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Devido ao avanco tecnolégico recente, a computacao quantica tem ganhado
notoriedade. Neste paradigma, o conceito de passeio quantico é fundamental
para o desenvolvimento de algoritmos para computadores quanticos. Dentre os
modelos de passeios quanticos existentes, destaca-se o modelo escalonado, proposto
por Portugal et al., que inclui o modelo de Szegedy como um caso particular,
além de parte do modelo com moeda. O modelo escalonado utiliza o conceito de
tesselagoes em grafos para gerar os operadores quanticos de evolugao que regem os
movimentos do caminhante sobre o grafo. Tesselagoes em grafos possuem ainda
um interessante valor para teoria de grafos visto que o parametro tessellation cover
number T(G) se relaciona com diversos outros parametros presentes na literatura
tais como chromatic number, chromatic index, total chromatic number, independent
set number, e cliqgue number. Além disso, os problemas que se relacionam com T (G),
tais como t-tessellability, good tesellable recognition, e total good
tessellable recognition tém relagoes profundas com problemas classicos em
teoria dos grafos que envolvem coloragao de grafos. Neste trabalho apresentamos
resultados em teoria de grafos para os problemas relacionados com tesselagoes em
grafos citados acima, tais como complexidade computacional destes problemas para
varias classes de grafos, limites inferior e superior para T (G), e o valor de T (G) para
diversas classes de grafos. Além disso, apresentamos um modelo de passeio quéantico
baseado em total tessellation cover, sendo este pioneiro no uso de vértices e arestas

como localidades possiveis para o caminhante, simultaneamente.
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Due to recent technological advances, quantum computing has gained notoriety.
In this paradigm, the concept of quantum walk is fundamental for the development
of algorithms for quantum computers. Among the existing quantum walk models,
the staggered model, proposed by Portugal et al. stands out, since it includes
the Szegedy model as a particular case, and part of the coined model. The
staggered model uses the concept of tessellations on graphs to generate the quantum
evolution operators that perform the walker’s movements on the graph. Tessellations
on graphs also have an interesting value for graph theory, since the parameter
tessellation cover number T(G) is related to several other parameters present in
the literature such as chromatic number, chromatic index, total chromatic number,
independent set number, and cligue number. In addition, problems related to
T(G), such as t-tessellability, good tesellable recognition, and total
good tessellable recognition have deep relations with classic problems in
graph theory involving graph coloring. In this work we present results in graph
theory for the problems related to tessellations on graphs mentioned above, such as
computational complexity, lower and upper bounds for T (G), and the value of T (G)
for several graph classes. Furthermore, we present a quantum walk model based on
total tessellation cover, being pioneer in the use of vertices and edges as possible

locations for the walker, simultaneously.
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Chapter 1
Introduction

The concept ofrandom walksis the mathematical modeling of a particle, i.e.,

a walker, walking over a graph through successive random steps. This concept has
been important in the development of algorithms to solve problems in computation,
physics, psychology [42], and biology [20]. In random walks we have a stochastic
matrix operator that is applied in each step of the walker, and acts over the state
that represents the walker position over the graph. We can see this operator as a
coin, i.e., its action is like a coin toss whose result indicates the direction of the next
step of the walker.

Nowadays, quantum computationhas gained notoriety. Feymanm [30] was pi-
oneer in showing that quantum systems could be used to perform computational
tasks more e ciently than the usual computational paradigm. Indeed, before the
existence of the rst quantum hardware, quantum algorithms more e cient than
their classical counterparts were developed. Grover [33] algorithm can nd a desired
element in a list with N elements inO(' N) steps, while its classical counterpart
would needO(N) steps to nd the same element. Shor [56] algorithm can be used
to solve the prime number factoring problem in polynomial time, while in classical
computation, this problem is still considered hard to be solved.

In quantum computation there is the concept ofquantum walks[13], which
is similar to the concept of random walks, however, the rst one must obey the
guantum mechanics postulates, which de ne how the physical system must be,
the evolution of the quantum system, the composition of quantum states, and the
measurement of a quantum state to obtain the output of the quantum algorithms.
This concept is also important in the development of quantum algorithms [12, 15
19, 23, 29, 35, 39, 43, 53], and in the development of tools to simulate quantum
systems and algorithms [4, 26, 36, 40].

There are some important quantum walk models. The rst one is theoined
model that is similar to the previous description of random walks. In this model,
the quantum operator is composed by the coin operator, which acts like a coin,



and the space operator, that will shift the walker according to the result of the
coined operator. We also have th&zegedy model57], which performs a quantum
walk without a coin operator, and di erently of other quantum walk models, this
one uses the edges of the graph as locations to the walker. In the middle of last
decade, a more general quantum walk model, known sisggered moded7 49], was
proposed by Portugal et al., generalizing the Szegedy one as a particular case.
The staggered model is de ned by an evolution operator that is described by

a product of local unitary matrices obtained from agraph tessellation cover A
tessellationis de ned as a partition of the vertices of a graph into vertex disjoint
cliques. A tessellation cover is de ned as a set of tessellations whose union of them
covers the edge set of the graph. The staggered model requires that each edge
of the graph is covered at least once, since an uncovered edge would play no role
in the quantum walk. To understand the possibilities of the staggered model, it
is important to introduce the t-tessellability problem, which aims to decide
whether a given graph can be covered hytessellations. This problem is interesting
since it is related to important problems in the literature, such a&-colorability
Moreover, several graph classes have thessellation cover numbeiT (G), which is
the size of a smallest tessellation cover of a gragh, well related with important
parameters in graph theory, such as maximum degreé¢ G), chromatic number

(G), chromatic index YG), total chromatic number +(G), and independent set
number (G).

1.1 Related works

The problem of tessellations on graphs was rstly studied independently by
Duchet [27] in 1979 asquivalence covering . Later, in 1986 Alon [14] proved
that the equivalence number, denoted by G) is lower bounded bylogz(jV(TG)j),
wherejV (G)j is the number of vertices of graplG and d is the maximum degree of
the complement graph ofG, denoted by G°. Following, in 1995 Blokhuis et al. [21]
showed that deciding thate G) k, for an integer k is NP -complete for split
graphs. At the beginning of the last decade, in 2010, Esperet et al. [28] improved
the current best bounds to the equivalence number of a line graph.

With the appearance of staggered model, this theme came across again as tes-
sellation on graphs, whereq G) and T (G) are actually the same parameter. In this
context, | brought in my Master thesis [3] the rst results of last decade with respect
of graph theory, in 2017. In that work it was established thafTl (G) (K (G)),
where K (G) is the clique graph of graphG, | proved that for w-wheel graphs
T(G) = d3e, and for windmill graphs T(G) = (K (G)). | also revisited an im-
portant quantum algorithm for element distinctness proposed by Ambainis [15] and



| presented it in staggered model. The complexity of (G) was considered by Posner
et al. [50], who showed thak-tessellability is NP -complete for line graphs of
triangle-free graphs.

1.1.1 Contributions

Recently, Abreu et al. [9] improved the upper bound established in [3] by showing
that T(G) minf YG); (K(G))g. Furthermore, we showed the value fof (G) for
several graph classes, and showed hardness results fortttessellability prob-
lem for several graph classes. These results are presented in Chapter 2, Section 2.1,
and they can be seen in more details in Appendix A. Abreu et al. [6] introduced
the problems ofk-star size and good tessellable graph recognition , and
related them with the t-tessellability problem by presenting graph classes with
certain behaviors. The problem de nitions and the results are presented in Chap-
ter 2, Section 2.2, and they can be seen in more details in Appendix B. Abreu et
al. [8] related T (G) with total chromatic number, denoted by 1(G). We presented

a contrast between hardness results for the problems lkfedge-colorability , k-
total-colorability , t-tessellability , and a new problem introduced in that
work, called by t-total-colorability . Moreover, we presented theotal stag-

gered quantum walk modelThe problem de nitions and the results are presented in
Chapter 2, Section 2.3, and they can be seen in more details in Appendix C. Chap-
ter 3 discusses works in progress corresponding to Appendices D and E presented
at conferences [2, 7].



Chapter 2

Tessellations on graphs: Related
problems and applications

Along this chapter we introduce the main results corresponding to three full
papers, each one in one section. Section 2.1 introduces the results of the paper
attached in Appendix A, which contains the rst results about tessellations on graphs
after the staggered quantum walk model was proposed by Portugal et al. [49] in
2015. Section 2.2 introduces the results of the paper attached in Appendix B, which
contains new problems related to tessellations on graphs. Section 2.3 introduces
the results of the paper attached in Appendix C, which contains a new problem
related to tessellations on graphs, and a new quantum walk model based on this
new problem and the related parameter.

2.1 The graph tessellation cover number: chromatic
bounds, e cient algorithms and hardness

An extended abstract containing the following results was presented in LATIN
2018, The 13th Latin American Theoretical Informatics Symposium [5], and then,
the full paper was published in Theoretical Computer Science C, Natural Comput-
ing, TCS-C [9], in 2020, which is attached in Appendix A.

We start with two main de nitions.

De nition 2.1  [9] A tessellationT is a patrtition of the vertices of a graph into
cliques, callediles. An edgebelongsto the tessellationT if and only if its endpoints
belong to the same clique iT . The set of edges belonging t® is denoted byE(T).

De nition 2.2  [9] Given a graph G with edge setE(G), a tessellation coverof
sizet of G is a set oft tessellationsTy; :::; Ty, whose union[ }.; E(T;) = E(G). A
graph G is calledt-tessellableif there is a tessellation cover of size at most The

4



t-tessellability problem aims to decide whether a grapit is t-tessellable. The
tessellation cover numbeiT (G) is the size of a smallest tessellation cover Gf.

We improve the previous upper bound foil (G) presented in [1, 3] by showing
that T(G) is at most the minimum between the chromatic index {G) of the graph
and the chromatic number of its clique graph (K (G)).

Theorem 2.3 [9] If G is a graph, thenT(G) minf {G); (K(G))g.

We conclude that if G is a triangle-free graph, therT (G) = {G)= (K(G)) =

(L(G)) since an edge-coloring induces a tessellation cover, whef&) is the line
graph of G. Moreover, t-tessellability is polynomial-time solvable for bipartite
graphs and forf triangle; proper majorg-free graphs, and there are also polynomial-
time algorithms to obtain a minimum tessellation cover for these graph classes [31,
58]. In contrast, from [34], we conclude that-tessellability of triangle-free
graphs fort 3 is NP -complete. Particularly, t-tessellability fort 3isNP-
complete even for unichord-free graphs with girth at least 15, for 3 [38], which
are triangle-free.

We are able to present graph classes for which ()(G) = {G) with (K (G))
arbitrarily large [3], (i) T(G) = (K(G)) with YG) arbitrarily large, in Theo-
rem 2.4 (example depicted in Figure 2.1), and (ii)T(G) = 3 with both upper
bounds arbitrarily large, in Theorem 2.5 (example depicted in Figure 2.2).

Theorem 2.4 [9] Let G, be a star-octahedral graph. Then:
1. T(Gp) = ( Gp)= H4Gp)= (K(Gp))=2p, for p2f2;3g, and;

2. T(Gp)= ( Gp)= YGp)=2pand (K(Gp)=2P1+1,forp 4

Theorem 2.5 [9] Let E3, be a(3; p)-extended wheel graph. TherT,(Eszp) = 3 for
p 2

The t-tessellability problem aims to decide whether there is a tessella-
tion cover of the graph witht tessellations. We found thatt-tessellability is
polynomial-time solvable for bipartite, {triangle, proper major}-free, threshold, and
diamond-freeK -perfect graphs, and it isN P -complete for triangle-free fort 3,
unichord-free fort 3, planar fort = 3, biplanar fort 3, chordal (2;1)-graphs
fort 4, (1;2)-graphs fort 4, and diamond-free with diameter at most ve for
t = 3. We improved the complexity of 2-tessellability problem to linear time.

A graph G is calledextremal if T(G) = minf {G); (K(G))g. Next, we de ne
a property of the cliques on a tessellation called exposed maximal clique.

5



(@) (b)

Figure 2.1: (a) The star-octahedral graphG,, i.e., the coalescence between the
octahedral graphO, and the star graphSg. (b) The clique graphK (G,4). Notice
that T(Gs) = 9G,) =8, while (K(Gy)=9.

Figure 2.2: An example of the(3;2)-extended wheel graph. Notice that
the tessellations applied in this graph arel; = ff 0;3;6q;f1;2g;f4;59g, T, =
ff 1;4;6q;f2;3g;f5;09g, and T3 = ff 2;5; 6g; f 3; 4g; f 0; 1gg.

De nition 2.6  [9] A maximal cligue K of a graph G is said to beexposedby a
tessellation coverCif E(K) 6 E(T) for all T 2 C, that is, the edges ofK are not
covered by any single tessellation .

Lemma 2.7 [9] A graph G admits a minimum tessellation cover with no exposed
maximal cliques if and only ifT(G) = (K (G)).

Now, we consider diamond-free graphs whose clique-graphs are diamond-free,
and any two maximal cliques intersect in at most one vertex.

Theorem 2.8 [9] If G is a diamond-free graph with (K (G)) = ! (K(G)), then
T(G) = (K(G)).

A graph is K -perfect if its clique graph is perfect [22]. Since a diamond-free
K -perfect graphG satis es the premises of Theorem 2.8, we conclude tha{G) =
(K(G)).
Threshold graphs can be constructed from an empty graph by adding either an
isolated vertex or a universal vertex. If a threshold grapl& is connected, thenG
has a universal vertex, and by construction, its clique graph is a complete graph.

Theorem 2.9 [9] If G is a connected threshold graph, theh(G) = (K (G)).

6



Figure 2.3: The 3-tessellablgraph-gadgetof Lemma 2.10. Each tessellation is
depicted separately. The external vertices ar@, b; c; e; j; I; n; g and the internal
vertices are the remaining ones.

Now, we focus on presentingN P -completeness of the-tessellability prob-
lem of planar graphs with maximum degree( G) 6 fort =3 in Theorem 2.11,
biplanar graphs fort 3 in Theorem 2.12, chordal2; 1)-graphs fort 4 in The-
orem 2.13,(1; 2)-graphs fort 4 in Theorem 2.14, and diamond-free graphs with
diameter at most ve fort 3in Theorem 2.15.

Lemma 2.10 [9] Any tessellation cover of size 3 of thgraph-gadgetdepicted in
Figure 2.3 contains a tessellation that covers the middle and the external triangles.

Using the gadget depicted in Figure 2.3 we can provide a polynomial transfor-
mation from the N P -complete 3-colorability of planar graphs with maximum
degree four [31] to3-tessellability of planar graphs with maximum degree six.
Then the next theorem follows.

Theorem 2.11 [9] 3-tessellability of planar graphs with ( G) 6is NP -
complete.

The next theorem shows that-tessellability , with any xed t 3, of bipla-
nar graphs isN P -complete. Curiously, the polynomiality of -edge colorabil-
ity for planar graphs with ( G) 8 suggests thatt-tessellability for planar
graphs might be polynomial-time solvable for large enough in contrast with t-
tessellability of biplanar graphs.

Theorem 2.12 [9] t-tessellability of biplanar graphs fot  3is NP -complete.

We are able to show a polynomial transformation from theN P -complete 3-
colorability [31] to 4-tessellability of chordal (2;1)-graphs. This hardness
proof can be generalized for any xed 4. Then, we have the following theorems.

Theorem 2.13 [9] The t-tessellability of chordal (2;1)-graphs is NP -
complete, for any xedt 4.

Theorem 2.14 [9] The t-tessellability of (1;2)-graphs is NP -complete, for
any xedt 4.



Considering theNAE 3-SAT problem, we can provide a polynomial transfor-
mation from this N P -complete problem [31] td3-tessellability of diamond-free
graphs with diameter at most ve.

Theorem 2.15 [9] 3-tessellability of diamond-free graphs with diameter at
most ve is NP -complete.

To close this section, we show that we can solve tlzetessellability problem
in linear time by improving the previous Peterson's algorithm [44], whose idea is to
group true twin vertices of a same clique of a line grapB. These true twin vertices
represent multiedges in the bipartite multigraphH, whereG = L(H). Then, the
algorithm removes all those true twin vertices in each group but one. The last step
of the algorithm is to verify if a graph is a line graph of a bipartite graph by using
the Roussopoulos' linear-time algorithm [52]. Our improvement consists in showing
a faster way to remove true twin vertices belonging to a clique of a graph using its
modular decomposition.

Theorem 2.16 [9] 2-tessellability can be solved in linear time.

Tables 2.1 and 2.2 summarize the results of the paper [9] in Appendix A.

Table 2.1. Extremal graph classes and tight upper bounds.

Graph class T(G) minf YG); (K(G))g
Bipartite T(G) = G)=( G)
Triangle-free T(G) = qG)
Unichord-free with girth 15 T(G)= qG)=( G)
Wdpq T(Wdpg) = (K(Wdgg)) = ¢
Gpp2f23g T(Gp) = 4Gy = (K(Gp)=2p
Gp, any p T(Gp) = qAGp)=2p
Esp T(G)=3
Diamond-freeK -perfect T(G)= (K(G))=!(K(G)
Threshold TG)= (K(G)=jSj+1




Table 2.2: The complexity of thet-TESSELLABILITY problem for graph classes

t Graph class Complexity
t=2 Generic Linear
t=3 Planar, ( G) 6 N P -complete

Diamond-free, diameter=5 NP -complete
Threshold Polynomial
Bipartite Polynomial
{triangle, proper major}-free  Polynomial
t 3 Diamond-freeK -perfect Polynomial
Unichord-free with girth 15 NP -complete
Triangle-free NP -complete
Biplanar N P -complete
—_— Chordal (2; 1)-graphs N P -complete
(1; 2)-graphs N P -complete

2.2 The Tessellation Cover Number of Good Tes-
sellable Graphs

The full paper [6] was submitted to Theoretical Computer Science ITG-Silver
Jubilee, and it is under review. The content of this work is available i#rXiv, and
it is attached in Appendix B.

In this work we de ne the star number of a graphG, denoted byis(G), which is
the number of edges of a maximum induced star @. Notice that T(G) is(G),
since the number of edges of a maximum induced star Gf is a lower bound on
T(G). We say that a graphG is good tessellablé T(G) = is(G). In this context,
we introduce thegood tessellable recognition problem (gtr ), which aims
to decide whether a graplG is good tessellable. We also introduce thestar size
problem, which aims to decide whetheis(G) k, for an integerk. We analyze the
combined behavior of the computational complexity of the problems below.

k-star size t-tessellability gtr

Instance: Graph G Instance: Graph G |nstance: Graph G.
and integerk. and integert.

Question: is(G) k? Question: T(G) t?  Question: T(G)=is(G)?

As byproduct, we obtain graph classes that obey the corresponding computa-
tional behaviors described in Table 2.3.

Notice that all graph classes studied in [9] and presented in Sec. 2.1 obey be-
havior (a), since for those classeis(G) is xed and equal tot. Posner et al. [50]
studied graphs that obey behavior (b), since for those graphs(G) = 2 and 3-
tessellability is NP -complete.



Table 2.3: Computational complexities ofk-star size , t-tessellability , and
gtr problems and examples of corresponding graph classes.

Behavior Problem k-star size t-tessellability gtr
(a) P N P -complete N P -complete
(b) P N P -complete P
(c) NP -complete P N P -complete
(d) NP -complete P P
(e) N P -complete NP -complete P

Graph classes that obey behavioréc) and (d) are provided by Construction 2
below. This result comes from Theorem 2.17 that shows thgtr is NP -complete
for graphs of Construction 2 (I), which have a known tessellation cover number.

Construction 1  [6] Let i be a non-negative integer ands a graph. The]i; G]-
graph is obtained as follows. Add vertices to graphG, and then add a universal
vertex.

Construction 2 [6] Let the Mycielski graph be denoted byM; forj 2. Let i

such that V(Gj) = fvlio vigforl j i, WherevL represents the same vertex
vwof Gfor1l k n. Addto H; all possible edges between pairs of vertices
that represent the same vertex of5. Add a vertex u to H, adjacent to all v} for

1 iand1l k n. Now, we consider two possibilities: either (IH, is
IV(G)] 3;M{l-graph of Construction 1 (example depicted in Figure 2.4) or (lI)
H,is [V(G)] 3;M/]-graph of Construction 1. Denote the universal vertex dfi,
by u®.

Figure 2.4: (a) An edge-coloring of5 _f xg. (b) Example of a graphH,; [ H, of
Construction 2 (I) obtained from graphG.
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Theorem 2.17 [6] k-star size and gtr are N P -complete for graphs of Construc-
tion 2 ().

Now we focus in showing that-tessellability remainsN P -complete even if
the gap betweenT (G) and is(G) is large. This result leads us to provide a graph
class that obeys behavior (e), depicted in Construction 4. By using universal graphs
G =[u[ G9, we show thatis(G) is a tight lower bound for the tessellation cover
number.

Lemma 2.18 [6] If G is at-tessellable graph, then
1 Cc .
vg@«'s(lé)f is(GIv[ Ne(v))g Vmé)f (G'INc(V)Dg
Let u 2V (G) be a vertex. IfG _f ug is a t-tessellable graph, then
is(G_fug)= (G) (G9

From Lemma 2.18 and from the fact that we can use(G°) tessellations to cover
a partition P of the vertices ofG, we have that

(G T(G_fug) (GH+ ( G)+1; (2.1)

which allows us to conclude that there is no universal graph such that the gap
betweenT (G _fug) and (G°) is larger than ( G) + 1. In particular, if (G°)
2( G)+1, then by Theorem 2.19 belowl (G _fug) = (G°).

Theorem 2.19 [6] AgraphG_fugwith (G) 2( G)+1 hasT(G_fug)= (G).

The gap betweenT (G) and is(G) can be arbitrarily large for certain graphs,
for instance, a subclass of universal graphs described next. We also show tkat
star size and t-tessellability are NP -complete for graphs of Construction 4,
for which gtr is in P, obeying behavior(e).

Construction 3 [6] Let G = (V;E) be a graph. ObtainS,(G) by subdividing
each edge o6 two times, so that each edgew 2 E(G) becomes a pathv; x1; Xo; W,
wherex; and x, are new vertices. LetL (S;(G)) be the line graph ofS,(G). Add a
universal vertexu to L(S;(G)), that is, consider the graphL (S;(G)) _f ug.

First, we show that there is a connection betweem (H) of a graphH of Con-
struction 3 on G with the size of a maximum stable set 06G.

Theorem 2.20 [6] If G =(V;E) is a graph withjE(G)] 4andH =(L(S;(G)) _
fug) is obtained from Construction 3 onG, then T(H) = jV(G)j+ JE(G)j (G).

11



By Theorem 2.20 and the fact that deciding whether (G) k is NP -
complete [31], we have the following result for the graphs of Construction 3.

Construction 4 [6] Let H; be the graph obtained from Construction 2 (I) on a
given graphG; and a non-negative integeii. Let H, be the graph obtained from
Construction 3 on the graphG, _ K 3y (c,); of a given graphG,. Let u and u° be the

two universal vertices of the two connected componentstbf. Add is(H,) degree-1
vertices toH; adjacent tou and is(H,) degree-1 vertices adjacent ta’. Consider

Hi[ H..

Theorem 2.21 [6] k-star size and t-tessellability are NP -complete for
graphs of Construction 4, for whichgtr is in P.

In Table 2.3 we have omitted triples. The behavior(P;P;P) is obeyed
by Threshold graphs and bipartite graphs [5, 9] sincegtr problem al-
ways has answeryes and the other two problems are solved in polyno-
mial time. The behavior (P;P;NP -completg is unreachable since if both
k-star size and t-tessellability are in P, so is gtr . The behavior
(NP -complete NP -complete NP -complete is obeyed by the union of graph$s;
and G, so that G; is in a graph class that obey behavior (a) an€, is in a graph
class that obey behavior (c).

2.3 Total tessellation cover and quantum walk

The full paper [8] was submitted to the 46th International Workshop on Graph-
Theoretic Concepts in Computer Science, Lecture Notes in Computer Science. It is
available in ArXiv, and it is attached in Appendix C.

We start this section by presentingtotal tessellation coverand total tessellation
cover numberde nitions.

De nition 2.22 [8] Let G = (V;E) be a graph and a non-empty label set. A
total tessellation covercomprises a proper vertex coloring and a tessellation cover
of G both with labels in  such that, for any vertexv 2 V, there is no edges 2 E
incident to v so that e belongs to a tessellation with label equal to the color of.

De nition 2.23  [8] The total tessellation cover numbeil;(G) of a graphG is the

minimum size of the set of labels for which G has a total tessellation cover. The
k-total tessellability problem aims to decide whether a given grapfs has

T(G) k.

12



We establish bounds onT;(G), which is the smallest number of tessellations
required in a total tessellation cover ofG, in special, we highlightT,(G) ! (G),
where! (G) is the size of a maximum clique o6, and T,(G) is(G)+1.

Since a total coloring of a graphG induces a total tessellation cover,

T(G)  «(G); (2.2)
and in particular, we have that T,(G) = (G) for triangle-free graphs. Hence,
( +1 )-total tessellability is hard even when restricted to regular bipartite
graphs [41]. By de nition,

maxf (G);T(G)g T«(G) (G)+ T(G); (2.3)

and it implies that T,(G) ! (G).

Using these bounds, we de ne the good total tessellable graphs with either
T(G) = ' (G) or T{(G) = is(G) + 1. The k-total tessellability problem
aims to decide whether a given graplc has T,(G) k. We show that k-total
tessellability is in P for good total tessellable graphs. We establish the P -
completeness of the following problems when restricted to the following classes:

(is(G) + 1)-total tessellability for graphs with! (G) = 2; ! (G)-total tes-
sellability  for graphsG with is(G)+1 = 3 ; k-total tessellability for graphs
G with maxt! (G);is(G) + 1 g far from k; and 4-total tessellability for graphs

G with ! (G) = is(G) +1 =4 . As a consequence, we establish hardness results for
bipartite graphs, line graphs of triangle-free graphs, universal graphs, planar graphs,
and (2; 1)-chordal graphs.

Lemma 2.24 [8]If (G) 3T(G),thenT{(G)= (G):

From the lemma above, we can improve the upper bound of Eq. (2.3) as follows
T(G) maxf (G);T(G)+ d2 (G)=3eg: (2.4)

This equation shows that (G) 3T(G) impliesT{(G) = (G),or (G) 3T(G)
implies T(G) Ty(G) 3T(G). If we consider (G) = 3, Eq. (2.4) implies that
T(G) T(G) T(G)+2.

Lemma 2.25 [8] T;(G) ET\]/a(.()S()f (G°[N (V)] g+1 g\]/a(lé)f! (G I[N (V)]) g+l = is(G)+
1

SinceT{(G) is(G)+1 k+1, everygraphG suchthatT;(G)= T(G) = ks
K1x-free. Furthermore, in the total tessellation cover there is no tile of size If we
considerk = 3 the total tessellation cover ofG induces a total coloring ofG.

13



We established bounds for the total tessellation cover number for some graph
classes. For bipartite graphs,T(G) = ( G) and T,(G) > T (G). For triangle-
free graphs, T,(G) = T(G) if 4G) = ((G) = +1 . Thus deciding whether
T(G) = T(G) = ( G)+1 is NP-complete from the proof that( + 1 )-total
colorability is NP -complete for triangle-free snarks [55], which are graphs with

YG)= +1 . If agraph G hasT,(G) = T(G) = k, we conclude thatG has no
induced subgraphK ;. becauseT;(G) is(G)+1 k+1, and there is no tile of
sizek in any tessellation of a total tessellation cover. IfT;(G) = T(G) = 3, then
G is K1.3-free and there is no clique of size three in any tessellation. Therefore, the
total tessellation cover ofG induces a total coloring ofG, and the only graphs for
which T;(G) = T(G) = 3 are the odd cycles withn vertices such thatn  @mod )3

We now de ne the concept ofgood total tessellable graphs

De nition 2.26  [8] A graph G is good total tessellabléf either T,(G) = ! (G) or
Ti(G) = is(G) +1. We say that G is Type | (resp. Type Il) if T,(G) = ! (G) (resp.
T(G) = is(G) +1).

Using the Lovasz numben{32], which is a real number such that (G°) #(G)
(G, we are able to show thatk-total tessellability is in P if we know
beforehand that the graph is either good total tessellable Type | or Type Il, since

the integer nearest to#(G) can be determined in polynomial time.

The following theorems show thatk-total tessellability is NP -complete
for the following cases: line graph of triangle-free graphs with= ! (G) 9 and
Is(G) + 1 = 3; universal graphs withk very far apart from both is(G) + 1 and
I (G); planar graphs withk =4 = 1 (G) = is(G) +1; and (2; 1)-chordal graphs with
k=is(G)+1=1!(G)+3.

Theorem 2.27 [8] k-total tessellability Is N P -complete for line graphd. (G)
of 3-colorablek-regular triangle-free graphsG for any k 9.

Theorem 2.28 [8] k-total tessellability is NP-complete for universal
graphs.

Theorem 2.29 [8] 4-total tessellability is NP -complete for planar graphs.

Theorem 2.30 [8] k-total tessellability is NP -complete for chordal graphs.

Table 2.4 summarizes the results of paper [8] of Appendix C by making a con-
trast between the computational complexities of decision problems related to the
parameters G); (G);T(G), and T(G).
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%c) [T©) %G) | «(6) %G) [T (6)
[2jV (G)j; G°] P NP -c G[ K(gy ., even|P NP -c [2jV (G)j; G°] P NP -c
Line of Bipar- NP -c | P G[ K( g1 » odd NP -c | P Line of Bipartite, NP -c | P
tite 1(G) 6
T(G) [ Xi(G) T(G) | T(G) t(G) | T (G)
Bipartite P NP -c Bipartite P NP -c G[ K( gy » odd P NP -c
[2jV(G)};G°] NP -c | P G[ K3 g) NP -c | P Open NP -c | P

Table 2.4: Computational complexities of parametersqG); (G); T(G), andT,(G).

To close this chapter, we present the total staggered quantum walk model, which
is the rst quantum walk model to use both vertices and edges as locations to the
walker. A quantum walk models the walk of a particle, called bwalker, over a graph,
and the walker is represented by a unitary vector. LeG = (V; E) be a simple graph
so that jV(G)j = n and JE(G)j = m. Let H"*™ be a(n + m)-dimensional Hilbert
space, whose computational basis is the sgtvi;v 2 V(G)g [f] vwi;vw 2 E(G)g.
We represent the state vector of the walker byvi if the walker is located on a vertex,
or jvwi, if the walker is located on an edgew. Then, we de ne a generic state by

- - X - - X - .
ji= ayjvi + B jywi ; (2.5)
v2V (G) VW2E (G)
where the coe cients a, and b,,, are complex numbers that obey the normalization

constraint X

jajj?+ : jbwj? = 1: (2.6)
v2V (G) VW2E (G)

A quantum walk model on graphs must provide a recipe to build local unitary
operators based on the graph structure. We can represent such operators as unitary
matrices, i.e.,UUY = UYU = |, whereU represents a matrix,UY is the transpose
conjugated matrix of U, and | is the identity matrix. Moreover, such operators
must be reversible, i.e.,Uj oi = j 11, and UY] 10 = ] ,i. In our proposal, the
evolution operator that drives the quantum walk is obtained from a total tessellation
cover, which provides a tessellation covéT i; ::;; Tcg and a compatible proper vertex
coloring.

Figure 2.5 depicts an example of a total tessellation cover. Note that the colors
of the vertices in2-tiles are di erent from the tile color. On the other hand, there
are 1-tiles that contain a vertex with the tile color.
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000 5 3 3
0001 0 0 O
*’%000%15%2
U=gp; 000 35 3 3
0100 0 0 O
0 0006 & &
00100 0 O

Figure 2.5: (Left) A total tessellation cover of a claw grapl®. (Right) The evolution
operator of a total staggered quantum walk o with = =2

We can write the operator generically as

? i‘ﬂ% cos 0O O bsin C sin C sin °
0 0 0 1 0 0 0
d 0 0 0 #+csin #  bsin #= + csin
U= i'ﬂ% 0O <cos O csin c sin bsin (2.7)
P sin 0O O bsin csin csin
a #& 0 0O O 2'&% ccos ﬂé‘% bcos iﬁ% cCos
P 0O sin O ccos ccos bcos
wherea = cos sin;b = 22 ;c= L% (= cos? +§55%, and 0 2 .

Each tessellationT; is associated with a Hermitian matrixH;. SinceH; is local, the
action of H; on the state of a walker that is located on a vertex drives the walker
to the neighborhood ofv and to the edges incident tov.

The dynamic of this quantum walk driven byH; must obey the following locality
rules, as described in [8]:

1. If the walker is located on a vertex that belongs to a 1-tile of T;, there are
two cases: () If the color of the vertex is equal to the color of tessellatiof;,
the walker hops tov and to the edges incident tov; and (ii ) if the color of the
vertex is di erent from the color of tessellationT;, the walker stays put.

2. If the walker is located on a vertex that belongs to a tile of T; of size at least
2, the walker hops to the vertices in such a tile.

3. If the walker is located on an edge that belongs to tessellatidn, the walker
stays put.

4. If the walker is located on an edge that does not belong to tessellatidp,
there are two cases:i{ If there is an incident vertexv whose color is equal to
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the color of tessellationT;, the walker hops tov and to the edges incident to
v; and (ii ) otherwise, the walker stays put.

Figure 2.6: Total tessellation cover of a grapks and the associated tessellation cover
of A = Tot(G).

It is possible to simulate a total staggered quantum walk on a grap& with a
staggered quantum walk on its total graph TotG), de ned below.

De nition 2.31  The total graph To{(G) of G has V(Tot(G)) = V(G) [ E(G)
and E(Tot(G)) = E(G)[fuuw ju 2 V(G),uw 2 E(G)g[f uv vw j uv 2
E(G) andvw 2 E(G)g.

Let A = Tot(G), A[E(G)] = Y and A[V(G)] = X. SubgraphY is isomorphic
to the line graph L(G) of G, and X is isomorphic to the originalG. We de ne the
cliqueK, = fvg[f vw ] vw 2 E(G)g of A.

We rst consider a total tessellation cover of a graplG, and we de ne an asso-
ciated tessellation cover oA as follows. Assign the labels of the edges Gfto the
respective edges of and assign the color of each vertexof G to the edges oA [K ].
By this way, we relate the total tessellation cover of5 to the tessellation cover of
A, as well as their respective evolution operators generated from these tessellation
covers. To simulate the total staggered quantum walk o6 with the staggered
quantum walk on A, we consider the vertices o5 as the corresponding vertices
of X in A, and the edges ofG as the corresponding vertices of in A. Fig. 2.6
depicts a total tessellation cover of a grapls and the associated tessellation cover
of A = Tot(G).
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Chapter 3
Conclusion

The staggered model proposal [49] in 2015 gave to the studies about the tes-
sellation cover number a great motivation due to the applicability of this con-
cept in the generation of quantum operators to perform quantum walks using that
model. Since the less quantum operators needed to be implemented, the less com-
plex is the quantum implementation, the knowledge about how many tessellations
are needed to cover a graph is important in quantum walk context, and the re-
sults obtained in the present thesis can help the studies in quantum computa-
tion [10, 11, 24, 25, 37, 45, 46, 54]. We summarize the results, discuss current
work, and propose open guestions.

In Section 2.1 we investigate the tessellation cover number for graph classes whose
T(G) reaches one of the upper bounds. Those graphs are calledelyremal graphs
and they are fundamental for the development of quantum walks in the staggered
model, since those results lead us to a better understanding about the complexity of
the unitary operators necessary to express the evolution of staggered quantum walks.
Besides the extremal graph classes presented, we also improve the known algorithm
to recognize line graphs of bipartite multigraphs [51], foB-tessellable graphs [48],
and graphsG such that K (G) is bipartite [44], to linear-time.

Naturally, an interesting question arises: Does every graph have a minimum tes-
sellation cover such that every tessellation contains a maximal clique? Although the
intuition says that in most cases the answer is true, using a minimization model pro-
posed by Abreu et al. [2] for the optimization version of-tessellability problem,
we found a surprising example of a graph, which is depicted in Figure 3.1, with all
minimum tessellation covers requiring a tessellation without maximal cliques. This
minimization model was presented irCongresso Nacional de Matematica Aplicada e
Computacional in 2018 (attached in Appendix D), and we are currently working on
improvements for this model [2], while we study the di erent quantum walk dynam-
ics over a same grapls resulting from the use of two di erent minimum tessellation
covers forG.
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Figure 3.1: 3-tessellable graph. Rightmost tessellation does not contain a maximal
clique.

In Section 2.2 we proposed a tight lower bound fof (G), which implicitly ap-
peared in the previous hardness proofs of [9]. It is important to analyze the gap
betweenT (G) and is(G), since in the quantum walk context, it is advantageous to
implement physically as few operators as possible in order to reduce the complexity
of the quantum system. We presented graph classes for whithG) = is(G). These
graphs are called bygood tessellable graphand it is related with a new problem
proposed, thegood tessellable graphs recognition (gtr) , and we analyzed
the computational complexity behaviors for several graph classes with respect of the
problems: t-tessellability , GTR, and k-star size . From this work, an inter-
esting research topic is the extension of the concept of good tessellable graphs to
perfect tessellable graphshe graphs G for which T(H) = is(H) for any induced
subgraphH of G.

In Section 2.3 we have de ned the total tessellation cover on a gragh. From
this concept we propose the total staggered quantum walk model, which is the rst
guantum walk model to use both vertices and edges as possible locations for the
walker. An open problem is to search for graphs with at least vertices satisfying
T¢(G) = 3T(G) and T(G) > (G). Furthermore, it is interesting to de ne graph
classes withT{(G) = T(G) = k for k 4, since fork = 3 the only such graphs are
the odd cyclesC,, with n 0 mod 3. Another open problem is to nd a threshold
for T¢(G) for which all planar graphs are Type II.

In Appendix E, we show results presented in the 8th Latin-American Workshop
on Cliques in Graphs, whose proceedings were publishedMatematica Contem-
poranea [7]. In that work we analyzed thet-tessellability problem in graphs
with few induced P4. We proved that adding true-twin vertices in a graphG results
in a graph G° such asT(G) = T(GY for any graph G. Moreover, we presented a
polynomial time algorithm for t-tessellability of quasi-threshold graphs. Fur-
thermore, the concept oft-tessellability completion on G was introduced,
and it aims to decide whether there is a tessellation covér of G with t tessellations
given by a partial tessellation covefT © of G, such that T %is part of T .
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