-vertex coloring of C4, where a color class has
cardinality zero. On the right, a (∆ + 1)-vertex coloring of C7.

The two colorings exhibited in Figure 1.20 are conformable vertex colorings. This
special vertex coloring will be very important in this work, as it is one of our tools
to establish some results in our target class.

1.4.3 Edge Coloring

Definition 30. Let G be a graph and be a set of colors. An edge coloring of G is
an assignment of some color of C = {C1, C2, ..., Ck}, k ∈ N for each edge e of G so
that the adjacent edges are assigned distinct colors.
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A k-edge coloring of G is an edge coloring with k colors. We say then that G is
k-edge colorable.

Definition 31. We define as chromatic index of a graph G the smallest number of
colors k for which there is a k-edge coloring of G, and is denoted by χ′(G). See
Figure 1.21.

Figure 1.21: A graph with χ′(G) = 3.

It is possible to establish the chromatic index χ′(G) for some classes of graphs
previously defined.

Theorem 11 (König, 1916 [9]). If G is a bipartite graph with maximum degree ∆,
then χ′(G) = ∆.

Theorem 12 ([9]). Let G be the cycle graph Cn. Then

χ′(G) =

2, if n is even;;

3, if n is odd.

Theorem 13 (Baranyai, 1975 [9]). Let G be the complete graph Kn. Then

χ′(G) =

n, if n is odd ;

n− 1, if n is even.

The following theorem is considered the most important result of the study of
edge coloring.

Theorem 14 (Vizing’s Theorem, 1964). Let G be a simple graph with maximum
degree ∆. Then

∆ ≤ χ′(G) ≤ ∆+ 1.

Vizing’s theorem originated the classification of graphs into two classes, such as:

• G is Class 1, if χ′(G) = ∆;

15



• G is Class 2, if χ′(G) = ∆ + 1.

See Figure 1.22.

Figure 1.22: A Class 1 graph and a Class 2 graph, respectively.

Theorem 15 ([9]). Every regular graph of odd order is of Class 2.

From this result, we know that regular graphs of odd order are Class 2, but
regular graphs of even order can be either Class 1 or Class 2. See Figure 1.23.

Figure 1.23: A 2-regular Class 1 graph and a cubic Class 2 graph, respectively.

In 1880, Tait found a relationship between face coloring and edge coloring in
3-connected planar cubic graphs [32].

Theorem 16 (Tait’s Theorem, 1880 [32]). A 3-connected cubic planar graph is
4-face colorable if and only if it is 3-edge-colorable.

By virtue of Tait’s Theorem, The Four-Color Conjecture can be reformulated in
terms of edge coloring.

Conjecture 2 (The Four-Color Conjecture for edges [5]). Every 3-connected cubic
planar graph is Class 1.
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1.4.4 Total Coloring

Definition 32. A total coloring CT of a graph G is a color assignment to the set
E∪V in a color set C = {C1, C2, ..., Ck}, k ∈ N, such that distinct colors are assigned
to:

• Every pair of vertices that are adjacent;

• All edges that are adjacent;

• Each vertex and its incident edges.

A k-total coloring of a graph G is a total coloring of G that uses a set of k colors,
and a graph is k-total colorable if there is a k-total coloring of G.

Definition 33. We define as the total chromatic number of a graph G the smallest
natural k for which G admits a k-total coloring, and is denoted by χ′′(G). See
Figure 1.24.

Figure 1.24: A graph with χ′′(G) = 4.

A graph G with vertex v such that d(v) = ∆, needs ∆ colors to color the edges
incident to v and, in addition, needs one more color to be assigned to v. Then, for
any graph G,

χ′′(G) ≥ ∆+ 1.

Behzad and Vizing [4, 33] independently conjectured the same upper bound for
the total chromatic number.

Conjecture 3 (Total Coloring Conjecture (TCC)). For every simple graph G,

χ′′(G) ≤ ∆+ 2.

Knowing that χ′′(G) ≥ ∆+ 1, and from the TCC, we have the following classi-
fication:

• If χ′′(G) = ∆ + 1, the graph is Type 1;

• If χ′′(G) = ∆ + 2, the graph is Type 2.

See Figure 1.25.
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Figure 1.25: A Type 1 and a Type 2 graph, respectively.

To determine that a graph is Type 1, simply display the total coloring with ∆+1

colors. To determine that a graph is Type 2, it is necessary to prove the TCC for
the class of the graph in question and then prove that there is no total coloring with
∆+ 1 colors, and finally display a total coloring that uses ∆+ 2 colors.

The TCC is open for regular graphs, and has been verified for some particular
classes of graphs. For cubic graphs that are graphs where every vertex has degree 3,
the TCC has already been settled [18], but it is not yet settled for all planar graphs
[21]. Deciding whether a cubic bipartite graph is Type 1 is NP-complete [28]. It
is also possible to establish the total chromatic number for some classes of graphs
previously defined.

Theorem 17 ([36]). Let G be the cycle graph Cn. Then

χ′′(G) =

3, if n ≡ 0 mod 3;

4, otherwise.

Theorem 18 ([36]). Let G be the complete graph Kn. Then

χ′′(G) =

∆+ 1, if n is odd ;

∆ + 2, if n is even.

The following lemma relates total coloring and a conformable vertex coloring.

Lemma 19 (Chetwynd and Hilton, 1988 [10]). If G is a Type 1 graph, then G is
conformable.

By Lemmas 10 and 19, a necessary step towards proving that a cubic graph is
Type 1 is to define a 4-vertex coloring where the cardinality of each vertex color
class has the same parity when compared to the cardinality of the entire vertex set.
By the Handshaking Lemma, every cubic graph has an even number of vertices.
Thus, all color classes must have an even number of vertices.
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1.4.5 Equitable Total Coloring

Definition 34. A total coloring CT is equitable if the cardinalities of any two color
classes differ by at most 1.

An equitable k-total coloring of a graph G is an equitable total coloring of G
that uses a set of k colors, and a graph is equitable k-total colorable if there is an
equitable k-total coloring of G.

Definition 35. We define as the equitable total chromatic number of a graph G the
smallest natural k for which G admits an equitable k-total coloring, and is denoted
by χ′′

e(G). See Figure 1.26.

Figure 1.26: An equitable 4-total coloring for the cycle graph C5.

In 2002, Wang [34] conjectured an upper bound for the equitable total chromatic
number.

Conjecture 4. For every graph G,

χ′′
e(G) ≤ ∆+ 2.

The following result guarantee that Conjecture 4 holds for cubic graphs.

Theorem 20 ([34]). If G is a multigraph with ∆ ≤ 3, then G has an equitable total
5-coloring.

Theorem 21 ([30]). The problem of determining whether a bipartite cubic graph
has an equitable 4-total coloring is NP -complete.

The equitable total chromatic number was determined for some classes of graphs,
such as the complete graphs Kn.

Theorem 22 ([20]). Let G be the complete graph Kn. Then

χ′′
e(G) =

∆+ 1, if n is odd ;

∆ + 2, otherwise.
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The first Type 1 cubic graphs such that χ′′
e = ∆ + 2 known in literature was

displayed in [30]. However, all the displayed graphs have a small girth. Thus, in
this same work, the following question was proposed.

Question 1 (Sasaki, 2013 [30]). Is there a Type 1 cubic graph such that χ′′
e = 5 with

girth at least 5?

This question is relevant because the class of graphs studied in this disserta-
tion are graphs that have girth 5. Thus, this open question can also be seen as a
motivation for class choice, which will be presented in the following chapters.
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Chapter 2

Fullerene graphs

We investigate the total coloring problem considering cubic planar graphs with large
girth that model chemical structures: the fullerene nanodiscs. The length of the
shortest cycle in a graph is called girth and has been considered for total coloring
planar graphs [6]. Our goal is to study a conjecture proposed by Brinkmann, Preiss-
mann and Sasaki [7] which states that every Type 2 cubic graph has girth less than
5, and suggests that the girth of a graph is a relevant parameter in the study of
total coloring. The hunting of special Type 2 cubic graphs has been considered for
nonplanar graphs as well [31]. We contribute by giving a combinatorial description
of the small fullerene nanodiscs according with r parameter in Chapter 3, and then
by showing that they are conformable in the Chapter 4, a necessary step towards
proving that they are Type 1.

To motivate the choice of the studied graph class, we first give a historical account
of the discovery of the carbon molecule which can be modeled through a special
cubic planar graph of girth 5, and we bring some properties of this class of graphs
so special, so that in Chapter 3 we can introduce our target fullerene subfamily.

2.1 A graph class modeling a molecule

Allotrope substances are those that are simple and formed by the same chemical
element but have distinct physical properties, such as red phosphorus (Pn) and
white phosphorus (P4), which differ in atomicity. Another type of allotropy arises
from the spatial arrangement of atoms, as in the case of carbon atoms, which vary
their geometric aspect forming different substances, as illustrated in the Figure 2.11.
Carbon can be found in different stable crystalline structures, which differ in the
spatial arrangement of carbon atoms or in the sequence of packing layers in the
crystal lattice. These distinctions define important differences in the physical and
chemical properties of these substances.
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Figure 2.1: Molecular structure of diamond, graphite and lonsdaleite, respectively.

In 1985, the scientific community whitnessed the appearance of a new carbon
allotrope: the C60[19].

In attempt to understand the spectroscopy data obtained from astronomical
objects as giant red carbon stars, which indicates the formation of long chains of
carbon atoms, Harold Kroto and coworkers [19] (see Figure 2.22) performed a series
of experiments vaporizing and cooling highly pure carbon samples discovering a new
carbon allotrope highly symmetrical stable molecule, composed of 60 tertiary carbon
atoms.

Figure 2.2: Robert Curl, Harold Kroto and Richard Smalley.

Initially, the researchers thought that the most likely form of this molecule would
be plans of carbon atoms arranged in hexagonal vertices, similar to graphite, of
which the molecule has been vaporised. Kroto, an admirer of American architect
Richard Buckminster Fuller, famous for his geodesic dome constructions, which were
composed of hexagonal and pentagonal faces, such as the Montreal Biosphere at
EXPO67 in Montreal, illustrated in Figure 2.33, suggested to coworkers that the

1Figure from https://pubs.rsc.org/en/content/articlehtml/2019/cp/c8cp07592a. Ac-
cessed on: 03 Mai. 2022.

2Figure from https://hemanth-99.medium.com/fullerenes-and-their-applications-49313545d23a.
Accessed on: 21 Mar. 2021.
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molecule could have a structure such as the domes created by Fuller.

Figure 2.3: Montreal Biosphere.

As the only way to maintain this amount of carbon atoms stable, Richard Smalley
proposed a spheroid structure, with 32 faces, being 20 hexagonal and 12 pentagonal
(see Figure 2.4 4) later named by them as “C60 buckminsterfullerene”, or simply
“buckyball” since the molecule structure is shaped like a soccer ball.

Figure 2.4: Molecular structure of C60.

At the end of the 1980s, other carbon allotrope molecules with similar spatial
structure to the C60, which is the most stable representative of the fullerene family,
other allotrope forms of carbon with structure similar to the C60 molecule were
also found (see Figure 2.55). These structures were called fullerene molecules. The
number of carbon atoms in a fullerene molecule can vary, forming hexagons as well
as pentagons. As the number of hexagons grows larger than 20, which is the case
of C60, the stability of the molecule decreases, as pentagons occupy increasingly
tense positions and are therefore more vulnerable to chemical attacks. For example,
the fullerene molecule C70 is similar to a rugby ball, with 12 pentagons and 25
hexagons [1]. In the case of C60, each pentagon is surrounded by six-membered
ring [27].

3Figure from https://www.maison.com/architecture/portraits/
richard-buckminster-fuller-architecte-visionnaire-7490/galerie/33942/. Accessed on:
03 Mai. 2022.

4Figure from https://arxiv.org/pdf/1510.01642.pdf. Accessed on: 03 Mai. 2022.
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Figure 2.5: Structure of some fullerene molecules.

The discovery of these molecular species has deeply animated the scientific com-
munity. For this contribution Harold Kroto, Robert Curl and Richard Smalley
earned the 1996 Chemistry Nobel Prize.

Fullerene molecules are widely studied by different branches of science, from
medicine to mathematics. These molecules are supposed to contribute to transport
chemotherapy, antibiotics or antioxidant agents, and are released in contact with
deficient cells [29].

Fullerenes have unique physical and chemical properties, which can be explored
in various areas of biochemistry and medicine. [29]. One of its possible uses would
be to transport medicines through the human body. Among the wide range of
biomedical applications of fullerenes, the following stand out in development:

• Antiviral activity;

• Antioxidant activity and free radical traps;

• Photodynamic therapy;

• Photo-cleavage of the DNA;

• Antimicrobial activity;

• Transport of drugs with radiotherapy effect and contrast for diagnostic imag-
ing;

5Figure from https://www.sciencedirect.com/science/article/pii/
B9780323461528000184. Accessed on: 03 Mai. 2022.
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• Technologies of energy storage.

Recent advances in organic Chemistry have allowed the functionalization and
adaptation of fullerene molecules for medical applications, overcoming its non-polar
character and its repulsion by water. The hydrosolubility of fullerenes was a mile-
stone in the research and development of biomedical applications of these molecules.

2.2 Graph properties

Each fullerene molecule can be described as a planar graph in which the atoms and
the bonds are represented by the vertices and edges of the graph, respectively, pre-
serving the geometric properties of the original fullerene molecule. Thus, we define
a fullerene graph as cubic, planar, 3-connected graph whose faces are pentagonal or
hexagonal (see Figure 2.6).

Figure 2.6: Fullerene graph of C60 with the pentagons highlighted in blue.

The famous Euler’s formula for connected planar graphs n + f −m = 2 relates
the number f of faces, the number m of edges and the number n of vertices, and
implies the following Lemma.

Lemma 23 ([22]). Every fullerene graph has exactly 12 pentagons.

Proof. Let G be a fullerene graph with p pentagonal faces and h hexagonal faces.

So, G has p+h faces,
5p+ 6h

2
edges, because every edge belongs to two faces and G

is a simple cubic graph, so G has
5p+ 6h

3
vertices. As G is planar and connected,

by Euler’s formula we have

5p+ 6h

3
+ p+ h− 5p+ 6h

2
= 2.
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From there, we get:

10p+ 12h+ 6p+ 6h− 15p− 18h = 12,

and therefore p = 12.

The smallest fullerene molecule known is C20, which contains only the 12 pen-
tagons, without hexagons. Thus, its graph representation can be schematized by the
dodecahedron with 20 vertices where all faces are pentagons [22]. See Figure 2.76.

Figure 2.7: Molecular structure (a) and fullerene graph (b) of C20.

A connected graph G with |V (G)| = 2n is k-extendable (1 ≤ k ≤ n − 1) if any
matching M such that |M | = k can be extended to a perfect matching of G. For
fullerene graphs, Zhang [37] proved the following result.

Theorem 24 (Zhang, 2001 [37]). Every fullerene graph is 2-extendable.

A pair of disjoint odd cycles C1 and C2 in a graph G with a perfect matching is
called a nice pair if G−V (C1)−V (C2) still has a perfect matching. In 2020, Došlić
[15] proved the following result.

Theorem 25 (Došlić, 2020 [15]). Every fullerene graph contains a nice pair of
disjoint odd cycles.

In 2021, Zhang [38] proved that if a fullerene graph satisfies that each pentagon
is adjacent to at most two pentagons, then any pair of disjoint pentagons is nice,
except for only fullerene graph with 36 vertices.

An edge cut S of a graph G is cyclic if G \ S contains two components with
cycles. G with e(G) > k is cyclically k-edge connected if G has no cyclic edge cuts
with fewer than k edges. Došlić [14] proved the following result.

6(a) Figure from https://nanotube.msu.edu/fullerene/fullerene.php?C=20. Accessed on
03 Mai 22. (b) Figure from [22].
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Theorem 26 (Došlić, 2002 [14]). Every fullerene graph is cyclically 5-edge-
connected.

The diameter of a graph G is the maximum distance between two vertices of G,
and is denoted by diam(G). In [3], Andova et al. proved the following result.

Theorem 27 (Andova et al., 2012 [3]). If G is a fullerene graph on n vertices, then

diam(G) ≤
√

2n

3
− 5

18
− 1

2
.

In a subsequent paper, believing that fullerene graphs with icosahedral sym-
metry (which have “spherical shape”) would minimize the diameter, Andova and
Škrekovski [2] proposed the following conjecture.

Conjecture 5 (Andova and Škrekovski, 2013 [2]). If G is any fullerene graph on n

vertices, then

diam(G) ≤ ⌊
√

5n

3
− 1⌋.

However, in [23], Diego Nicodemos and Matěj Stehlík disproved Conjecture 5,
whose smallest counterexample is a fullerene graph with 300 vertices. Such a graph
belongs to the class of fullerene nanodiscs, our target class, which will finally be
presented in the following chapter.
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Chapter 3

Fullerene nanodiscs

We shall consider a particular family of fullerene graphs: the fullerene nanodiscs.
The choice of this subfamily is motivated by the girth with length 5 that all graphs
in this class have. In this chapter, we define the fullerene nanodiscs, denoted by Dr

and contribute with combinatorial and quantitative results for this class, from their
planar representation.

3.1 Knowing the class structure

According to the 3-dimensional structure, the fullerene nanodiscs, or nanodiscs Dr

of radius r ≥ 2, are structures composed of two identical flat covers connected by
a strip along their borders. While in the nanodisc covers there are only hexagonal
faces, in the connecting strip, besides the hexagonal faces, additional 12 pentagonal
faces are arranged. Please refer to Figure 3.1 where the smallest fullerene nanodisc
graphs are depicted. In each fullerene nanodisc graph, we highlight in the connecting
strip the 12 pentagons.

Figure 3.1: The smallest fullerene nanodisc graphs.

A nanodisc graph of radius r ≥ 2, denoted by Dr, has its faces arranged into
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layers, one layer next the nearest previous layer starting from an hexagonal cover
until we reach the other hexagonal cover.

The sequence {1, 6, 12, . . . , 6(r−1), 6r, 6(r−1), . . . , 12, 6, 1} provides the amount
of faces on each layer of the nanodisc graph Dr. Note that there is an
odd number of 2r + 1 layers, and the layer with 6r faces is called central
layer. For D2 the layer sequence is {1, 6, 12, 6, 1}, for D3 is {1, 6, 12, 18, 12, 6, 1}
and for D4 is {1, 6, 12, 18, 24, 18, 12, 6, 1} (see Figure 3.1). The auxiliary cy-
cle sequence provides the sizes of the auxiliary cycles that define the lay-
ers {C6, C18, . . . , C12r−6, C12r−6, . . . , C18, C6}. For example, for D2 the cycle se-
quence is {C6, C18, C18, C6}, for D3,t is {C6, C18, C30, C30, C18, C6}, and for D4 is
{C6, C18, C30, C42, C42, C30, C18, C6} (see Figure 3.1). A nanodisc graph Dr contains
12r2 vertices and 18r2 edges. Table 3.1 provides the number of vertices, faces, edges
and layers in a fullerene nanodisc Dr.

r Vertices Faces Edges Layers
2 48 26 72 5
3 108 56 162 7
4 192 98 288 9
5 300 152 450 11
.
.
.

.

.

.

.

.

.

.

.

.

.

.

.
r ≥ 2 12r2 6r2 + 2 18r2 2r + 1

Table 3.1: Number of vertices, faces, edges and layers in a fullerene nanodisc Dr,
according to parameter r ≥ 2.

The 12 pentagonal faces are distributed in the central layer among its 6r faces
with the other (6r − 12) hexagonal faces. This is the key property of fullerene
nanodiscs. Note that the only value of r for which Dr has no hexagons in the
central layer is 2, that is, the fullerene nanodisc D2 has no hexagons in the central
layer.

Note that the central layer is defined by two auxiliary cycles, each of size 12r−6.
The 5 vertices of each pentagon are partitioned such that 3 vertices appear

consecutively in one cycle and 2 vertices appear consecutively in the other cycle.
We say that two pentagons in the central layer are partitioned in the same way if
each pentagon has 3 vertices in the same cycle C12r−6 and partitioned differently
otherwise (see Figure 3.2). Note that every fullerene nanodisc has girth 5.
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Figure 3.2: Two consecutive pentagons partitioned differently.

Observation 28. Note that by the arrangement of the graph, the radial edges that
form the faces and connect the auxiliary cycles involves all vertices of Dr, forming
a perfect matching in Dr, r ≥ 2.

As said in Chapter 2, the fullerene nanodiscs Dr with r ≤ 5 are a counterexample
for the Conjecture 5. The following result establishes the existence of the family of
nanodiscs and establishes the diameter for this class.

Theorem 29 ([22, 23]). For every r ≥ 2, there exists a fullerene graph Dr,t, on 12r2

vertices of diameter at most 4. In paritcular, diam(Dr,t) ≤
√

4n

3
.

Observation 30. Theorem 29 takes into account the parameter t, 1 ≤ t ≤ r − 1,
which is defined from the dual D∗

r,t of a nanodisc Dr,t, r ≥ 2. The definition and
representation of the dual D∗

r,t of a nanodisc is found in the Appendix A.

Figure 3.31displays the smallest nanodisc that contradicts the Conjecture 5.

Figure 3.3: Three-dimensional view of the nanodisc D5, the smallest nanodisc that
contradicts the Conjecture 5.

In the next section, we describe the structure of our target class by first consid-
ering the behavior of the hexagonal and pentagonal faces.

1Figure from [22].
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3.2 Combinatorial results

Let Dr be a planar embedding of a fullerene nanodisc Dr. Observe that there are
two ways of partitioning a hexagon in a layer defined by auxiliary cycles C and C ′.
We may place 3 vertices of the hexagon in each auxiliary cycle to obtain a balanced
hexagon, or we may place 4 vertices of the hexagon in one auxiliary cycle say C and
the other 2 vertices are placed in C ′ to obtain an unbalanced hexagon. See Figure 3.4.

Figure 3.4: Balanced and unbalanced hexagons, respectively.

The regularity of the construction of the hexagonal layers of nanodisc allows us
to extract global properties regarding the arrangement of balanced and unbalanced
hexagons in the layers, as we increase r. The first concerns the arrangement of faces
containing only two vertices in an auxiliary cycle.

Figure 3.5: When two consecutive faces are such that each face has 2 vertices in
the same auxiliary cycle, we obtain a large forbidden face.

Lemma 31 (Large Forbidden Face Lemma). Let F1 and F2 be two consecutive faces
of layer L containing more than 6 faces. Let C1 and C2 be the two cycles defining
L. We cannot have only two vertices of F1 and only two vertices of F2 contained in
the same cycle Ci.

Proof. Please refer to Figure 3.5. The faces F1 and F2 arranged side by side in L

different than the layers containing 6 hexagons, the vertices D,E, F belong to the
same auxiliary cycle. Consider the layer adjacent to this hexagonal layer, where one
of its defining cycles Ci containing vertices, D,E, F . By considering vertices I and
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J adjacent respectively to D and F in Ci, we find a path containing five consecutive
vertices I,D,E, F, J in the cycle, leading to a contradiction that I,D,E, F, J must
lie in a forbidden face.

As a direct consequence of Lemma 31, we have the following result.

Corollary 2. For every nanodisc Dr, r ≥ 2, the only layers that admit consecutive
unbalanced hexagons are the layers that contain six hexagons. In this layer, all
hexagons are unbalanced.

We have the first result to quantify the fullerene nanodiscs.

Theorem 32. The fullerene nanodisc D2 has only one non isomorphic representa-
tion.

Proof. It occurs from Lemma 31. In this way, there are no hexagons to distribute
among the pentagons in the central layer. See the unique D2 in Figure 3.1.

Based on Lemma 31 and Properties about fullerene nanodiscs, we can establish
the following result.

Figure 3.6: Three pentagons arranged alternately in the central layer of Dr.

Lemma 33. The fullerene nanodisc Dr, r ≥ 3 cannot have three consecutive pen-
tagons in the central layer.

Proof. Please refer to Figure 3.6. By Lemma 31, we cannot have two consecutive
pentagons partitioned in the same way. So the only possible case for distributing
three consecutive pentagons is such that between two pentagons containing three
consecutive vertices (of the first pentagon, A,B,C and the second pentagon D,E, F )
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in the auxiliary cycle C12r−6 and two consecutive vertices (from the first pentagon, K
and J , and from the second pentagon H and G) in the other C12r−6 cycle, there is a
pentagon with two consecutive vertices in one C12r−6 and three consecutive vertices
in the other C12r−6.

Note that this distribution will imply two consecutive unbalanced hexagons in
the next layer, which contradicts Lemma 31.

Thus, there are only two possible groups of distribution of pentagons: in pairs or
one in one (isolated). The next results are specific to the central layer of D3, where
the pentagons must appear in pairs, and between each pair of pentagons there is a
hexagon, so that there are not three or more consecutive pentagons in the central
layer.

Figure 3.7: Two consecutive pentagons followed by an unbalanced hexagon in the
central layer of D3 contradicts the large forbidden face lemma.

Lemma 34. All the hexagons are balanced in the central layer of D3.

Proof. Please refer to Figure 3.7. Suppose there is at least one unbalanced hexagon
in the central layer of D3. By Lemma 31 this hexagon must appear alongside two
consecutive partitioning pentagons in a different way. We can say, without loss of
generality, that this representation is unique, up to symmetry.

Note that this arrangement implies two consecutive unbalanced hexagons, high-
lighted in green, in the hexagonal layer adjacent to the central layer of D3, which
contradicts Lemma 31. Therefore, there are no unbalanced hexagons in the central
layer of D3.

33



Figure 3.8: A balanced hexagon between two pentagons partitioned in the same way
in the central layer of D3 contradicts the large forbidden face lemma.

Lemma 35. It is not possible to have a balanced hexagon between two pentagons
arranged in the same way in the central layer of D3.

Proof. Please refer to Figure 3.8. Suppose the central layer of the D3 has a balanced
hexagon whose neighboring faces are pentagons partitioned in the same way. We can
say, without loss of generality, that this representation is unique, up to symmetry.

Note that this arrangement implies two consecutive unbalanced hexagons, high-
lighted in green, in the hexagonal layer adjacent to the central layer of D3, which
contradicts Lemma 31. Thus, the balanced hexagons of the central layer of the D3

must have as neighboring faces pentagons partitioned in a different way.

Theorem 36. The fullerene nanodisc D3 has only one non isomorphic representa-
tion.

Proof. In the central layer of D3, we have 12 pentagons distributed among 6
hexagons. By Lemma 31, we cannot have two consecutive pentagons partitioned
in the same way. By Lemma 33, we cannot have three consecutive pentagons such
that each pair is not partitioned in the same way. By Lemma 34, all the hexagons
are balanced, and by Lemma 35 we have an order to dispose the pairs of pentagons.
So the only way is to distribute, among the 6 hexagons, the 12 pentagons in pairs
of two consecutive pentagons. See the unique D3 in Figure 3.1.

The Lemma 3.6 sets a limit to the number of consecutive pentagons in the central
layer of Dr, and the only D3 representation sets its pentagons in pairs. The following
result guarantees the existence of a planar representation with pentagons arranged
in pairs for every nanodisc with radius greater than 2.

Theorem 37. Every fullerene nanodisc Dr, r ≥3 has a representation where the
pentagons are arranged in pairs.
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Proof. By definition, the number of faces in the center layer is 6r, where 12 faces
are pentagons. Thus, the number of hexagons in the center layer is 6r − 12. Note
that the amount of hexagons is divisible by 6, since

6r − 12

6
= 6(r − 2).

Therefore, it is concluded that it is possible to distribute the pentagons in pairs,
with r − 2 hexagons between each of the 6 pairs of pentagons.

We will do a brief structural analysis of the fullerene nanodisc D4. Re-
calling, the sequence that defines the number of faces in each layer of D4 is
{1.6.12.18.24, 18, 12, 6, 1}. Note also that the central layer of the D4 nanodisc has
24 faces, being 12 hexagonal and 12 pentagonal. The first result provides limits for
the number of hexagons between the pentagons in the central layer.

Figure 3.9: The three possible cases to have at least 3 hexagons between the pen-
tagons in the central layer of D4.

Lemma 38. It is not possible to have three or more hexagons between the pentagons
in the central layer of D4.

Proof. Please refer to Figure 3.9.
Note that the pentagonal arrangement is irrelevant to demonstrate this fact,

because it is independent of the pentagonal disposition. However, note that in cases
where the pentagons are arranged one in one, it is not possible to have more than
one hexagon between the pentagons, otherwise contradicts the Lemma 33.

Suppose there are at least 3 hexagons between the pentagons in the central layer
of D4. If this layer admits unbalanced hexagons, by the Lemma 31 there are two
cases to consider: either the hexagon is adjacent to a pentagon (Figure 3.9(a)) or the
hexagon is between two balanced hexagons (Figure 3.9(b)). We can say, without loss
of generality, that these representations is unique, up to symmetry. Note that in both
cases the arrangements implies two consecutive unbalanced hexagons, highlighted in
green, in the hexagonal layer adjacent to the central layer of D4, which contradicts
the Lemma 31.
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Now suppose that all three hexagons are balanced (Figure 3.9(c)). Fixed this
construction, note that this arrangement implies at least two balanced hexagons,
highlighted in orange, in the layer containing 6 hexagons, which contradicts the
Corollary 2. Thus, analyzing all possible cases, we concluded that it is not possible
to have three or more hexagons between each group of pentagons in the central layer
of D4.

This Lemma is of utmost importance as it restricts our choices to the arrange-
ment of hexagons in the central layer of D4 in two ways. Also, note that for the
arrangement in which pentagons appear isolated, we must have a hexagon between
each pentagon, since for r = 4 the number of pentagons and hexagons in the cen-
tral layer is the same. The hexagonal and pentagonal behavior in the central layer,
analyzed in the following results, ensures the uniqueness of this representation.

Figure 3.10: The two possibilities of having an unbalanced hexagon between the
pentagons in the central layer of D4.

Lemma 39. All the hexagons are balanced in the central layer of D4.

Proof. Please refer to Figure 3.10. Suppose there is at least one unbalanced hexagon
in the central layer of D4. There are two cases to consider:

• An unbalanced hexagon between two pentagons. Note that by Lemma 31,
the only single pentagon representation possible is such that an unbalanced
hexagon is between two partitioned pentagons such that they have two vertices
in the auxiliary cycle C, and the hexagon contains two vertices in the auxiliary
cycle C ′ (see Figure 3.10(a)). We can say, without loss of generality, that this
representation is unique, up to symmetry. Note that this arrangement implies
three consecutive unbalanced hexagons, highlighted in green, in the hexagonal
layer adjacent to the central layer of D4, which contradicts Corollary 2.
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• Two hexagons between the pentagons. Suppose one of the hexagons is bal-
anced. By 31, this hexagon must be adjacent to the pentagon that does
not have two vertices in the same auxiliary cycle that this hexagon has two
vertices (see Figure 3.10(b)). Fixed this construction, note that this arrange-
ment implies three consecutive unbalanced hexagons, highlighted in green, in
the hexagonal layer adjacent to the central layer of D4, which contradicts
Lemma 31.

Therefore, analyzing all possible cases, we concluded that there are no unbalanced
hexagons in the central layer of D4.

The arrangement of the pentagons in the central layer of the fullerene nanodisc
D3 can be generalized for D4 as follows.

Figure 3.11: Case in which there are two hexagons between the pentagons.

Lemma 40. It is not possible to have balanced hexagons between two pentagons
arranged in the same way in the central layer of D4.

Proof. Please refer to Figure 3.11. Suppose the central layer of D4 has balanced
hexagons whose neighboring faces are pentagons partitioned in the same way. There
are two cases to be examined:

• A balanced hexagon whose neighboring faces are two pentagons partitioned in
the same way. Note that this representation is analogous to the nanodisc D3

(Figure 3.8). Therefore, such representation is not allowed.

• The two balanced hexagons are divided into pentagons partitioned in the same
way, as shown in the Figure 3.11. We can say, without loss of generality, that
this representation is unique, up to symmetry. Note this arrangement implies
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two consecutive unbalanced hexagons, highlighted in green, in the hexagonal
layer which contains 12 hexagons. This contradicts the Lemma 31 and Corol-
lary 2 since only the layers containing 6 hexagons have such a distribution.

Therefore, analyzing the possible cases, we concluded that the balanced hexagons
of the central layer of D4 must be arranged between pentagons partitioned in a
different way.

Lemmas 39 and 40 characterize the uniqueness of the D4 representation whose
pentagons appear isolated in the central layer, and also ensure certain restrictions
for the arrangement in which pentagons appear in pairs. Note that by Theorem 37
there is a planar representation for D4 with pentagons arranged in pairs, where there
are 2 balanced hexagons between each pair of pentagons. Thus, a natural thought is
a representation where the hexagons appear in different quantities between the pairs
of pentagons. Let’s see below a result that illustrates the impossibility for r = 4.

Theorem 41. The representation of the fullerene nanodisc D4 with pentagons ar-
ranged in pairs is unique.

Proof. By Lemma 38, the maximum number of hexagons that can be arranged
between each pair of pentagons in the central layer of D4 is 2 and therefore, to ar-
range the hexagons in the central layer, the distribution possibilities of the hexagons
are necessarily 1 hexagon or 2 hexagons between each pair. Note that D4 has 12
hexagons to be arranged between 6 pairs of pentagons. This makes a mixed hexagon
representation impossible.

Observation 42. For r = 5, we have found a representation where the hexagons
are arranged differently in the central layer of this nanodisc. Such evidence can be
found in the Appendix A.

We obtained two different representations for the fullerene nanodisc D4. As for
D3, the representation whose pentagons are arranged in pairs in the central layer of
D4 is also unique, leading to evidence of the uniqueness of the representation given
in the Theorem 37. Therefore, we have formulated the following question.

Question 2. The representation of pentagons in pairs given by the Theorem 37 is
unique for all fullerene nanodiscs Dr with r ≥ 3?

Since we think of mixed hexagon representation, it is also natural to think that
there are fullerene nanodiscs with mixed pentagonal representation. For a simple
counting of faces, the nanodiscs D2 and D3 does not admit a mixed pentagonal
arrangement, that is, a representation where the pentagons in the central layer
appear both isolated and in pairs. As we increase the radius parameter, the number
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of hexagons to be arranged between pentagons in the central layer increases, and so
it is natural to question whether any nanodisc admits a representation in this way.
Therefore, we have formulated the following question.

Question 3. Is there a fullerene nanodisc Dr whose pentagonal representation is
mixed for some r ≥ 4?

In a first analysis, we found a negative answer for r = 4.

Figure 3.12: The possibilities of having mixed pentagons when r = 4.

Lemma 43. The fullerene nanodisc D4 does not admit a mixed pentagonal repre-
sentation.

Proof. Suppose that the central layer of the fullerene D4 admits a representation
with mixed pentagons. By Lemma 38, the number of cases is limited by the number
of hexagons we can have arrange among any group of pentagons. Thus, we are
restricted to two possibilities:

• There is only one balanced hexagon between the mixed pentagons (Fig-
ure 3.12(a)). We can say, without loss of generality, that this representation
is unique, up to symmetry. Note this arrangement implies two consecutive
unbalanced hexagons, highlighted in green, in the hexagonal layer which con-
tains 12 hexagons. This contradicts the Lemma 31 and Corollary 2 since only
the layers containing 6 hexagons have such a distribution.

• There are two balanced hexagons between the mixed pentagons (Fig-
ure 3.12(b)). We can say, without loss of generality, that this representation is
unique, up to symmetry. Fixed this construction, note that this arrangement
implies at least two balanced hexagons, highlighted in orange, in the layer
containing 6 hexagons, which contradicts the Corollary 2.

Therefore, analyzing the possible cases, we concluded that the fullerene nanodisc
D4 does not admit mixed pentagonal representation.
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We are ready to state the quantitative result for D4.

Theorem 44. The fullerene nanodisc D4 has two non isomorphic representations.

Proof. In the central layer of D4, we have 12 pentagons distributed among 12
hexagons. By Lemma 31, we cannot have two consecutive pentagons partitioned
in the same way. By Lemma 33, we cannot have three consecutive pentagons such
that each pair is not partitioned in the same way. By Lemma 38, we cannot have
three or more hexagons between the pentagons. By Lemma 39 all the hexagons are
balanced, by Lemma 40 we have an order to dispose the pairs of pentagons, and by
Theorem 41 the representation with pentagons arranged in pairs is unique. Also,
this central layer does not admit mixed representations, neither of pentagons nor of
hexagons. So, we have two forms to distribute:

• A pentagon between each hexagon;

• Among the 12 hexagons arranged in pairs, the 12 pentagons in pairs of two
consecutive pentagons such that each pair is not partitioned in the same way.

See the two representations of D4 in Figure 3.13.

Figure 3.13: Two possible representations of fullerene nanodisc D4.

We have evidence that it is possible to generalize most of the results obtained
in this chapter to Dr, r ≥ 5, which is also an evidence that the Question 3 has
a negative answer. However, we have already investigated some results for r > 4,
using the dual representation previously mentioned in this chapter. Such an analysis
and some other questions proposed can be found in Appendix A.

Now that we know a little better the structure of this class of graphs, we can
venture into the coloring problem, which we will highlight in the following chapter.
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Chapter 4

On the total coloring of nanodiscs

In 1941, Brooks [8] proved that every graph G with maximum degree ∆ has a ∆-
vertex coloring unless either G contains K∆+1 or ∆ = 2 and G contains an odd
cycle. In particular, this result is valid for cubic graphs. Thus, the optimal vertex
coloring of a fullerene nanodisc has 3 colors, that is, χ(Dr) = 3. In 1880, Tait [32]
proved that the Four-Color Conjecture was equivalent to claim that every bridgeless
cubic graph is Class 1 and, in particular, χ′(Dr) = 3. In this chapter, we begin the
investigation of the problem of total coloring in this class of graphs.

The smallest Type 2 cubic graph is K4, and another known Type 2 cubic graph
is the generalized Petersen graph G(5, 1) [10], and both have squares or triangles,
as well as all Type 2 cubic graphs found so far [13]. See Figure 4.1.

Figure 4.1: (a) A Type 2 girth 3 cubic graph; (b) a Type 2 girth 4 cubic graph.

So, it is natural to think that there are no Type 2 cubic graphs with girth at
least 5. Thus the following conjecture was proposed [7]:

Conjecture 6 (Brinkmann, Preissmann and Sasaki, 2015 [7]). There is no Type 2
cubic graph with girth at least 5.

Motivated by this conjecture, searches were started for Type 1 and Type 2

fullerene graphs (see Figure 4.2), which are graphs with girth 5, but so far only
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Type 1 fullerene graphs have been obtained [22].

Figure 4.2: A 4-total coloring of fullerene graph C20.

4.1 All nanodiscs are conformable

A strategy to color the vertices of Dr is to take advantage that the auxiliary cycles
have even length and color alternately with colors C1 and C2 the cycle C6 defining
the inner layer, with colors C3 and C4 the next cycle C18, and so on. The strategy
does not rely on the unicity of Dr, and defines for even radius a 4-vertex coloring
that is conformable. See Figure 4.3.

Figure 4.3: Conformable colorings for D2 and D4, respectively.

Theorem 45. Every nanodisc with even radius admits a conformable 4-vertex col-
oring.

Proof. Let C = {C1, C2, C3, C4} be a set of colors. In a Dr with even r, consider the
4-vertex coloring that gives colors C1 and C2 to the outer cycle C6, colors C3 and

42



C4 to the next cycle C18, until we reach the central layer, where colors C3 and C4
are given to cycle C12r−6 and colors C1 and C2 are given to the next cycle C12r−6,
continue in this fashion until colors C3 and C4 are given to the inner cycle C6. Note
that each cycle provides an odd number of colored vertices with the same color, and
that every color class has the same number of vertices and that this number is even,
given by 3r2.

Note that for r odd this 4-vertex coloring is not conformable, since 3r2 generates
an odd number of vertices for each color class (See Figure 4.4).

Figure 4.4: A 4-vertex coloring that does not give a conformable coloring of D3.

Seeking to prove that all Dr nanodiscs are conformable, we further studied the
D3 nanodisc and obtained an optimal 3-vertex coloring that gives a conformable 4-
vertex coloring, since each of the three color classes has an even number of vertices,
and the fourth color class has 0 elements [11] (See Figure 4.5).
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Figure 4.5: An optimal 3-vertex coloring that gives a conformable coloring of D3.

The optimal 3-vertex coloring strategy for D3 consists of coloring the auxiliary
cycles, except for the two cycles of the center layer, using two colors alternately,
avoiding color conflict in the vertices that are extremes of radial edges between
consecutive auxiliary cycles. In the cycles C12r−6 defining the central layer, we intro-
duce a third color by choosing six vertices in each cycle, thus ensuring the parity of
this color class and the other color classes, where the fourth color class has 0 vertices.

In 2022, Nigro et al. [24] proved that every cubic graph except the complete
graph K4 and the complete bipartite graph K3,3 satisfies the conformable condition
through an algorithm that from a 3-vertex coloring gets a fourth color class with
cardinality 2. It is known by Brooks’ Theorem [8] that exists a 3-vertex coloring that
can be achieved in polynomial time for cubic graphs. One way to get such coloring
is to sort the vertices of the graph and color greedily each vertex v ∈ V (G) with the
color Ci, where i = 1, 2, 3, of the lowest index not used by the vertices u ∈ V (G)

that belong to the neighborhood of v. Moreover, since |V (G)| is even, there are only
two possibilities for the three color classes of this vertex coloring: either the three
color classes are even, and so this is a conformable coloring or the three color classes
only one of these is even. We will apply the coloring strategy given in [24] to show
the conformable condition of the fullerene nanodiscs with r odd.

Theorem 46. Every nanodisc with odd radius admits a conformable 4-vertex col-
oring.

Proof. Let Dr be a fullerene nanodisc with odd r and C = {C1, C2, C3, C4} be a set
of colors. By Brooks’ Theorem [8], there is a 3-vertex coloring for Dr, where there
are two possibilities for the cardinality of color classes:
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• C1, C2 and C3 have an even number of vertices, and therefore this vertex coloring
is conformable;

• There is only one color class with an even number of vertices.

Suppose, without loss of generality that this single color class is C2. The algo-
rithm that provides a conformable coloring for Dr is based on the following affirma-
tion.

Observation 47 (Nigro et al., 2022 [24]). There is a vertex u ∈ C1 that is not
adjacent to a vertex v ∈ C3. .

Given this affirmation, we can assign a fourth color to the non adjacent vertices v
and u and thus obtain a conformable 4-vertex coloring that has C1−v, C2 and C3−u

with even size and C4 with cardinality 2. Therefore, as all color classes have an even
number of vertices, we have a conformable 4-vertex coloring for Dr, with r odd. Note
that this coloring strategy does not rely on the unicity of Dr. See Figure 4.6 where
from a 3-vertex coloring that is not conformable to the D5 nanodisc and from the
described procedure we obtain a conformable 4-vertex coloring for these graphs.

Figure 4.6: On the left, a 3-vertex coloring for D5, with |C1| = 141, |C2| = 140,
|C3| = 19 and on the right, a conformable 4-vertex coloring for D5, where |C1| = 140,
|C2| = 140, |C3| = 18, |C4| = 2. Note that the non-adjacent vertices u ∈ C1 and
v ∈ C3 received color C4 during the procedure.

Once proven that every fullerene nanodisc is conformable, we seek to improve the
above coloring strategy, in favor of obtaining a 3-vertex coloring for odd nanodiscs
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where the three color classes have an even number of vertices for some value of
the r parameter, since no r value has been found whose greedy coloring strategy
provides such coloring. Thus, we generalize the conformable coloring obtained for
the fullerene nanodisc D3 [11] in a conformable 4-vertex coloring that extends to
every fullerene nanodisc Dr, r ≥ 3 whose pentagons in the central layer are arranged
in pairs. By Lemma 37 it is known that every fullerene nanodisc Dr, r ≥ 3 has such
representation.

Figure 4.7: A pair of pentagons in the central layer of Dr, r ≥ 3 and their neighboring
vertices.

Theorem 48. Every fullerene nanodisc Dr, r ≥ 3 whose the pentagons in the central
layer are arranged in pairs admits a conformable 4-vertex coloring.

Proof. Let C and C ′ be the auxiliary cycles that make up the central layer of Dr,
r ≥ 3 and C = {C1, C2, C3, C4} be a set of colors. For convenience, in this proof we
will denote color C1 as green, C2 as red, C3 as blue and C4 as pink.

We select 6 vertices in C and 6 vertices in C ′ and color them with the blue color,
as illustrated in Figure 4.7. Next, we color the two vertices that are adjacent to
the blue vertex in the C cycle using color red (green), and in the same pentagon
pair, we repeat the process for the blue vertex in C ′. In the following pentagon pair,
we use color green (red) to color the vertices that are adjacent to the blue vertices.
This process is repeated until all vertices that are adjacent to the blue vertices are
colored. This procedure avoids color conflict, as it ensures that radial edge extremes
that generate adjacent vertices do not have the same color. It is possible to color
the remaining vertices in C and C ′ using the colors red and green alternately and
without color conflict, since an even number of vertices remains between each blue
vertex and its already colored neighborhood. The other Dr auxiliary cycles can be
easily colored using colors red and green alternately. This strategy has 12 colored
vertices with blue color and an even number of colored vertices with colors red and
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green. As the pink color has 0 elements, we obtain from the described procedure a
conformable 4-vertex coloring for these graphs. See Figure 4.5.

The main goal of the study the conformable condition in fullerene nanodiscs is
to obtain a 4-vertex coloring that can be extended to a 4-total coloring of Dr, r ≥ 3.
It is intuitive to think that the conformable colorings obtained induces a 4-total
coloring for some subfamilies of Dr. However, the structure of nanodiscs and its
auxiliary cycles give us some restrictions.

Figure 4.8: Attempt to extend a vertex coloring into a 4-total coloring whose adja-
cent auxiliary cycles are colored with two colors.

Lemma 49. A vertex coloring of Dr, r ≥ 2 where two adjacent auxiliary cycles
are colored with pairs of colors (distinct or not) does not allow an extension to a
4-coloring of Dr.

Proof. Please refer to Figure 4.8. Let C and C ′ be two adjacent auxiliary cycles of
a nanodisc Dr and C = {C1, C2, C3, C4} be a set of colors.

Suppose C is colored with the colors C1 and C2 and C ′ is colored with the colors
C3 and C4. Therefore, so that there is no color conflict in the cycles, to color the
edges of C, colors C3 and C4 shall be used, and to color the edges of C ′, colors C1 and
C2 shall be used. Once this procedure is done, it remains to color only the radial
edges, which connect C and C ′, forming a layer of Dr. However, the 4 colors have
already been used in the elements adjacent to the radials, which makes it impossible
to color this edge without color conflict. Note that the argument is analogous when
C and C ′ are colored with the same color pair, since the same color pair will remain
for coloring the edges of the two cycles.

Lemma 49 induces important results concerning the conformable colorings al-
ready obtained for nanodiscs.

Corollary 3. The conformable 4-vertex coloring given in Theorem 45 does not in-
duce a 4-total coloring for Dr, with r even.

Corollary 4. The conformable 4-vertex coloring given in Theorem 46 does not in-
duce a 4-total coloring for Dr, with r odd.
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Corollary 5. The 3-vertex coloring that is a conformable coloring given in Theo-
rem 48 does not induce a 4-total coloring for Dr with pentagons arranged in pairs.

4.2 Hunting a Type 2 fullerene nanodisc

In the previous section, it was proved that it is not possible to obtain a 4-total
coloring from the conformable vertex colorings demonstrated in the Theorems 45, 46
and 48. However, it is possible to establish an upper bound for which these vertex
colorings allow an expansion to a total coloring for the nanodisc subfamilies.

Feng and Lin [17] established that the total chromatic number for subcubic
graphs is 5 through an algorithm that provides such coloring. In this paper, when
∆ = 3, are considered the cases where the cubic graph has bridges or not. If G is
a bridgeless cubic graph, by Brooks’ Theorem [8] there is a 3-vertex coloring for G,
and by Petersen’s Theorem [25] G has a perfect matching M . Note that G \M is a
collection of disjoint cycles that can be colored with 4 colors. In this way, a 5-total
coloring is obtained using a fifth color class on the edges belonging to the perfect
matching M .

Based on the above results, the following theorems are applicable to the fullerene
nanodiscs Dr, thus finding an upper bound for the conformable colorings obtained.

Theorem 50. The conformable 4-vertex coloring given in Theorem 45 induces a
5-total coloring for Dr, with r even.

Proof. Let Dr be a fullerene nanodisc with r even and C = {C1, C2, C3, C4} be a 4-
vertex coloring of Dr, as described in Theorem 45. We can assume, without loss of
generality that there are r cycles colored with the color pair C1 and C2 and r cycles
colored with the color pair C3 and C4. In this way, to color the edges of the cycles
that have the vertices colored with C1 and C2 just use the colors C3 and C4, and to
color the edges of the cycles colored with colors C3 and C4, just use the colors C1 and
C2. By Lemma 49, it is known that radial edges connecting cycles cannot have any
of the four color classes. Note that the radial edges form a perfect matching in Dr.
So just include a fifth color class, C5 in this perfect matching and so we get a 5-total
coloring of Dr, with r even. See Figure 4.9 where a 5-total coloring of a nanodisc
with even radius is illustrated.
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Figure 4.9: A 5-total coloring of D4.

Theorem 51. The conformable 4-vertex coloring given in Theorem 46 induces a
5-total coloring for Dr with r odd.

Proof. Let Dr be a fullerene nanodisc with r odd and C = {C1, C2, C3, C4} be a
conformable 4-vertex coloring of Dr, as described in Theorem 46. Note that in this
strategy, we have cycles with vertices colored with two colors, cycles with vertices
colored with three colors and as there are two colored vertices with color C4, it is
possible that there are auxiliary cycles whose vertices are colored with 4 colors. Note
that every auxiliary cycle C of Dr has cardinality divisible by 3, and therefore, by
the Theorem 17, every auxiliary cycle of Dr has total chromatic number 3. Thus,
each auxiliary cycle C also admits a 4-total coloring. After this process, it remains
to color the radial edges of Dr. Note that the radial edges form a perfect matching
in Dr. So just include a fifth color class, C5 in this perfect matching and so we get
a 5-total coloring of Dr, with r odd. See Figure 4.10 where a 5-total coloring of a
nanodisc with odd radius is illustrated.
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Figure 4.10: A 5-total coloring of D3.

Theorem 52. The 3-vertex coloring that is a conformable coloring given in Theo-
rem 48 induces a 5-total coloring for Dr with pentagons arranged in pairs.

Proof. Let Dr be a fullerene nanodisc with pentagons arranged in pairs and C =

{C1, C2, C3, C4}, be a conformable 4-vertex coloring, where |C4| = 0, as described in
Theorem 48. Note that there are 2r−2 cycles cycles whose vertices are colored with
colors C1 e C2, since the color class C3 appears only on 12 vertices in the two cycles
that make up the central layer, C4 has 0 elements and the other vertices of these
cycles are also colored with the colors C1 and C2. In this way, to color the edges
of the cycles that have the vertices colored with C1 and C2, just use the colors C3
and C4. On the central layer, just use the color C1 on the edges that have as edges
colored vertices with the colors C3 and C2 and use the color C2 on the edges that
have as edges colored vertices with the colors C3 and C1. On the other edges of these
cycles, just use the colors C3 and C4, since these have colored extremes with C1 and
C2. After this process, it remains to color the radial edges of Dr. Note that the
radial edges form a perfect matching in Dr. So just include a fifth color class, C5 in
this perfect matching and so we get a 5-total coloring of Dr, r ≥ 3 with pentagons
arranged in pairs. See Figure 4.11.

50



Figure 4.11: A 5-total coloring of D3.

In [12] was displayed a 4-total coloring of D2, providing the following result.

Theorem 53. The fullerene nanodisc D2 is Type 1.

Proof. From the unicity established in Section 3.2, we may present in Figure 4.12 a
4-total coloring for D2 [12]. This is enough to prove that this graph is Type 1.
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Figure 4.12: A 4-total coloring of fullerene nanodisc D2.

Note that in this coloring, the four colors are being used in the vertices, and the
perfect matching given by the radials edges has been partitioned into two sets of
edges, which receive the colors 3 and 4. By inspection, it is possible to conclude
that this coloring is equitable, since there are 18 edges and 12 colored vertices with
each color class, resulting in 30 elements of D2 colored with each color class. It
gives exactly 1

4
of the number of elements in the graph, a negative evidence to

the Question 1. Note that, because it is the only fullerene nanodisc that does
not have balanced hexagons and all pentagons of the central layer are arranged
side by side, it is a degenerate case. Note that D2 has the sequence of cycles
{C6, C18, C18, C6}, which are cycles common to all fullerene nanodiscs. Thus, it is
intuitive to think that based on this 4-total coloring obtained for D2, we can replicate
this strategy for the cycles C6 and C18 for nanodiscs of radius greater than 2. So
far, no strategy investigated has allowed expanding the total coloring obtained to
D2 for the remaining Dr, r ≥ 3. In this way, generalizing this coloring to the Dr,
r ≥ 3 and find a 4-total coloring for these nanodiscs has proven to be a challenging
problem.

4.2.1 The natural strategy does not work

In this section we prove that the natural strategy to total color first the auxiliary
cycles of the nanodisc with 3 colors and then to extend the total coloring by giving
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the same color to the remaining radial edges does not work.
In 1996, Yap [36] established the total chromatic number of the cycle graphs Cn.

Theorem 54 ([36]). Let G be the cycle graph Cn. Then

χ′′(G) =

3, if n ≡ 0 mod 3;

4, otherwise.

We will display the algorithm that colors cycles Cn where 3|n, that is, n ≡ 0

mod 3. The vertex set of G is labeled as follows:

V (G) = {v0, v1, ..., vn−1}.

Then, we will define the following color assignment to the elements of Cn:

C(vi) = (−i) mod 3, ∀vi ∈ V (G);

C(vivi+1) = (C(vi + 1) mod 3, ∀vivi+1 ∈ E(G).

Note that by the construction above, the colors 0, 1, 2, ..., 0, 1, 2 will be associated
in this order with the elements of the cycle v0, v0v1, ..., vn−1, vn−1v0. In this way, by
making a simple inspection, we can conclude that C is a total coloring of G that
uses 3 colors. Since Cn is 2-regular, we have ∆(Cn) = 2 and C is an optimal coloring
of Cn.

Note that the auxiliary cycles sequence {C6, C18, ..., C12r−6, C12r−6, ..., C18, C6}
that define the layers of a fullerene nanodisc Dr, r ≥ 2 are cycles where n is divisible
by 3. Thus, it is possible to obtain a 3-total coloring for each subgraph induced by a
auxiliary cycle C of Dr. See in Figure 4.13 examples of 3-total colorings for auxiliary
cycles Cn, using the above construction.

Figure 4.13: A 3-total coloring of C6 and C18, respectively.

Note that the radial edges form a perfect matching M in Dr and their removal
produces 2r disjoint cycles. In this way, it is intuitive to think that it is possible to
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get a 3-total coloring for Dr \M using the coloring algorithm that colors Cn cycles
with n divisible by 3, and include a fourth color in the edges of M , and thus get a
4-total coloring for Dr.

Figure 4.14: (a) A 3-total coloring for Dr[C]\M1; (b) Color conflict after the inclusion
of radial edges that form 6 unbalanced hexagons.

Theorem 55. The coloring strategy above does not provide a 4-total coloring for
any fullerene nanodisc Dr, r ≥ 2.

Proof. Let Dr[C] be the subgraph of Dr, r ≥ 2 induced by the vertices of the two
adjacent auxiliary cycles C6 and C18 that make the layer containing six unbalanced
hexagons, and M1 the set of radial edges that connect these two cycles. The removal
of M1 implies two disjoint cycles, namely C6 and C18. By the Theorem 54, there is a
3-total coloring for each of the cycles and an algorithm that provides such coloring.
We will label the vertices of C6 and C18 as follows.

V (C6) = {u0, u1, ..., u5}, V (C18) = {v0, v1, v2, ..., v17}

See Figure 4.14(a) where we display a 3-total coloring for the disjoint cycles. For
convenience, we will denote the color 0 as green, the color 1 as red, and the color
2 as blue. Note that the algorithm described above partitions the vertex set of C18

into three independent sets, namely v0+3i, v1+3i and v2+3i, with 0 ≤ i ≤ 5, where
the vertices v0+3i are colored with the color green, v1+3i with the color red and v2+3i

with the color blue, and the vertices of C6, the vertices u0, u3 are colored with the
color green, u1, u4 with the color red and u2, u5 with the color blue. To form the six
unbalanced hexagons of this layer, we must include the radial edges M1. Note that
as u0 and v0+3i by definition have the same color, it is not possible to have an edge
between these vertices. Thus, our initial edge possibilities are u0v1+3i or u0v2+3i.
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Choosing v1+3i, the radial edges are: M1 = {u0v1, u1v4, u2v7, u3v10, u4v13, u5v16}
(See Figure 4.14(b)). Since all vertices in C6 are extremes of a radial edge, this
will imply that at least one radial edge has two colored vertices with the same color
as extremes, causing a color conflict. Note that the argument is analogous if the
choice of radial edges has vertex extremes v2+3i at C18, since the set of radial edges is
M1 = {u0v2, u1v5, u2v8, u3v11, u4v14, u5v17}. Thus, based on the algorithm described
above, it is not possible to obtain a 4-total coloring for the subgraph induced by the
vertices of cycles C6 and C18. Since this subgraph is common to every nanodisc Dr,
r ≥ 2, this strategy does not provide a 4-total coloring for any fullerene nanodisc.
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Chapter 5

Conclusion

In this dissertation, we studied the class of fullerene nanodiscs, divided into two
lines of analysis: structural and coloring. The choice of this class was motivated by
the fact that this class has no classification between Type 1 and Type 2 and by the
following conjecture, presented in Chapter 4.

Conjecture 6 (Brinkmann, Preissmann and Sasaki, 2015 [7]). There is no Type 2
cubic graph with girth at least 5.

In Chapter 1, we presented the following question:

Question 1 (Sasaki, 2013 [30]). Is there a Type 1 cubic graph such that χ′′
e = 5

with girth at least 5?

In Chapter 3 we studied structural properties of fullerene nanodiscs, and we were
able to contribute to combinatorial and quantitative results to this class that until
then were unknown in the literature. We showed that D2 and D3 are unique and
D4 has two non isomorphic representations. From these results, we have been able
to develop and use techniques that will be useful in future work. In addition to the
techniques developed, the structural analysis of the graph led to the appearance of
new questions that we aim to answer in the next works. We will recall the questions
proposed in this chapter.

Question 2. The representation of pentagons in pairs given by the Theorem 37 is
unique for all fullerene nanodiscs Dr with r ≥ 3?

Question 3. Is there a fullerene nanodisc Dr whose pentagonal representation is
mixed for some r ≥ 4?

We believe that Question 2 has a positive answer, as long as Question 3 has
a negative answer. As a next step, we intend to investigate the construction of a
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Dr nanodisc from its dual D∗
r , defined in [22, 23] in order to extract properties of

D∗
r that can be transported to their respective planar representation Dr. A brief

exposition on this topic can be found in the Appendix A.
In the Chapter 4, we contributed with a positive evidence to the Conjecture 6 by

presenting the first Type 1 fullerene nanodisc, whose 4-total coloring is equitable,
which is also an indication that Question 1 has a negative answer. As one of the
main results, we proved that the infinite family of fullerene nanodiscs satisfies the
conformable property. Although all the techniques used to prove this result did not
result in a 4-total coloring for the graph, we will follow this line of analysis, seeking
to contribute to the Questions 1 and 6. The hunting continues.

57



The development of this research culminated in important submissions during
the master’s degree, such as:

• 2020: Participation in the poster session of the 9th Latin American Workshop
on Cliques in Graphs (LAWCG 2020) (see Appendix B);

• 2021: An extended abstract published in the journal Matemática Contem-
porânea (see Appendix C);

• 2021: Participation in the poster session of the IV Workshop de Pesquisa
em Computação dos Campos Gerais (WPCCG), promoted by UFTPR (see
Appendix D);

• 2022: An extended abstract accepted for participation in the VII Encontro de
Teoria da Computação (see Appendix E);

• 2022: An abstract accepted for participation in the next Latin American Work-
shop on Cliques in Graphs (LAWCG 2022) (see Appendix F).
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Appendix A

Fullerene Nanodisc: The definition
through its dual

Definition 36 (Triangulation). A simple connected planar graph G in which all its
faces have degree three is called planar triangulation or simply triangulation. If G
is finite, we say it’s a finite triangulation. If G is infinite and its faces are triangles,
then we say it’s a infinite triangulation.

The following result relates planar triangulations and cubic graphs.

Proposition 56 ([5]). A simple planar connected graph G is a triangulation if and
only if its dual is a cubic graph.

We can define a nanodisc through its dual. Let T be a 6-regular infinite planar
triangulation. Let N ∈ V (T ), a integer r ≥ 2 and Tr(N) be the subgraph of
triangulation T induced by all vertices at a distance less than or equal to r of N .
Let C be the border of Tr(N). Note that |C| = 6r and thus C = (u1, u2, ..., u6r).
Note that C has six vertices of degree 3 in Tr(N). In general, the vertices of degree
3 are given by u1+pr, with 0 ≤ p ≤ 5. The other vertices of the outer cycle C have
degree 4 in Tr(N). The Figure A.11illustrates two subgraphs with different border
sizes, where the vertices that have degree three are highlighted in blue.

1Figure from [22].
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Figure A.1: (a) the subgraph T2(N), where its border consists of 12 vertices, where
the vertices of degree 3 are: u1, u3, u5, u7, u9 and u11; (b), the subgraph T3(N), where
its border consists of 18 vertices, where the vertices of degree 3 are: u1, u4, u7, u10, u13

and u16.

Let t be a integer such that 1 ≤ t ≤ r− 1. Consider two copies of the previously
determined graph Tr(N), so that one copy is centered on vertex N and the other
on a distinct vertex S of N , and suppose that u1, u2, ..., u6r is the border of Tr(N)

and v1, v2, ..., v6r is the border of Tr(S). The dual graph of a nanodisc, represented
by D∗

r,t, is obtained from the disjoint union of Tr(N) and Tr(S) by identifying the
vertices ui and vi+t, for all 1 ≤ i ≤ 6r, i.e., the indices are taken module 6r.
Figure A.22displays the two subgraphs T3(N) and T3(S) that will generate the D∗

3,1

graph.

2Figure from [22].
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Figure A.2: On the left, the T3(N) subgraph. On the right, the T3(S) subgraph.

Note that r = 3 and t = 1. Therefore, the subgraphs will be united so that the
vertices ui correspond to the vertices vi+1. For example, the vertex u18 should be
superimposed on the vertex v19, which is equivalent to pasting u18 on the vertex
v1, since 19 ∼= 1(mod18). Note that the integer t controls rotations for vertex
identification.

Thus, D∗
r,t is a planar triangulation with all vertices of degree 5 or 6 and its dual

is a fullerene nanodisc Dr,t, as illustrated in Figure A.3 an example for r = 3 and
t = 1.

Figure A.3: On the left, the planar triangulation D∗
3,1. On the right, its correspond-

ing fullerene nanodisc D3,1.
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The dual of a nanodisc already brings us an important quantitative result, as we
had already proved in Theorem 32.

Theorem 57. The fullerene nanodisc D2 has only one non isomorphic representa-
tion.

Proof. It occurs from the fact that t = 1 for r = 2. Thus, for two subgraphs T2(N)

and T2(S), there is only one way to unite the two subgraphs to form the triangulation
D∗

2,1 and consequently a unique plane representation of D2: the nanodisc D2,1. See
Figure 3.1.

Observation 58. Note that in the identification of vertices ui of the subgraph Tr(N)

with vertices vi+t of the subgraph Tr(S), where 1 ≤ t ≤ r − 1 the superimposition
of vertices of degree 3 with vertices of degree 4, when their edges are collapsed, will
form 5-vertices, that in the planned representation represent the pentagons of the
central layer, and the superposition of two vertices with degree 4, when we collapse
the edges, will form 6-vertices, that in the planned representation define the hexagons
arranged between the pentagons in the central layer of a nanodisc. We highlight in
blue the vertex collages that are responsible for forming 5-vertices in D∗

r,t.

We can also analyze the rotations generated by the t parameter to r = 3, in
order to quantify the non isomorphic representations, as proved in the Theorem 36.

Theorem 59. The fullerene nanodisc D3 has only one non isomorphic representa-
tion.

Proof. Please refer to Figure A.2, where we have the two copies T3(N) and T3(S),
with their respective vertices of degree 3 highlighted in blue. As 1 ≤ t ≤ r − 1, for
r = 3 we have t = 1, 2. For t = 1, the identification of the vertices ui ∈ T3(N) with
the vertices vi ∈ T3(S), 1 ≤ i ≤ 18 is made by pasting the vertex ui with the vertex
vi+1. Thus, for t = 1, we have the following vertex identifications:

u1v2, u2v3, u3v4, u4v5, u5v6, u6v7, u7v8, u8v9, u9v10, u10v11, u11v12, u12v13, u13v14,
u14v15, u15v16, u16v17, u17v18, u18v19 = u18v1.

For t = 1 we have in D∗
3,1 vertices of degree 5 arranged in pairs (the vertices of

degree 5 generated by the identification of vertices u1v2 and u18v1 are arranged side
by side) with a vertex of degree 6 between each pair. This generates in the central
layer of the dual D3,1 pentagons arranged in pairs, with a hexagon between each pair.

For t = 2, the vertex identification ui ∈ T3(N) with the vertices vi ∈ T3(S),
1 ≤ i ≤ 18 is done by pasting the vertex ui with the vertex vi+2. Thus, for t = 2,
we have the following vertex identifications:
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u1v3, u2v4, u3v5, u4v6, u5v7, u6v8, u7v9, u8v10, u9v11, u10v12, u11v13, u12v14, u13v15,
u14v16, u15v17, u16v18, u17v19 = u17v1, u18v20 = u18v2.

Note that for t = 2 the vertices of degree 5 are arranged in pairs, containing
a vertex of degree 6 between each pair, as well as t = 1, less than one rotation.
This means that both rotations generate the same graph. Thus, D∗

3,1
∼= D∗

3,2. See
Figure 3.1.

For nanodiscs with a small radius, it is possible to analyze the rotations given
by the t parameter and thus obtain the amount of non-isomorphic representations
of each nanodisc. We will follow the investigation to r = 4, and as shown in the
Theorem 44, we confirm the number of non-isomorphic representations for r = 4.

Theorem 60. The fullerene nanodisc D4 has two non isomorphic representations.

Proof. Let T4(N) e T4(S) be the two subgraphs of the T triangulation induced by
all vertices at a distance less than or equal to 4 of N and S, respectively. Note that
the boundary of both is composed of 24 vertices, as |C| = 6r = 24. The vertices
of degree 3 in T4(N) and T4(S) are given for u1+pr and v1+pr, respectively, with
1 ≤ p ≤ 5. Thus, the vertices of degree 3 are: u1, u5, u9, u13, u17, u21, in T4(N), and
v1, v5, v9, v13, v17, v21 in T4(S).

Uma vez que 1 ≤ t ≤ r − 1, para r = 4 temos t = 1, 2, 3. Para t = 1, a
identificação dos vértices ui ∈ T4(N) com os vértices vi ∈ T4(S), 1 ≤ i ≤ 24 é feita
colando o vértice ui com o vértice vi+1. So we have:

Since 1 ≤ t ≤ r − 1, for r = 4 we have t = 1, 2, 3. For t = 1, the vertex
identification uiinT4(N) with the vertices vi ∈ T4(S), 1 ≤ i ≤ 24 is done by pasting
the vertex ui with the vertex vi+1. So we have:

u1v2, u2v3, u3v4, u4v5, u5v6, u6v7, u7v8, u8v9, u9v10, u10v11, u11v12, u12v13, u13v14,
u14v15, u15v16, u16v17, u17v18, u18v19, u19v20, u20v21, u21v22, u22v23, u23v24, u24v25 =

u24v1.

Note that for t = 1, the vertices of degree 5 will be arranged in pairs in D∗
4,1, with

a pair of vertices of degree 6 between each pair. This generates in the central layer
of the dual D4,1 the pentagons arranged in pairs, and a pair of hexagons between
each pair of pentagons.

For t = 2, the vertex identification ui ∈ T4(N) with the vertices vi ∈ T4(S),
1 ≤ i ≤ 24 is done by pasting the vertex ui with the vertex vi+2. So we have:

u1v3, u2v4, u3v5, u4v6, u5v7, u6v8, u7v9, u8v10, u9v11, u10v12, u11v13, u12v14, u13v15,
u14v16, u15v17, u16v18, u17v19, u18v20, u19v21, u20v22, u21v23, u22v24, u23v25 = u23v1,

u24v26 = u24v2.
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Note that for t = 2, the rotation disposes in D∗
4,2 vertices of degree 5 and 6

appearing alternately. This generates in the central layer of the dual D4,2 the isolated
pentagons, with a hexagon between each pair.

For t = 3, the vertex identification ui ∈ T4(N) with the vertices vi ∈ T4(S),
1 ≤ i ≤ 24 is done by pasting the vertex ui with the vertex vi+3. So we have:

u1v4, u2v5, u3v6, u4v7 u5v8, u6v9, u7v10, u8v11, u9v12, u10v13, u11v14, u12v15, u13v16,
u14v17, u15v18, u16v19, u17v20, u18v21, u19v22, u20v23, u21v24, u22v25 = u22v1,

u23v26 = u23v2, u24v27 = u24v3.

Note that for t = 3, the vertices of degree 5 will be arranged in pairs in D∗
4,3, with

a pair of vertices of degree 6 between each pair. This generates in the central layer of
the dual D4,3 the pentagons arranged in pairs, and a pair of hexagons between each
pair of pentagons. Note that the rotations obtained for t = 1 and t = 3 generate the
same graph less than one rotation. Thus, D∗

4,1
∼= D∗

4,3. Thus, we have two distinct
representations for r = 4, illustrated in Figure A.4.

Figure A.4: Two possible representations of fullerene nanodisc D4.

In Chapter 3 by Theorems 32, 36 and 44 we obtained quantitative results for
D2, D3 and D4, as well as investigating the behavior of hexagonal and pentagonal
faces.

We will use the dual of a planned nanodisc D∗
r,t as a new tool to find a more

accurate result to find the number of non-isomorphic representations of each nan-
odisc Dr,t. We will conduct an initial investigation using the dual representation
of a planned nanodisc to analyze the behavior of the central layer of the fullerene
nanodiscs with r = 5.

Theorem 61. The fullerene nanodisc D5 has two non isomorphic representations.

67



Proof. Let T5(N) e T5(S) be the two subgraphs of the T triangulation induced by
all vertices at a distance less than or equal to 5 of N and S, respectively. Note that
the boundary of both is composed of 30 vertices, as |C| = 6r = 30. The vertices
of degree 3 in T5(N) and T5(S) are given for u1+pr and v1+pr, respectively, with
1 ≤ p ≤ 5. Thus, the vertices of degree 3 are: u1, u6, u11, u16, u21, u26, in T5(N), and
v1, v6, v11, v16, v21, v26 in T5(S).

For t = 1, the vertex identification ui ∈ T5(N) with the vertices vi ∈ T5(S),
1 ≤ i ≤ 30 is done by pasting the vertex ui with the vertex vi+1. So we have:

u1v2, u2v3, u3v4, u4v5, u5v6, u6v7, u7v8, u8v9, u9v10, u10v11, u11v12, u12v13, u13v14,
u14v15, u15v16, u16v17, u17v18, u18v19, u19v20, u20v21, u21v22, u22v23, u23v24, u24v25,

u25v26, u26v27, u27v28, u28v29, u29v30, u30v31 = u30v1.

Note that for t = 1, the vertices of degree 5 will be arranged in pairs in D∗
5,1, with

three vertices of degree 6 between each pair. This generates in the central layer of
the dual D5,1 the pentagons arranged in pairs, and three balanced hexagons between
each pair of pentagons.

For t = 2, the vertex identification ui ∈ T5(N) with the vertices vi ∈ T5(S),
1 ≤ i ≤ 30 is done by pasting the vertex ui with the vertex vi+2. So we have:

u1v3, u2v4, u3v5, u4v6, u5v7, u6v8, u7v9, u8v10, u9v11, u10v12, u11v13, u12v14, u13v15,
u14v16, u15v17, u16v18, u17v19, u18v20, u19v21, u20v22, u21v23, u22v24, u23v25, u24v26,

u25v27, u26v28, u27v29, u28v30, u29v31 = u29v1, u30v32 = u30v2.

Note that for t = 2 the vertices of degree 5 are isolated in D∗
5,2, and the vertices

of degree 6 appear differently between each pentagon. Note that the vertices of
degree 6 appear isolated and in pairs between each pentagon. This generates in the
central layer of the nanodisc D5,2 isolated pentagons, where the hexagons appear
sequentially isolated and in pairs between each pentagon.

For t = 3, the vertex identification ui ∈ T5(N) with the vertices vi ∈ T5(S),
1 ≤ i ≤ 30 is done by pasting the vertex ui with the vertex vi+3. So we have:

u1v4, u2v5, u3v6, u4v7, u5v8, u6v9, u7v10, u8v11, u9v12, u10v13, u11v14, u12v15, u13v16,
u14v17, u15v18, u16v19, u17v20, u18v21, u19v22, u20v23, u21v24, u22v25, u23v26, u24v27,

u25v28, u26v29, u27v30, u28v31 = u28v1, u29v32 = u29v2, u30v33 = u30v3.

Note that for t = 3 the vertices of degree 5 are isolated in D∗
5,3, and the vertices

of degree 6 appear differently between each pentagon. Note that the vertices of
degree 6 appear isolated and in pairs between each pentagon. This generates in the
central layer of the nanodisc D5,3 isolated pentagons, where the hexagons appear
sequentially isolated and in pairs between each pentagon. Note that the rotations
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obtained for t = 2 and t = 3 generate the same graph less than one rotation. Thus,
D∗

5,2
∼= D∗

5,3.
For t = 4, the vertex identification ui ∈ T5(N) with the vertices vi ∈ T5(S),

1 ≤ i ≤ 30 is done by pasting the vertex ui with the vertex vi+4. So we have:

u1v5, u2v6, u3v7, u4v8, u5v9, u6v10, u7v11, u8v12, u9v13, u10v14, u11v15, u12v16, u13v17,
u14v18, u15v19, u16v20, u17v21, u18v22, u19v23, u20v24, u21v25, u22v26, u23v27, u24v28,
u25v29, u26v30, u27v31 = u27v1, u28v32 = u28v2, u29v33 = u29v3, u30v34 = u30v4.

Note that for t = 4, the vertices of degree 5 will be arranged in pairs in D∗
5,4, with

three vertices of degree 6 between each pair. This generates in the central layer of
the dual D5,4 the pentagons arranged in pairs, and a pair of hexagons between each
pair of pentagons. Note that the rotations obtained for t = 1 and t = 4 generate the
same graph less than one rotation. Thus, D∗

5,1
∼= D∗

5,4. Thus, we have two distinct
representations for r = 5, illustrated in Figure A.5.

Figure A.5: Two possible representations of fullerene nanodisc D5.

So we can define a new subfamily of fullerene nanodiscs: the hybrid nanodiscs.

Definition 37. A fullerene nanodisc Dr, r ≥ 5 is said to be hybrid in hexagons, or
simply hybrid, when its central layer admits mixed hexagons between the pentagons.
See Figure A.5 the nanodisc D5,3, an example of a hybrid nanodisc.

From this construction it is possible to conjecture a collection of properties and
questions on the dual representations D∗

r,t.
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Conjecture 7. Let D∗
r,t be the dual of the fullerene nanodisc Dr,t. If r is even, then

there are r
2

dual isomorphic graphs two by two between them, otherwise there are r−1
2

dual isomorphic graphs two by two between them. That is, D∗
r,i

∼= D∗
r,r−i, in which

1 ≤ i ≤ r − 1.

Question 4. Does every nanodisc Dr, r ≥ 5 have a hybrid representation?
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Appendix B

Attachment: Poster “A result on
total coloring of fullerene nanodiscs”
presented at LAWCG 2020
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1. Introduction

A graph is a mathematical model used to represent relationships between ob-
jects. The general characters that both of these objects and their relationships
can assume, allowed the construction of the so-called Graph Theory, which
has been applied to model problems in several areas, such as Mathematics,
Physics, Computer Science, Engineering, Chemistry, Psychology and industry.
Most of them are large scale problems.
Fullerene graphs are mathematical models for carbon-based molecules experi-
mentally discovered in the early 1980s by Kroto, Heath, O’Brien, Curl and Smal-
ley. Many parameters associated with these graphs have been discussed to
describe the stability of fullerene molecules.
By definition, fullerene graphs are cubic, planar, 3-connected with pentagonal
and hexagonal faces.
The motivation of the present study is to find an efficient method to obtain a
4-total coloring of a particular class of fullerene graphs named fullerene nan-
odiscs, if it exists.

2. Basic Concepts of Graph Theory

This section is based on the reference Bondy and Murty, 2008.

Definition 1. A graph G = (V (G), E(G)) is an ordered pair, where V (G) is a
nonempty finite set of vertices and E(G) is a set of edges disjoint from V (G),
formed by unordered pairs of distinct elements from V (G), that is, for every
edge e ∈ E(G) there is u and v ∈ V (G) such that e = {u, v}, or simply e = uv.

If uv ∈ E, we say that u and v are adjacent or that u is a neighbor of v, and that
the edge e is incident to u and v, and u and v are said to be extremes (or ends)
of e. Two edges that have the same end are called adjacent.
The degree of a vertex v in G, represented by d(v), is the number of edges in-
cident to v. We denote by δ(G) and ∆(G) the minimum and maximum degrees
respectively, of the vertices of the graph G.

A graph G is said connected when there is a path between each pair of ver-
tices of G. Otherwise, the graph is called disconnected.

A cubic graph is one in which all
vertices have three incident edges
and in this case, all vertices have de-
gree 3. Cubic graphs play a funda-
mental role in Graph Theory.

Figure 1: Cubic Graph.

A graph G is planar if there is a representation of G in the plane so that the
edges meet only at the vertices, that is, the edges do not cross. Such a rep-
resentation of G is said to be embeddable or planar. A planar representation
divides the plane into regions called faces. There is always a single face called
external or infinite, which is not limited (has infinite area). The outer bound-
ary or cycle of a connected planar graph face is a closed walk that limits and
determines the face.

Two faces are adjacent if they have a
common edge between their bound-
aries. We denote the boundary of
f by ∂(f ). If f is any face, the de-
gree of f , denoted by d(f ), is the
number of edges contained in the
closed walk that defines it. In a pla-
nar connected graph with f faces, n
vertices and m edges, we have that
n + f − m = 2, which is known as
Euler’s formula.

Figure 2: Planar Graph.

2.1 Total Coloring
In graph theory, coloring is a color assignment to the graph elements, subject to
certain restrictions. The coloring study started with the Four Color Conjecture,
which deals with determining the minimum number of colors needed to color
a map of real or imaginary countries, so that countries with common borders
have different colors. This conjecture was proposed by Francis Guthrie in 1852.
After 124 years, the Four Color Conjecture was demonstrated by Kenneth Ap-
pel and Wolfgang Haken with the help of a computer. The famous Four Color
Theorem is a reference in the area of Graph Theory.

Definition 2. A total coloring CT of a graph G is a color assignment to the
set E ∪ V in a color set C = {c1, c2, ..., ck}, k ∈ N, such that distinct colors are
assigned to:

• Every pair of vertices that are adjacent;

• All edges that are adjacent;

• Each vertex and its incident edges.

A k-total coloring of a graph G is a
total coloring of G that uses a set of
k colors, and a graph is k-total col-
orable if there is a k-total coloring of
G. We define as the total chromatic
number of a graph G the smallest
natural k for which G admits a k-total
coloring, and is denoted by χ′′(G). Figure 3: Graph with 4-total coloring.

Behzad and Vizing independently conjectured the same upper bound for the
total chromatic number.

Conjecture (Total Color Conjecture (TCC))
For every simple graph G,

χ′′(G) ≤ ∆(G) + 2.

The TCC is an open problem, but has been checked for several classes of
graphs. Knowing that χ′′(G) ≥ ∆(G) + 1, and from the TCC, we have the
following classification: If χ′′(G) = ∆(G) + 1, the graph is Type 1; and if
χ′′(G) = ∆(G) + 2, the graph is Type 2.
For cubic graphs, the TCC has already been demonstrated, which indicates
that these graphs have total chromatic number 4 (∆ + 1) or 5 (∆ + 2). However,
the problem of deciding which are Type 1 or Type 2 is difficult.

3. Fullerene Graphs

3.1 Fullerene: A small history
In 1985 a new carbon allotrope was reported in the scientific community: C60.
A group of scientists, led by Englishman Harold Walter Kroto and Americans
Richard Errett Smalley and Robert Curl, trying to understand the mechanisms
for building long carbon chains observed in interstellar space, discovered a

highly symmetrical, stable molecule, composed of 60 carbon atoms different
from all the other carbon allotropes.

The C60 has a structure similar to
a soccer hollow ball (Figure 4),
with 32 faces, being 20 hexago-
nal and 12 pentagonal. They de-
cided to name the C60 buckminster-
fullerene, in honor of American ar-
chitect Richard Buckminster Fuller,
famous for his geodesic dome con-
structions, which were composed of
hexagonal and pentagonal faces.
At the end of the 1980s, other carbon
allotrope molecules with similar spa-
tial structure to the C60 were reported
called fullerene molecules (Kroto et
al., 1985).

Figure 4: Molecular structure of C60.

The buckminsterfullerene was the first new allotropic form discovered in the
20th century, and earned Kroto, Curl and Smalley the Nobel Prize in Chem-
istry in 1996. Nowadays fullerene molecules are widely studied by different
branches of science, from medicine to mathematics. These molecules are sup-
posed to contribute to transport chemotherapy, antibiotics or antioxidant agents
and released in contact with deficient cells.

3.2 Fullerene Graphs

Each fullerene molecule can be de-
scribed by a graph where the atoms
and the bonds are represented by
the vertices and edges of the graph,
respectively. In addition, fullerene
graphs preserve the geometric prop-
erties of fullerene molecules, i.e.,
fullerene graphs are planar and con-
nected. Moreover, all vertices have
exactly 3 incident edges and all
faces are pentagonal or hexagonal
(Nicodemos, 2017). Figure 5: Fullerene Graph.

3.3 Fullerene Nanodiscs
The fullerene nanodiscs, or nanodiscs of radius r ≥ 2 are structures composed
of two identical flat covers connected by a strip along their borders. While in
the nanodisc lids there are only hexagonal faces, in the connecting strip, 12
pentagonal faces are arranged side by side.
A nanodisc of radius r ≥ 2, represented by Dr,t, can be obtained through its flat-
tening. The idea is to arrange the faces in layers around the nearest previous
layer starting from a hexagonal face (Nicodemos, 2017).

The sequence

{1, 6, 12, 18, ..., 6(r − 1), 6r, 6(r − 1), ..., 18, 12, 6, 1}

provides the amount of faces on each layer of
nanodisc planning Dr, while r ≥ 2. In ad-
dition, this sequence states that a Dr nan-
odisc has (6r2 + 2) faces, 12r2 vertices and
(2r + 1) layers. The 12 pentagonal faces will
always be distributed in the same layer with
other (6r − 12) hexagonal faces. This is the
key property of fullerene nanodiscs. Figure 6: Nanodisc D2.

4. Goals

To prove that a cubic graph is Type 1, it suffices to show a total coloring with 4
colors. However, to demonstrate that a cubic graph is Type 2, we need to show
that it has no total coloring with only 4 colors. Thus, finding Type 2 cubic graphs
is more complicated.
We define the girth of a graph G as the length of its shortest cycle. Until now,
every Type 2 cubic graph we know has squares or triangles. So, we could think
that there are no Type 2 cubic graphs with girth at least 5. Thus, we investigate
the following question.

Question
(Sasaki, 2013) Does there exist a Type 2 cubic graph with girth at least 5?

Motivated by this question, we analyze the family of fullerene nanodiscs, in
search of evidences that can positively or negatively contribute to this question.
In this context, we look for an efficient algorithm to find a 4-total coloring of the
fullerene nanodisc, if this coloring exists.

5. Results

After a few attempts using the brute force
method, we were able to obtain a 4-total col-
oring of the D2 nanodisc, with r = 2. There-
fore, D2 is Type 1, which contributes to the
evidences that the previously proposed ques-
tion has a negative answer.

Figure 7: A 4-total coloring of D2.

6. Conclusion

We will continue the study of total coloring of nanodiscs, looking for an algo-
rithm that gives a total coloring of the graphs of the infinite family of fullerene
nanodiscs, also seeking to answer the question previously proposed.
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©2021, Sociedade Brasileira de Matemática
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Abstract1

A total coloring assigns colors to the vertices and edges of a graph2

without conflicts. The Total Coloring Conjecture is settled for cubic3

graphs, but not to all regular graphs nor to arbitrary planar graphs.4

We investigate the total coloring of fullerene nanodiscs, a subclass5

of cubic planar graphs with girth 5 arising in Chemistry, motivated6

by a conjecture about the nonexistence of a Type 2 cubic graph of7

girth at least 5. We provide a combinatorial description and then a8

conformable coloring for small fullerene nanodiscs.9

1 Introduction10

A total coloring CT of a graph G is a color assignment from set E ∪ V ,11

such that distinct colors are assigned to: every pair of vertices that are12

adjacent; all edges that are adjacent; and each vertex and its incident13

edges. Clearly, a total coloring of a graph G requires at least ∆(G) + 114

colors, where ∆(G) is the maximum degree of G. A k-total coloring of a15

graph G is a total coloring that uses a set of k colors, and the graph is k-16

total colorable if it admits a k-total coloring. The total chromatic number17

of G is the smallest natural k for which G admits a k-total coloring, and it18

is denoted by χ′′(G). Behzad and Vizing [2, 16] independently conjectured19
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the Total Coloring Conjecture (TCC) that for any simple graphG, we have20

χ′′(G) ≤ ∆(G) + 2. If χ′′(G) = ∆(G) + 1, then the graph is Type 1; if21

χ′′(G) = ∆(G)+2, then the graph is Type 2. The TCC is open for regular22

graphs, and has been verified for some particular classes of graphs. For23

cubic graphs that are graphs where every vertex has degree 3, the TCC has24

already been settled [8], but it is not yet settled for all planar graphs [10].25

Deciding whether a cubic bipartite graph is Type 1 is NP-complete [13].26

We investigate the total coloring problem considering cubic planar graphs27

with large girth that model chemical structures: the fullerene nanodiscs.28

The length of the shortest cycle in a graph is called girth and has been29

considered for total coloring planar graphs [3]. Our goal is to study a con-30

jecture proposed by Brinkmann, Preissmann and Sasaki [4] which states31

that every Type 2 cubic graph has girth less than 5, and suggests that32

the girth of a graph is a relevant parameter in the study of total color-33

ing. The hunting of special Type 2 cubic graphs has been considered for34

nonplanar graphs as well [15]. We contribute by giving a combinatorial35

description of the small fullerene nanodiscs, and then by showing that they36

are conformable, a necessary step towards proving that they are Type 1.37

2 Fullerene graphs38

To motivate the choice of the studied graph class, we first give a histori-39

cal account of the discovery of the carbon molecule which can be modeled40

through a special cubic planar graph of girth 5, and then establish a com-41

binatorial description of our target class.42

2.1 Fullerene: A graph class modeling a molecule43

In attempt to understand the spectroscopy data obtained from astro-44

nomical objects as giant red carbon stars, which indicates the formation45

of long chains of carbon atoms, Harold Kroto and coworkers [9] performed46

a series of experiments vaporizing and cooling highly pure carbon samples47

discovering a new carbon allotrope highly symmetrical stable molecule,48
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composed of 60 tertiary carbon atoms. As the only way to maintain this49

amount of carbon atoms stable, Richard Smalley proposed a spheroid50

structure similar to a geodesic dome built by the Architect Buckminster51

Fuller, with 32 faces, being 20 hexagonal and 12 pentagonal (see Figure 1)52

later named by them as “C60 buckminsterfullerene”, or simply “buckyball”53

since the molecule structure is shaped like a soccer ball. For this contri-54

bution Harold Kroto, Robert Curl and Richard Smalley earned the 199655

Chemistry Nobel Prize. Fullerene molecules are widely studied by differ-56

ent branches of science, from medicine to mathematics. These molecules57

are supposed to contribute to transport chemotherapy, antibiotics or an-58

tioxidant agents, and are released in contact with deficient cells [14]. At59

the end of the 1980s, other carbon allotrope molecules with similar spatial60

structure to the C60 were reported to be called fullerene molecules, defined61

as polyhedral carbon cages in which sp2-carbons are directly bonded to62

three neighbors in an arrangement of five- and six-membered rings [1].63

Figure 1: molecular structure (a) and fullerene graph (b) of C60.

Each fullerene molecule can be described as a planar graph in which64

the atoms and the bonds are represented by the vertices and edges of65

the graph, respectively, preserving the geometric properties of the original66

fullerene molecule. Thus, we define a fullerene graph as cubic, planar, 3-67

connected graph whose faces are pentagonal or hexagonal (see Figure 1).68

The famous Euler’s formula for connected planar graphs n + f −m = 269

relates the number f of faces, the number m of edges and the number n70

of vertices, and implies that every fullerene graph must contain exactly71

12 pentagons, and that the smallest fullerene graph is the well known72
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dodecahedron with 20 vertices where all faces are pentagons [11].73

2.2 Fullerene nanodiscs74

We shall consider a particular family of fullerene graphs. According to75

the 3-dimensional structure, the fullerene nanodiscs, or nanodiscs of radius76

r ≥ 2, are structures composed of two identical flat covers connected77

by a strip along their borders. While in the nanodisc covers there are78

only hexagonal faces, in the connecting strip, besides the hexagonal faces,79

additional 12 pentagonal faces are arranged. Please refer to Figure 2 where80

the smallest fullerene nanodisc graphs are depicted. In each fullerene81

nanodisc graph, we highlight in the connecting strip the 12 pentagons.82

Figure 2: The smallest fullerene nanodisc graphs.

A nanodisc graph of radius r ≥ 2, denoted by Dr, has its faces ar-83

ranged into layers, one layer next the nearest previous layer starting from84

an hexagonal cover until we reach the other hexagonal cover [12]. The se-85

quence {1, 6, 12, . . . , 6(r−1), 6r, 6(r−1), . . . , 12, 6, 1} provides the amount86

of faces on each layer of the nanodisc graph Dr. Note that there is an odd87

number of 2r+1 layers, and we call the layer with 6r faces the central layer.88

For D2 the layer sequence is {1, 6, 12, 6, 1}, for D3 is {1, 6, 12, 18, 12, 6, 1}89

and for D4 is {1, 6, 12, 18, 24, 18, 12, 6, 1} (see Figure 2). The auxiliary cy-90

cle sequence provides the sizes of the auxiliary cycles that define the layers91

{C6, C18, . . . , C12r−6, C12r−6, . . . , C18, C6}. For example, for D2 the cycle92

sequence is {C6, C18, C18, C6}, for D3 is {C6, C18, C30, C30, C18, C6}, and93
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for D4 is {C6, C18, C30, C42, C42, C30, C18, C6} (see Figure 2). A nanodisc94

graph Dr contains 12r × r vertices and 18r × r edges.95

The 12 pentagonal faces are distributed in the central layer among its96

6r faces with the other (6r−12) hexagonal faces. This is the key property97

of fullerene nanodiscs [12]. Note that the central layer is defined by two98

auxiliary cycles, each of size 12r − 6. The 5 vertices of each pentagon99

are partitioned such that 3 vertices appear consecutively in one cycle and100

2 vertices appear consecutively in the other cycle. We say that two pen-101

tagons in the central layer are partitioned in the same way if each pentagon102

has 3 vertices in the same cycle C12r−6. For r ≥ 2, in a Dr, we may have103

choice to distribute and to partition the 12 pentagonal faces. Our first104

result imposes restrictions to the way the pentagons are partitioned in the105

central layer of a nanodisc graph and ensures that there is a unique D2.106

Figure 3: (a) Two consecutive pentagons partitioned in the same way;

(b) Labels of the vertices in three cycles of D3; (c) Three consecutive

pentagons in the central layer of D3.

Proposition 2.1. A nanodisc Dr, r ≥ 2, cannot have two consecutive107

pentagons in the central layer partitioned in the same way.108

Proof. In Figure 3(a), we show two pentagons (namely ABCED and109

CGHFE) partitioned in the same way and arranged side by side in the110
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central layer of Dr, so that vertices A,B,C,G and H belong to the same111

auxiliary cycle and the other vertices D,E and F belong to the other.112

Consider the layer adjacent to the central layer, where one of its defining113

cycles contains vertices D,E, F . By considering vertices I and J adjacent114

respectively to D and F in the cycle C12r−6, we find a path containing115

five consecutive vertices I,D,E, F, J in the In Figure 3(a), we show two116

pentagons (namely ABCED and CGHFE) partitioned in the same way117

and arranged side by side in the central layer of Dr, so that vertices118

A,B,C,G and H belong to the same auxiliary cycle and the other vertices119

D,E and F belong to the other.120

Consider the layer adjacent to the central layer, where one of its defining121

cycles contains vertices D,E, F . By considering vertices I and J adjacent122

respectively to D and F in the cycle C12r−6, we find a path containing123

five consecutive vertices I,D,E, F, J in the cycle, leading to a contra-124

diction that I,D,E, F, J must lie in a forbidden face.cycle, leading to a125

contradiction that I,D,E, F, J must lie in a forbidden face. �126

Observe that there are two ways of partitioning a hexagon in a layer de-127

fined by auxiliary cycles C and C ′. We may place 3 vertices of the hexagon128

in each auxiliary cycle, or place 4 vertices of the hexagon in one auxiliary129

cycle say C and the other 2 vertices in C ′. Our next results consider D3130

and impose restrictions to the way the hexagons are partitioned and the131

pentagons are distributed, and ensure that there is a unique D3.132

Proposition 2.2. In D3, the layers consisting of 12 hexagons cannot have133

two consecutive hexagons partitioned in the same way.134

Proof. Please refer to Figure 3(b). Label as vi the vertices of the inner135

C6 of D3 that define radial edges with vertices v′i in the next cycle C18.136

The inner C6 and the next C18 build a layer consisting of 6 hexagons.137

In the C18, we must distribute 12 additional vertices xi in pairs, between138

the v′i, as follows: x1 and x2 between v′1 and v′2, x3 and x4 between v′2139

and v′3, . . . , and x11 and x12 between v′6 and v′1. All 6 hexagons in the140

inner layer have 2 vertices appearing consecutively in the inner cycle C6141
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and 4 vertices appearing consecutively in the next cycle C18. The vertices142

xi define radial edges with 12 vertices x′i in the next cycle C30. We have143

a hexagon defined by three vertices x12, v′1, x1 in the C18, and vertices144

x′12, x′1, plus v′′1 between them, in the C30. The two hexagons that lie on145

each side of the hexagon must be partitioned such that 2 vertices appear146

consecutively in the C18 and 4 vertices appear consecutively in the C30. �147

Proposition 2.3. In D3, the central layer cannot have three consecutive148

pentagons.149

Proof. From Proposition 2.1, we cannot have two consecutive pentagons150

in the central layer partitioned in the same way, so we have in Figure 3(c)151

three consecutive pentagons so that between two pentagons partitioned in152

the same way, there is a pentagon partitioned in a different way.153

The central layer of the D3 is defined by two cycles C30. Consider in154

Figure 3(c) five vertices A,B,K, J and I that are consecutive in a C30, and155

observe that among them only vertex K is adjacent to a vertex N in a C18.156

So the two consecutive hexagons, of the layer defined by C30 and a C18,157

containing vertices A,B,K, J and I, and additionally the vertex N , must158

be partitioned in the same way, which contradicts Proposition 2.2. �159

In the central layer of D3, we have 12 pentagons distributed among 6160

hexagons. By Proposition 2.1, we cannot have two consecutive pentagons161

partitioned in the same way. By Proposition 2.3, we cannot have three162

consecutive pentagons. So, among the 6 hexagons, the 12 pentagons must163

appear in pairs of consecutive pentagons where each pair is not partitioned164

in the same way. See the unique D3 in Figure 2.165

3 Conformable coloring of fullerene nanodiscs166

The smallest Type 2 cubic graph is K4, and another known Type 2167

cubic graph is the generalized Petersen graph G(5, 1) [5], and both have168

squares or triangles, as well as all Type 2 cubic graphs found so far [7]. The169

evidence found in the work of Brinkmann et al. [4] suggests the conjecture170
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that every Type 2 cubic graph has a girth less than 5, and searches were171

started for Type 1 and Type 2 fullerene graphs, which are graphs with172

girth 5, but so far only Type 1 fullerene graphs have been obtained [11].173

A necessary step towards proving that a cubic graph is Type 1 is to174

define a 4-vertex coloring where the cardinality of each vertex color class175

has the same parity when compared to the cardinality of the entire vertex176

set. Such special vertex coloring is called conformable [5]. From the177

unicity established in Subsection 2.2 for D2 and D3, we may present in178

Figure 4: (a) a 4-total coloring for D2 [6], and (b) an optimal 3-vertex179

coloring for D3 that satisfies the requirement to be a conformable 4-vertex180

coloring since each of the 4 color classes has an even number of elements.181

Figure 4: (a) A 4-total coloring of D2; (b) A 3-vertex coloring that is a

4-conformable coloring of D3; (c) A 4-conformable coloring of D4.

Another strategy is to take advantage that the auxiliary cycles have182

even length and color alternately with colors 1 and 2 the cycle C6 defining183

the inner layer, with colors 3 and 4 the next cycle C18, and so on. The184

strategy does not rely on the unicity of Dr, for r > 3, and defines a185

conformable 4-vertex coloring for even radius as proved next. Our current186

goal is to generalize the 3-vertex coloring that is a 4-conformable coloring187

of D3 presented in Figure 4(b) to an arbitrary nanodisc of odd radius.188

Theorem 3.1. Every nanodisc with even radius admits a conformable189
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4-vertex coloring.190

Proof. Please refer to Figure 4(c). In a Dr with even r, consider the 4-191

vertex coloring that gives colors 1 and 2 to the outer cycle C6, colors 3 and192

4 to the next cycle C18, until we reach the central layer, where colors 3 and193

4 are given to cycle C12r−6 and colors 1 and 2 are given to the next cycle194

C12r−6, continue in this fashion until colors 3 and 4 are given to the inner195

cycle C6. Note that each cycle provides an odd number of colored vertices196

with the same color, and that every color class has the same number of197

vertices and that this number is even, given by 3r × r. �198



10 M. da Cruz et al.

Acknowledgment199

We are grateful to two reviewers for their careful reading with many sug-200

gestions which contributed to the presentation of the extended abstract.201

References202

[1] K. Ala’a, J. P. Hare, H. Kroto, and R. Taylor, Isolation, separation203

and characterisation of the fullerenes C60 and C70: the third form of204

carbon, Journal of the Chemical Society, Chemical Communications205

20 (1990), pp. 1423–1425.206

[2] M. Behzad, Graphs and Their Chromatic Numbers, PhD Thesis,207

Michigan University (1965).208

[3] O. V. Borodin, A. V. Kostochka and D. R. Woodall, Total colourings209

of planar graphs with large girth, European Journal of Combinatorics210

19 (1998), 19–24.211

[4] G. Brinkmann, M. Preissmann and D. Sasaki, Snarks with total chro-212

matic number 5, Discrete Mathematics and Theoretical Computer213

Science 17 (2015), pp. 369–382.214

[5] A. G. Chetwynd and A. J. W. Hilton, Some refinements of the total215

chromatic number conjecture, Congressus Numerantium 66 (1988),216

pp. 195–216.217

[6] M. M. F. da Cruz, D. Sasaki, and M. V. T. Costa, Coloração Total218

de Nanodiscos de Fulerenos, Cadernos do IME-Série Matemática 15219
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1. Fullerene Graphs

1.1 Fullerene: A graph class modeling a molecule
In 1985 a new carbon allotrope was reported in the scientific community: C60.
A group of scientists, led by Englishman Harold Walter Kroto and Americans
Richard Errett Smalley and Robert Curl, trying to understand the mechanisms
for building long carbon chains observed in interstellar space, discovered a
highly symmetrical, stable molecule, composed of 60 carbon atoms different
from all the other carbon allotropes.

The C60 has a structure similar to
a soccer hollow ball (Figure 1),
with 32 faces, being 20 hexago-
nal and 12 pentagonal. They de-
cided to name the C60 buckminster-
fullerene, in honor of American ar-
chitect Richard Buckminster Fuller,
famous for his geodesic dome con-
structions, which were composed of
hexagonal and pentagonal faces.
At the end of the 1980s, other carbon
allotrope molecules with similar spa-
tial structure to the C60 were reported
called fullerene molecules [1].

Figure 1: Molecular structure of C60.

The buckminsterfullerene was the first new allotropic form discovered in the
20th century, and earned Kroto, Curl and Smalley the Nobel Prize in Chem-
istry in 1996. Nowadays fullerene molecules are widely studied by different
branches of science, from medicine to mathematics. These molecules are sup-
posed to contribute to transport chemotherapy, antibiotics or antioxidant agents
and released in contact with deficient cells.

1.2 Fullerene Graphs
Each fullerene molecule can be described as a planar graph in which the atoms
and the bonds are represented by the vertices and edges of the graph, respec-
tively, preserving the geometric properties of the original fullerene molecule.
Thus, we define a fullerene graph as cubic, planar, 3-connected graph whose
faces are pentagonal or hexagonal (Figure 2).

The famous Euler’s formula for con-
nected planar graphs n + f −m = 2
relates the number f of faces, the
number m of edges and the number
n of vertices, and implies that every
fullerene graph must contain exactly
12 pentagons, and that the smallest
fullerene graph is the well known do-
decahedron with 20 vertices where
all faces are pentagons [2].

Figure 2: Fullerene graph of C60.

1.3 Fullerene Nanodiscs
The fullerene nanodiscs, or nanodiscs Dr of radius r ≥ 2, are structures com-
posed of two identical flat covers connected by a strip along their borders. While
in the nanodisc covers there are only hexagonal faces, in the connecting strip,
besides the hexagonal faces, additional 12 pentagonal faces are arranged.
Please refer to Figure 3 where the smallest fullerene nanodisc graphs are de-
picted. In each fullerene nanodisc graph, we highlight in the connecting strip
the 12 pentagons.

Figure 3: The smallest fullerene nanodisc graphs.

A nanodisc graph of radius r ≥ 2, denoted by Dr, has its faces arranged into lay-
ers, one layer next the nearest previous layer starting from an hexagonal cover
until we reach the other hexagonal cover [2]. The sequence {1, 6, 12, . . . , 6(r −
1), 6r, 6(r−1), . . . , 12, 6, 1} provides the amount of faces on each layer of the nan-
odisc graph Dr. Note that there is an odd number of 2r+1 layers, and we call the
layer with 6r faces the central layer. For D2 the layer sequence is {1, 6, 12, 6, 1},
for D3 is {1, 6, 12, 18, 12, 6, 1} and for D4 is {1, 6, 12, 18, 24, 18, 12, 6, 1} (see Fig-
ure 3). The auxiliary cycle sequence provides the sizes of the auxiliary cycles
that define the layers {C6, C18, . . . , C12r−6, C12r−6, . . . , C18, C6}. For example, for
D2 the cycle sequence is {C6, C18, C18, C6}, for D3 is {C6, C18, C30, C30, C18, C6},
and for D4 is {C6, C18, C30, C42, C42, C30, C18, C6} (see Figure 3). A nanodisc
graph Dr contains 12r × r vertices and 18r × r edges.

2. Combinatorial Results

The 12 pentagonal faces are distributed in the central layer among its 6r faces
with the other (6r − 12) hexagonal faces. This is the key property of fullerene
nanodiscs [2]. Note that the central layer is defined by two auxiliary cycles,
each of size 12r − 6. The 5 vertices of each pentagon are partitioned such that
3 vertices appear consecutively in one cycle and 2 vertices appear consecu-
tively in the other cycle. We say that two pentagons in the central layer are
partitioned in the same way if each pentagon has 3 vertices in the same cycle
C12r−6. For r ≥ 2, in a Dr, we may have choice to distribute and to partition the
12 pentagonal faces.

Lemma 1
A nanodisc Dr, r ≥ 2, cannot
have two consecutive pentagons
in the central layer partitioned in
the same way.

Figure 4: Two consecutive pentagons
partitioned in the same way.

Observe that there are two ways of partitioning a hexagon in a layer defined
by auxiliary cycles C and C ′. We may place 3 vertices of the hexagon in each
auxiliary cycle to obtain a balanced hexagon, or we may place 4 vertices of the
hexagon in one auxiliary cycle say C and the other 2 vertices are placed in C ′

to obtain an unbalanced hexagon. The following results are obtained through
the rigidity of the construction of the layers of a nanodisc.

Lemma 2
Consider the fullerene nanodisc
Dr, r ≥ 2, and its layers consisting
of 6 hexagons. All the hexagons in
these layers are unbalanced.

Figure 5: Construction of layer consist-
ing of 6 hexagons in a fullerene nan-
odisc Dr, r ≥ 2.

Theorem 1. Lemmas 1 and 2 ensure that D2 shown in Figure 3 is unique.

Lemma 3
In Dr, r ≥ 3, the layers consisting
of 12 hexagons cannot have two
consecutive hexagons partitioned
in the same way.

Figure 6: Construction of layer con-
sisting of 12 hexagons in a fullerene
nanodisc Dr, r ≥ 3.

Lemma 4
The fullerene nanodisc Dr, r ≥
3, cannot have three consecutive
pentagons in the central layer.

Figure 7: Three pentagons ar-
ranged alternately in the central
layer of Dr.

In the central layer of D3, we have 12 pentagons distributed among 6 hexagons.
By Lemma 1, we cannot have two consecutive pentagons partitioned in the
same way. By Lemma 4, we cannot have three consecutive pentagons. So,
among the 6 hexagons, the 12 pentagons must appear in pairs of consecutive
pentagons where each pair is not partitioned in the same way.

Theorem 2. Lemmas 1, 3 and 4 ensure that D3 shown in Figure 3 is unique.

Lemma 5
Consider the fullerene nanodisc
Dr, r ≥ 4, and its layers containing
18 hexagons. Between each pair
of unbalanced hexagons, there is
a pair of consecutive balanced
hexagons.

Figure 8: Construction of layer con-
sisting of 18 hexagons in a fullerene
nanodisc Dr, r ≥ 4.

In the central layer of D4, we have 12 pentagons distributed among 12
hexagons. By Lemma 1, we cannot have two consecutive pentagons parti-
tioned in the same way. By Lemma 5, we cannot have three consecutive pen-
tagons. So, we have two forms to distribute the pentagons and the hexagons:

• The pentagons and the hexagons are distributed alternatingly;
• Among the 12 hexagons, the 12 pentagons in pairs of two consecutive pen-

tagons such that each pair is not partitioned in the same way.

Theorem 3. The two non isomorphic nanodiscs D4 are shown in Figure 9.

In order to describe the number of non isomorphic nanodiscs Dr, we introduce
an auxiliary t parameter, 0 ≤ t ≤ r − 1, defined as the number of hexagons
arranged between the pentagons in the central layer, and denote the nanodisc
by Dr,t (see Figure 9).

Figure 9: The two non isomorphic fullerene nanodiscs D4.
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Abstract. We investigate the total coloring of fullerene nanodiscs, a subclass of
cubic planar graphs with girth 5 arising in Chemistry, motivated by a conjecture
about the nonexistence of a Type 2 cubic graph of girth at least 5. We give a
combinatorial description and then a conformable coloring for an infinite family
of fullerene nanodiscs.

1. The large girth Type 1 conjecture
A k-total coloring of a graph G is a color assignment from set E ∪ V , where E denotes
the set of edges and V denotes the set of vertices of the graph, such that distinct colors are
assigned to: every pair of vertices that are adjacent; all edges that are adjacent; and each
vertex and its incident edges. The total chromatic number χ′′(G) is the smallest natural
k for which G admits a k-total coloring. Behzad and Vizing [Behzad 1965, Vizing 1964]
independently conjectured the Total Coloring Conjecture (TCC) that for any simple graph
G, we have χ′′(G) ≤ ∆(G) + 2. If χ′′(G) = ∆(G) + 1, then the graph is Type 1; if
χ′′(G) = ∆(G) + 2, then the graph is Type 2. The TCC has been verified for some
particular classes of graphs, including cubic graphs [Kostochka 1996].

Figure 1. (a) A Type 2 girth 3 cubic graph; (b) a Type 2 girth 4 cubic graph.

Every known Type 2 cubic graph has a girth 3 or 4 (See Figure 1). So, it is natural
to think that there are no Type 2 cubic graphs with girth at least 5. Thus the following
conjecture was proposed [Brinkmann et al. 2015]:

Conjecture 1. There is no Type 2 cubic graph with girth at least 5.

We will then define a special vertex coloring which is a necessary condition for a
graph to be Type 1.



Lemma 1 ([Chetwynd and Hilton 1988]). Let G be a regular graph. G is conformable if
and only if it has a vertex coloring with ∆ + 1 colors and each color class has the same
parity of |V (G)|.

By Lemma 1, a necessary step towards proving that a cubic graph is Type 1 is
to define a 4-vertex coloring where the cardinality of each vertex color class is even.
Deciding whether an arbitrary graph is Type 1 is NP-complete [Sánchez-Arroyo 1989],
even restricted to cubic graphs. Therefore, extending a conformable coloring to a
(∆ + 1)-total coloring is also NP-complete.

Lemma 2 ([Chetwynd and Hilton 1988]). If G is a Type 1 graph, then G is conformable.

2. The nanodiscs are graphs of girth 5
The fullerene nanodiscs, or nanodiscs Dr of radius r ≥ 2, are structures composed of
two identical flat covers, made with only hexagonal faces, connected by a strip along
their borders constructed with additional 12 pentagonal faces. Figure 2 shows nanodiscs,
where we highlighted with blue color in the connecting strip the 12 pentagonal faces.

The sequence {1, 6, 12, 18, ..., 6(r − 1), 6r, 6(r − 1), ..., 18, 12, 6, 1} provides the
amount of faces on each layer of the nanodisc graph Dr. The 12 pentago-
nal faces are distributed in the central layer among its 6r faces with the other
(6r − 12) hexagonal faces [Nicodemos 2017]. The auxiliary cycle sequence
{C6, C18, . . . , C12r−6, C12r−6, . . . , C18, C6} provides the sizes of the auxiliary cycles that
define the layers. A nanodisc contains 12r2 vertices, 18r2 edges and has girth 5.

3. All even radius nanodiscs are conformable
A strategy to color the vertices of Dr is to take advantage that the auxiliary cycles have
even length and color alternately with colors 1 and 2 the cycle C6 defining the inner layer,
with colors 3 and 4 the next cycle C18, and so on. The strategy does not rely on the unicity
of Dr, and defines for even radius a 4-vertex coloring that is conformable. See Figure 2.

Figure 2. Conformable colorings for D2 and D4, respectively.
Theorem 1 ([da Cruz et al. 2021]). Every nanodisc with even radius admits a con-
formable coloring.

Proof. In a Dr with even r, consider the 4-vertex coloring that gives colors 1 and 2 to
the outer cycle C6, colors 3 and 4 to the next cycle C18, until we reach the central layer,
where colors 3 and 4 are given to cycle C12r−6 and colors 1 and 2 are given to the next
cycle C12r−6, continue in this fashion until colors 3 and 4 are given to the inner cycle C6.
There are 2r cycles, and each color appears in r cycles. Each color class has the same
even number 3r2 of vertices.



Figure 3. (a) A 4-vertex coloring that does not give a conformable coloring of D3;
(b) an optimal 3-vertex coloring that gives a conformable coloring of D3.

Note that for r odd this 4-vertex coloring is not conformable, since 3r2 generates
an odd number of vertices for each color class (See Figure 3(a)). Thus, seeking to prove
that all Dr nanodiscs are conformable, we further studied the D3 nanodisc and obtained
an optimal 3-vertex coloring that gives a conformable 4-vertex coloring, since each of
the three color classes has an even number of vertices, and the fourth color class has 0
elements (See Figure 3(b)).

Theorem 2 ([da Cruz et al. 2021]). The nanodisc D3 is conformable.

Figure 4. 3-vertex colorings of the two non-isomorphic instances of D5.

The optimal 3-vertex coloring strategy for D3 consists of coloring the auxiliary
cycles, except for the two cycles of the center layer, using two colors alternately, avoiding
color conflict in the vertices that are extremes of radial edges between consecutive
auxiliary cycles. In the cycles C12r−6 defining the central layer, we introduce a third color
by choosing six vertices in each cycle, thus ensuring the parity of this color class and the
other color classes, where the fourth color class has 0 vertices. Recently, we have found
two non-isomorphic instances for the fullerene nanodisc D5. We verified the coloring
strategy described above in both, which culminated in the following result (See Figure 4).

Theorem 3. The two non-isomorphic instances of nanodisc D5 are conformable.



4. Current work
Our current goal is to generalize the 3-vertex coloring strategy that gives a conformable
coloring of D3 presented in Figure 3(b) and of D5 presented in Figure 4 to an arbitrary
nanodisc of odd radius. We were not able to extend the conformable vertex colorings
defined in Section 3 for a 4-total coloring of those fullerene nanodiscs. We need to further
investigate the structure of the class, looking for a suitable conformable vertex coloring
that extends to a 4-total coloring of Dr, in order to prove that every fullerene nanodisc is
Type 1, as has already been proven for D2 [da Cruz et al. 2021]. See Figure 5.

Figure 5. A 4-total coloring of D2.
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Fullerene nanodiscs Dr are mathematical models for carbon-based mole-
cules experimentally found in the early eighties, which are cubic, 3-connected,
planar graphs with pentagonal and hexagonal faces. The planar embedding of
Dr has its faces arranged into layers, one layer next to the nearest previous
layer starting from a hexagonal cover until we reach the other hexagonal
cover. The distance between the inner (outer) layer and the central layer,
where lie 12 pentagonal faces, is given by the radius parameter r ≥ 2.

A total coloring of a graph assigns colors to the vertices and edges such
that adjacent or incident elements have different colors. The long-standing
Total Coloring Conjecture is settled for cubic graphs, implying that every
cubic graph admits a 5-total coloring. However, the recognition of 4-total
colorable cubic graphs is a challenging problem. Since every known cubic
graph that is not 4-total colorable has girth at most 4, it has been conjectured
that every cubic graph with girth at least 5 is 4-total colorable. A necessary
step toward proving that a cubic graph admits a 4-total coloring is to define
a conformable coloring, which is a 4-vertex coloring where the cardinality of
each vertex color class has the same parity as the cardinality of the entire
vertex set. A graph that admits a conformable coloring is called conformable.

We prove that every fullerene nanodisc is conformable. Although every
conformable coloring we were able to exhibit does extend to a 5-total coloring,
we are still looking for a suitable conformable coloring that might extend to
the desired 4-total coloring. In parallel with these investigations, we present
combinatorial contributions referring to the structure of fullerene nanodiscs.
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